
Evaluation of Smagorinsky variants in large-eddy simulations
of wall-resolved plane channel flows

Johan Meyersa�

Department of Mechanical Engineering, Katholieke Universiteit Leuven, Celestijnenlaan 300A—bus 2421,
B3001 Leuven, Belgium

Pierre Sagautb�

Institut Jean Le Rond d’Alembert, Université Pierre et Marie Curie—Paris 6, Boîte 162, 4 place Jussieu,
75252 Paris cedex 05, France

�Received 5 December 2006; accepted 11 July 2007; published online 19 September 2007�

In recent years, variational multiscale �VMS� Smagorinsky models have emerged as new models for
large-eddy simulations �LES�. A common version is the small-small variant, which uses a
small-scale extraction of the LES solution, obtained by high-pass filtering the resolved velocity
field, to express a Smagorinsky term. The subsequent small-scale extraction of this term is used as
a model. In the current work, three formulations of the small-small VMS model are investigated in
large-eddy simulations of the plane channel flow. The basic small-small formulation �Model A� is
modified to explicitly incorporate effects of the LES filter and the high-pass filter �Model B�. A third
modification �Model C� is further inertial-range consistent, allowing the use of constant model
coefficients for filters widths which are situated in a finite Reynolds-number inertial subrange. We
aim to evaluate the performance of these models in the presence of walls. Therefore, channel-flow
simulations are performed for Re�=110, 300, 400, and 650. Further, the effect of changes in the
shape of the high-pass filter used for the three models is investigated. A sharp cutoff filter and a
Gaussian high-pass filter are considered. In addition, a range of high-pass-filter widths is included
in the analysis. Evaluations of the skin-friction, mean-velocity profiles, Reynolds stresses, and
spanwise velocity spectra are presented. We show that Model C is most insensitive to changes in
Reynolds number and filter shape, closely followed by Model B. Model A is the most sensitive to
the considered variations, and simulation quality depends in particular on variations in the filter
shape. © 2007 American Institute of Physics. �DOI: 10.1063/1.2768944�

I. INTRODUCTION

Large-eddy simulation �LES� is a modern technique for
the prediction of turbulent flows. In LES, large-scale turbu-
lent eddies are explicitly represented in a transient flow
simulation. However, in order to reduce computational cost
to manageable levels, small-scale turbulence is not resolved,
but modeled by a subgrid-scale closure.

LES and subgrid-scale modelling have been the subject
of many studies in the last decades.1–4 The rationale for
subgrid-scale modeling in LES is the observation that small-
scale turbulence in high-Reynolds-number flows displays
universal properties. Consequently, it is considered possible
to represent the average effect of these small turbulent scales
by means of a relatively simple subgrid-scale model.5 Vari-
ous models have been designed with these principles in
mind,1 and have been shown to work well in high-Reynolds-
number equilibrium turbulence.6

A challenge for subgrid-scale models designed with uni-
versal equilibrium principles in mind, is the simulation of
wall-bounded flows. The dominant turbulent structures in the
“inner layer” of a boundary layer decrease with the Reynolds
number,7 and are further strongly anisotropic. In wall-

resolved LES, imposed by limited computer resources, these
structures in the inner layer are resolved on relatively coarse
grids. Hence, these conditions do not correspond to a typical
LES filter cut in a turbulent universal equilibrium range.

A set of subgrid-scale models which have performed re-
markably well in channel flows, are variational multiscale
�VMS� Smagorinsky models.8 In the context of a variational
multiscale analysis, Hughes et al.9 proposed a strict separa-
tion between the mean flow �and large scales of the solution�,
and a resolved small-scale subset of the LES field on which
the model acts. In contrast to a standard Smagorinsky
model,10 constant-coefficient VMS formulations of the
Smagorinsky model were shown to yield accurate results
both in homogeneous isotropic turbulence9,11 and in channel
flows.8,12–14 However, the selection of model constants is still
subject to empirical fits.13,14 The current paper presents a
further evaluation of VMS Smagorinsky models, and aims at
a reduction of the empiricism in the determination of their
model constants. All discussion is based on the small-small
formulation of the Smagorinsky model,9 which first ex-
presses the Smagorinsky model using a small-scale extrac-
tion of the resolved field, and then takes a small-scale extrac-
tion of this result as a model for the subgrid-scale stresses.

In Ref. 15, a theoretical analysis was presented on VMS
Smagorinsky coefficients required for the modeling of finite-
Reynolds-number locally homogeneous isotropic subgrid
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scales. Modifications were proposed to the original model
formulations, which account for two effects. First of all, ef-
fects of the shape of the LES filter G and the high-pass filter
H� are explicitly expressed in the model formulation. Sec-
ond, a modification to the underlying Smagorinsky model
was introduced, which makes the model consistent in a
finite-Reynolds number inertial subrange, yielding improved
simulation results.16,17 In the current manuscript, we will in-
vestigate the effect of these modifications on plane channel
flow simulations, and demonstrate that both filter-shape
and finite-Reynolds-number effects play a role in channel-
flow LES with a VMS model. Therefore, next to the original
small-small model �which we denote as Model A�, a version
including G and H� filter-shape effects �Model B�, and
a fully inertial-range consistent version �Model C� are
employed.

In order to provide challenging conditions for LES
subgrid-scale closures in wall-resolved flows, the simulation
resolutions are carefully selected. In particular, it has been
documented that skin-friction and mean-profile predictions
can be very accurate in coarse no-model simulations using
specific combinations of streamwise and spanwise mesh
resolutions.18 As we will briefly illustrate, these trends can
appear when spanwise grids are too coarse to resolve the
inner-layer large structures near the wall. Hence, for the
evaluation of the Models A–C, coarse-grid simulation reso-
lutions are selected which do resolve the large-scale struc-
tures at the wall. Associated no-model errors on the skin
friction are, depending on the Reynolds number, 15% to
25%.

First, we perform a calibration of the model coefficient
at Re�=300, and show very accurate predictions of the skin
friction, the mean velocity profile, Reynolds stresses, and the
spanwise velocity spectra for the three models A–C. Subse-
quently, a comparison of Models A, B, and C is performed
based on their robustness to changes in the Reynolds num-
ber, and the high-pass filter H�. Simulations at Re�=110,
300, 400, and 650 are included. Further, for H�, a sharp
cutoff and a Gaussian filter are used at different filter widths.
It is demonstrated that Model C is the least sensitive to
changes in the Reynolds number, or in the filter shape H�,
closely followed by Model B. Variations on results observed
for Model A are considerably higher.

The paper is further organized as follows. In Sec. II the
governing equations and computational setup are presented.
Next, in Sec. III, three subgrid-scale-model variants are in-
troduced. Channel-flow simulation results using these mod-
els are discussed in Sec. IV. Finally, conclusions are formu-
lated in Sec. V.

II. GOVERNING EQUATIONS AND SETUP

We will briefly outline the computational setup, the gov-
erning equations and the numerical discretization employed.
Particularities related to the subgrid-scale models, will be
discussed in the next section.

The channel flow is contained in a box with size Lx in
the streamwise direction x, size 2� in the normal direction y,
and size Lz in the spanwise direction z. No-slip walls are

located at y=−� and y=�. The flow is artificially forced in
streamwise direction with a volume forcing such that the
massflow is constant. This allows the use of periodic bound-
ary conditions in the streamwise direction and periodic
boundary conditions are also used for the spanwise direction.
During computations and for the presentation of results, we
will select a nondimensional representation of the channel
flow, such that �=1, and the mean streamwise velocity

Ū=1.
We include channel-flow simulations at various Rey-

nolds numbers. An overview is presented in Table I. Here,
the computational Reynolds number Re is defined as

Re=2�Ū /�, and Re�=�u� /� is the Reynolds number based
on the friction velocity �u�=��w, with �w the mean shear at
the wall�. Direct numerical simulation �DNS� reference data
are taken from Ref. 19. For sake of compactness, we will
refer to the cases in Table I, respectively, as the Re�=110,
300, 400, and 650 cases.

Before introducing the governing equations, i.e., the fil-
tered Navier-Stokes equations, it is common practice to de-
fine a low-pass filter operation G as

f̃�x� = Gf = �
D

KG�x − x��f�x��d3x�, �1�

where KG�x� is the filter kernel defined for all x. Further, G
has the property that Gc=c, for every constant function c.

Based on the filter G, the nondimensional filtered Navier-
Stokes equations for incompressible flows are formally ex-
pressed as

�ũj

�xj
= 0, �2�

�ũi

�t
+

�ũiũj

�xj
+

�p̃

�xi
−

4

Re

�S̃ij

�xj
−

��ij

�xj
= 0, �3�

where ũi is the filtered velocity component in the xi direction,
and p̃ the filtered pressure ��ũ1 , ũ2 , ũ3�, and �x1 ,x2 ,x3� are
used here as alternative for �ũ , ṽ , w̃�, and �x ,y ,z��. Further,

S̃ij = ��ũi /�xj +�ũj /�xi� /2 corresponds to the filtered strain
tensor, and Re is the computational Reynolds number defined
before. The filtering of the Navier-Stokes equations gives
rise the subgrid-scale stress tensor �ij that is unclosed, and
given by

�ij = ũiũj − uiuj
˜ . �4�

In large-eddy simulations, these subgrid-scale stresses are
replaced by a model mij, which aims to approximate their
dynamic effect, and is based on the resolved velocity field ũi

TABLE I. Overview of different simulation Reynolds numbers. For sake of
compactness, we will refer to these cases, respectively, as the Re�=110, 300,
400, and 650 cases.

Re 3220.4 10 039.1 13 924.9 24 272.2

Re� 109.43 297.90 395.76 642.54
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only. The different models mij used in the current study are
introduced in the next section.

The governing equations �2� and �3� are discretized in
streamwise x and spanwise z directions based on a pseudo-
spectral Fourier method, and de-aliasing is performed using
the two-third de-aliasing rule. Fourier transforms are imple-
mented using the FFTW library.20 The wall-normal direction
is discretized using a fourth-order energy-conserving stag-
gered finite-volume discretization;21 i.e., the locations of
wall-normal velocities ṽ are shifted in the wall-normal direc-
tion by half a cell compared to p̃, ũ, and w̃. Continuity is
retained by solving a Poisson equation for the pressure, using
a direct solver, which is based on a Cholesky factorization.
The time integration is performed by a classical four-stage
fourth-order accurate Runge-Kutta time integration.22 Time
steps are restricted by setting both the convective and vis-
cous Courant-Friedrichs-Lewy number to 0.1, which we se-
lected well below the stability requirements in order to ex-
clude time-integration errors.

The grid is uniform in the x and z directions. In the
wall-normal direction, a mapping is used which maps a com-
putational coordinate �� �−1,1� to y� �−� ,�� using
y=a tanh�b��. The parameters a and b are fixed by the num-
ber of grid points and the desired width of the first cell near
the wall. Further details on the selected simulation grids are
given in Sec. IV.

All simulations are started from a laminar velocity pro-
file, superimposed with divergence-free random perturba-
tions. After a sufficiently long transient, statistical averaging
is started until the skin friction, the mean profiles, and veloc-
ity spectra are converged.

It is common practice to present channel-flow simulation
results in wall units, i.e. normalized with the friction veloc-
ity. To this end, either the DNS reference friction velocity, or
the LES prediction of the friction velocity may be employed.
Since both approaches will be useful for the presentation of
results, we mark properties normalized with the DNS friction
velocity u�,DNS with a “�” superscript, and properties normal-
ized with the LES friction velocity u�,LES with a “�” super-
script.

III. SMAGORINSKY VARIANTS

We now introduce the subgrid-scale models which are
employed in the current study, and discuss their main fea-
tures.

First, the small-scale extraction of a property f�x� is de-
fined as

f��x� = H�f = �
D

KH��x − x��f�x��d3x�. �5�

H� is a high-pass convolution filter, and is either a projection
operator, as originally introduced by Hughes et al.,9 or, e.g.,
a smooth filter.23–25 In contrast to G, the application of H� to
a constant function yields H�c=0.

The small-small VMS Smagorinsky model, is now for-
mulated as �also referred to as Model A�

mij
A = − 2� �Cs��2

�1 − �4/3�3/2 �S̃��S̃ij�	�
, �6�

with Cs the model coefficient, and �=� /�� the ratio of the
G-filter width to the H�-filter width. The factor �1−�4/3�−3/4

accounts for the difference between the standard Smagorin-
sky formulation, which employs all resolved LES scales, and
the small-small model, which uses a small-scale part of the
resolved field in its formulation. Using Lilly’s analysis,26

Hughes et al.11 introduced this scaling, and further identified
Cs=Cs,�, where

Cs,� =
1

	

 2

3

�3/4

�7�

is the Lilly Smagorinsky constant, and 
 the Kolmogorov
constant �
�1.5�.

In Eq. �6�, �S̃�� is the magnitude of the small-scale ex-
tracted strain tensor, which we take

�S̃�� = �2S̃ij� S̃ij� �x,z�1/2, �8�

with ·�x,z averaging over wall-parallel x -z planes, such that
implementation of the models in the channel code does not
require the use of Fourier transforms to calculate the product

S̃ij� S̃ij� . Moreover, the filter width � is a length scale which we
will assume to be related to the grid cutoff, and it is common
practice to take27

� = �hxhyhz�1/3, �9�

with hx, hy, and hz the local grid spacing in x, y, and z
directions.

In Ref. 15, an extensive theoretical analysis was pre-
sented on the VMS Smagorinsky model coefficients, and a
set of parameters was identified, which dictate the required
model coefficients. Here, we briefly discuss these parameters
�i–iv� in the context of wall-bounded flows, and some of
them will be incorporated into two evolutions of Model A,
denoted Models B and C.

�i� The shape of the LES filter G has a profound effect on
the model coefficient. Often, G is assumed to be a
“grid cutoff” filter, and we will follow this in the
present study. A more involved analysis, which would
include the implicit G-filter shape related to the small-
small Smagorinky model, similar to proposals for the
implicit Smagorinsky filter,7,28,29 is not in the scope of
the current paper.

�ii� The shape of the high-pass filter H� is explicitly de-
fined in the formulation of the small-small formula-
tion. The combined effect of G and H� can be incor-
porated in the formulation of the small-small model.15

In the context of wall bounded flows, this approach
has to be extended for inhomogeneous grids. This will
be elaborated in Sec. III A, leading to Model B.

�iii� At finite Reynolds numbers, a filter width in the
inertial-subrange does not lead to a constant model
coefficient Cs.

15 The coefficient depends on the ratio
� /�, with � the Kolmogorov scale. Lilly’s model
constant is only recovered for � /�=�. In a channel-
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flow boundary layer, it is well documented30 that
�+��y+�1/4, while the integral length scale �+�y+.
Since the filter width � in LES will rather scale with
the integral length scale � than with the Kolmogorov
scale �, it is clear that � /� depends on y+ �e.g., if
���, then � /���y+�3/4�. Consequently, the model
coefficient in Model A also depends on y+. In Ref. 15
a simple modification of the small-small model has
been proposed, which facilitates the use of a constant
model coefficient for finite � /� ratios. We will briefly
describe this inertial-range consistent formulation of
the small-small model in Sec. III B �Model C�.

�iv� Finally, at low resolution of the integral-length scale,
the model coefficients of the standard and variational
multi-scale Smagorinsky models depend on the ratio
R=� /�.15 For R�1, the model coefficients are inde-
pendent of R, but the rate of convergence to this
asymptotic value depends on the model, and the large-
scale flow features. In channel flows, the coarse reso-
lutions used to resolve the dominant turbulent struc-
tures in the inner layer close to the wall, and the
strong anisotropy of the turbulence in this region, may
well yield a “R-dependence” of the model coefficient
Cs.

These four items �i–iv� all have an effect on the perfor-
mance of Model A, and may explain the need to tune the
model coefficient Cs. Modifications to Model A are proposed
in Sec. III A �Model B� and Sec. III B �Model C�. Model B
accounts for �i–ii�, and Model C accounts for �i–iii�.

The effect of �iv� is not straightforwardly incorporated in
either of the formulations. Some uncertainties may also exist
on the shape of G �i�. Therefore, we will calibrate the coef-
ficients Cs in the three models. The sensitivity of the models
to variations in H� and the Reynolds number is then inves-
tigated, while keeping G and R effects constant. This is fur-
ther expounded in Sec. IV.

A. Accounting for the shape of G and H�

For homogeneous filters, it was demonstrated that the
shape of G and H� can be accounted for by adapting the
model coefficient with a correction factor.15 Here, we will
extend this analysis to inhomogeneous filters, which will, for
the channel flow, yield y-dependent factors.

To account for the shape of G and H�, Model A can be
generalized by including a correction factor � in the formu-
lation �i.e., Model B�

mij
B = − 2� �Cs�/��2

�1 − �4/3�3/2 �S̃��S̃ij�	�
, �10�

with Cs a model constant. Under asymptotic conditions, i.e.,
Re=� and R�1, the coefficient Cs=Cs,�, and � is a factor
that depends only on the shapes of G and H�, as we will
demonstrate next for filters with one inhomogeneous direc-
tion �i.e., the y direction�.

Under asymptotic conditions, with Cs=Cs,�, the total tur-
bulent dissipation is expressed as

� = mij
BSij� = �2� �Cs,��/��2

�1 − �4/3�3/2 �S̃��S̃ij�	�
S̃ij�

= �2
�Cs,��/��2

�1 − �4/3�3/2 �S̃��S̃ij� S̃ij��
=

�Cs,��/��2

�1 − �4/3�3/2 2S̃ij� S̃ij� �3/2. �11�

Here, we used f�g�= fg��, which is valid for self-adjoint
filters H�, using ·� as the related inner product.15,25 The fil-
ters which are used in the present study comply with this
property.

If the LES is well resolved, i.e., R�1, such that the filter
cuts in the inertial subrange, one can express the ensemble

S̃ij� S̃ij� � based on the velocity-spectrum tensor; i.e.,7

S̃ij� S̃ij� � =
1

2
� � � k2�ii�k��G�k�H��k��2d3k . �12�

G�k� and H��k� are the transfer functions associated with G
and H�, and k is the magnitude of the wavevector
k= �k1 ,k2 ,k3�. Further,

�ij�k� =
1

4	k2
�ij −
kikj

k2 �E�k� . �13�

Here, �ij represents the Kronecker delta, and E�k�
=
�2/3k−5/3 is an idealized inertial-range energy spectrum,
which can be employed since R�1 and Re=� are assumed.

Combination of Eqs. �11�–�13�, leads to

�

= 
 1

3	

� −	/hx

	/hx � −	/hy

	/hy � −	/hz

	/hz k−5/3�H��k�G�k��2dkxdkydkz

�	/��4/3�1 − �4/3�
�3/4

,

�14�

where we further used the grid cutoff wavenumbers in the
three directions as integration bounds for the integrals.

Based on Eq. �14�, it is readily verified that �=1, pro-
vided following conditions are satisfied: G is a spherical
sharp cutoff filter with cutoff kc=	 /�, hx=hy =hz, and H� is
a spherical �high-pass� cutoff filter with cutoff kc�=�	 /�.
For these conditions ��=1�, Models B and A are equivalent.

For the current study, we take G the grid cutoff filter,
with cutoff wavenumber kc= �	 /hx ,	 /hy ,	 /hz�. Since kc is
explicitly used in the integration bounds in Eq. �14�, this
corresponds to selecting G�k�=1 in Eq. �14�.

When �→0, Model B converges to a standard Smagor-
insky model. Using �=0 and taking G the grid cutoff filter,
we verified that 0 is equivalent with the correction factor
introduced by Scotti et al.31 for the Smagorinsky model on
anisotropic grids.

Two different shapes for the high-pass filters H� are in-
vestigated in the current work. For ease of implementation,
these filters act only in wall-parallel planes �VMS Smagor-
insky simulations using wall-normal high-pass filters may be
found in Ref. 14�. The first filter is a square sharp cutoff filter
defined as

095105-4 J. Meyers and P. Sagaut Phys. Fluids 19, 095105 �2007�

Downloaded 20 Sep 2007 to 134.58.253.57. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



H��k� = 1 − �H
kx,−
	�

hx
� − H
kx,

	�

hx
�	

��H
kz,−
	�

hz
� − H
kz,

	�

hz
�	 , �15�

with H�x ,a� the Heaviside step function �H�x ,a�=0, x�a,
and H�x ,a�=1, x�a�. The second filter is a Gaussian filter
defined as

H��k� = 1 − exp
−
�kxhx�2 + �kzhz�2

24�2 � . �16�

In Fig. 1, an example is presented of � for these two
filters and �=0.5 as function of the wall-normal direction y
on a 483 mesh. Further, 0, selecting H� the identity operator
�and �=0�, is also presented. To this end, Eq. �14� is evalu-
ated using standard numerical integration techniques. The
singularity that occurs at kx=ky =kz=0 is easily circumvented
by recasting the integrals in Eq. �14� for a small zone around
k=0 into a spherical coordinate frame. Figure 1 clearly illus-
trates the dependence of � on H�, the grid cutoff filter G,
and �.

B. An inertial-range consistent formulation

In Ref. 15 an analysis was presented on the model coef-
ficients associated with variational multiscale Smagorinsky
models in finite-Reynolds-number isotropic turbulence. For
LES filters in the inertial subrange, it was shown that VMS
model coefficients depend on the ratio of the filter with � to
the Kolmogorov scale �. In order to circumvent an explicit
� /� dependence of model coefficients, modified models
were proposed, of which the model coefficients do not de-
pend on � /� in the inertial subrange. For the small-small
model, a possible inertial-range consistent formulation corre-
sponds to15 �Model C�

mij
C = − 2� �0/��4/3

1 − �4/3

�
�
Cs�

0
�4 �0/��4/3�S̃��2

1 − �4/3 + �2 − ��S̃ij�	�
, �17�

with �=2/Re the molecular viscosity. Under asymptotic con-
ditions, i.e., R�1, one finds Cs=Cs,�. Differently from Mod-
els A and B, Re=� is not required for this.

IV. CHANNEL FLOW SIMULATION RESULTS

An overview of channel-flow results for a range of Rey-
nolds numbers and different high-pass filters H� is presented
for the models A–C. First of all, based on an evaluation of
no-model simulations, a selection of relevant resolutions is
made in Sec. IV A. Next, a set of calibration runs is per-
formed for Re�=300, as will be further discussed in Sec.
IV B. Subsequently, the effect of the shape of H�, and the
ratio �, are studied in Sec. IV C. Finally, the Reynolds num-
ber is varied, i.e., Re�=110–650 in Sec. IV D.

A. Selection of simulation resolutions

In order to come to a selection for the simulation reso-
lution, we performed a set of no-model simulations. Based
on these results minimum simulation resolutions were iden-
tified, which are “as challenging as possible” for LES, with-
out under-resolving the inner layer. We will highlight some
of these simulations, briefly discuss convergence trends, and
isolate some solution types which appear relatively good on
first sight, but are to be avoided in wall-resolved LES.

In Fig. 2, the relative error on the skin friction �w is
presented for a selection of resolutions, where

�w = � 2

Re

�U

�y
�

y=0
, �18�

and U= u� is the ensemble averaged streamwise velocity
profile. The relative error is straightforwardly defined as
��= ��w,LES−�w,DNS� /�w,DNS. First of all, for the Re�=300

FIG. 1. The factor � for different selections of H� on a 483 grid. The
selected mesh corresponds to hx=0.16�, hz=0.065�, hyw

=� /500, and hyc
=0.049� �cf. also Table II�. G corresponds to the grid cutoff filter, and H�
corresponds to �—�: �=0, �– –�: A wall-parallel square cutoff filter with �
=0.5, and �–·� a wall-parallel Gaussian filter with �=0.5.

FIG. 2. Relative errors on the skin friction for various no-model
simulations.
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case, the errors related to the 483 and 643 no-model simula-
tions behave as expected, and the 483 resolution is a good
candidate for further model testing. The error-level for the
no-model 48�48�24 simulation is out of line. As we will
further demonstrate, this resolution does not properly resolve
the inner layer. In the selected case this leads to an apparent
high-quality channel-flow simulation with a very low error
on the skin friction.18

In Fig. 2, some results are also presented for Re�=400,
and Re�=650. The respective resolutions 643 and 963 corre-
spond to the 483 resolution in the Re�=300 case, selected
such that the resolution of the inner layer remains constant.
This is further illustrated in Table II, where the grid sizes for
the different Re� cases are displayed in wall units. Further, it
is clear in Fig. 2 that the 64�64�32, and 96�96�48 reso-
lutions for the Re�=400, and Re�=650 case show the same
low skin-friction error as observed previously. This is related
to the same under-resolution of the inner layer, i.e., with
�z+�40, which is too high to correctly resolve the typical
near-wall streaks.1

The results of the no-model Re�=300 runs are briefly
assessed. First of all, in Fig. 3 the mean streamwise velocity
profiles are compared to the DNS results. As expected the
643 profile is closer to the DNS than the 483, but again, it is
the 48�48�24 simulation that provides the best fit to the
DNS results. The slope of this 48�48�24 profile is not
correct, but one might be tempted to try and “correct” the
relative small deviation from the DNS profile by means of a
subgrid-scale model.

Therefore, it is instructive to look, in the inner layer
close to the wall, at the one-dimensional spanwise spectra
Eyz associated with the normal velocity v. In Fig. 4 these
spectra are displayed for the different Re�=300 simulations.
Now, the under resolution of the 48�48�24 in the span-
wise direction z is apparent. For this simulation, the energy-
containing range of the spectrum is cut by the mesh cutoff
filter. Clearly, all three no-model simulations overpredict the
level of the energy spectrum. For the 483 and 643 runs, this
yields a high level of turbulent energy close to the wall,
which leads to an overprediction of the skin friction. In the
48�48�24 case, the high level of the spectrum does not
reflect in an overall high energy of the turbulent structures
close to the wall, since a significant part of the spectrum is
not represented on the grid. For this case, the skin-friction
prediction is considerably lower. In the current paper, we will
next to skin friction and mean profiles, also evaluate
Reynolds-stress predictions and spanwise normal-velocity
spectra to ascertain that this type of mechanisms do not oc-
cur in our selected large-eddy simulations.

B. Re�=300 reference simulations

We now turn to LES using Models A, B, and C respec-
tively defined in Eqs. �6�, �10�, and �17�.

In order to circumvent uncertainties on the shape of the
LES filter G, and on R=� /� �cf. Sec. III, items �i� and �iv��,
Cs is calibrated for the Re�=300 case, such that errors on the
skin friction are low. To this end, we select H� a sharp cutoff
filter �Eq. �15��, and �=0.5. Subsequently, we try to keep

TABLE II. Overview of the simulation grid sizes expressed in wall units for all Reynolds-number cases.

Re� hx
+ hz

+ hyw

+ hyc

+ Lx�Ly �Lz N3

110 53.7 21.5 0.71 8.1 5	��2��2	� 323

300 48.7 19.5 1.25 14.5 2.5	��2��	� 483

400 48.6 19.4 1.64 13.4 2.5	��2��	� 643

650 52.6 21.0 1.97 14.0 2.5	��2��	� 963

FIG. 3. Mean streamwise velocity profiles for Re�=300, and the reference
DNS �—�, the 483 �–·�, 643 �¯�, and 48�48�24 �– –� no-model simula-
tions.

FIG. 4. Spanwise normal-velocity spectra Eyz at y��15 for Re�=300, and
the reference DNS �—�, the 483 �–·�, 643 �¯�, and 48�48�24 �– –� no-
model simulations.
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effects of G, and R constant in the next sections, while the
sensitivity of the models to variations in Re�, �, and H� is
evaluated

In Fig. 5, the dependence of the error on the skin friction
�� is presented for the three models A, B, and C, all employ-
ing a sharp cutoff high-pass filter H� �Eq. �15�� with
�=0.5. Clearly, Cs=Cs,� is not an accurate option for any
of the considered models. Instead, calibrated values
for Cs, which give a low error on the skin friction �i.e.,
�0.5%� correspond to Cs

A�0.46Cs,�, Cs
B�0.36Cs,�, and

Cs
C�0.66Cs,� for Models A, B, and C, respectively. These

constants will be used for further evaluation of the different
models.

First of all, the quality of the calibrated results is further
established. Predictions of the mean streamwise velocity pro-
files U�y� are displayed in Fig. 6. It is appreciated that all
three models provide good mean-velocity profiles, and the
improvement compared to the no-model case is considerable.

In Figs. 7�a�–7�d�, the u�u�, v�v�, w�w�, and −u�v�

Reynolds-stress results are shown. In order to facilitate the
interpretation of no-model stresses, we chose here to present
“�-normalized” results, such that incorrect no-model predic-
tions of the stresses are not concealed by an incorrect no-
model friction velocity. For the three fitted models, virtually
no differences exist between “�-normalization” and “�-
normalization,” since u� is predicted with an error lower than
0.25% ����0.5%�

In the DNS reference database,19 only unfiltered data are
available, and these are used in Fig. 7. Hence, a comparison
with LES data is strictly speaking not correct,32 and mainly
qualitative comparisons are made. Based on the available
DNS spectra19 we estimate that the difference between fil-
tered and unfiltered levels of uu, and ww, is lower then 3%.
For vv the relative difference between filtered and unfiltered
values is higher; i.e., 5% at the channel center and up to 20%
close to the wall �where vv approaches zero �y4�.

In Fig. 7�a�, the uu stresses are shown. The improvement
of the results compared to the no-model simulations is ap-
parent, and can be situated mainly in the range 50�y�

�250. All three models �A-C� give nearly identical results.
In Fig. 7�b�, roughly the same trends are observed, but now

the improvement over the no-model simulation is most
dominantly visible in the range 0�y��100. Likewise, the
three models �A-C� improve the prediction of ww in Fig. 7�c�
compared to the no-model case. Finally, the prediction of uv
in Fig. 7�d� by the three models is excellent.

The normal-velocity spanwise spectrums at y��15 are
shown in Fig. 8. Improvement over the no-model case is
clear. All three models provide nearly identical results, which
are very accurate for kz

��8. However, at kz
��8, there is a

discontinuity in the spectra, which corresponds with the lo-
cation of the high-pass cutoff wavenumber kc�=�	 /hz.
Hence, the sharp separation between the resolved small-scale
part where the models act, and the large-scale part where
they do not dissipate, is visible in the solution. In homoge-
neous isotropic turbulence, similar observations were
reported.33 Furthermore, for kz

��8, the shape of the spectrum
is reasonably well predicted, but the prediction is slightly too
high.

C. Variation of the high-pass filter H�

The effect of changes to the high-pass filter H� are now
investigated. As discussed before �cf. issue �ii� in Sec. III�,
the high-pass filter may have a considerable effect on the
selection of the model coefficient for Model A. Hence, keep-
ing the coefficient to its calibrated value, while changing the
H� filter, may have a significant effect on the models perfor-
mance. Models B and C include an explicit H�-filter depen-
dence, which should rend their respective performance insen-
sitive to H� variations. We will investigate this by changing
the shape of H�, and by changing the ratio �=� /��.
Re�=300 is used throughout.

First of all, the shape of H� is altered, and next to a
sharp cutoff filter �Eq. �15��, a Gauss filter is considered �Eq.
�16��, both with �=0.5. In Fig. 9, the relative errors on the
skin friction �� are shown for Models A, B, and C, using
these two high-pass filters and �=0.5. Model C is the least
sensitive to variations in filter shape �variation of 0.16%�,
closely followed by Model B �variation of 0.74%�. In con-

FIG. 6. Mean velocity profile for the fitted models and the no-model simu-
lation at Re�=300. �—�: DNS reference; �����: no model; �¯��: Model
A; ��·��: Model B; and �����: Model C.

FIG. 5. Error on skin friction �Re�=300� as function of the model coeffi-
cient Cs. �¯��: Model A; ��·•�: Model B; and �����: Model C.
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trast, Model A, which has no filter-shape correction � in its
formulation is very sensitive to such a change �variation of
6.4%�.

In order to confirm these observations, and to exclude
deceiving trends which may occur when only one flow prop-

erty is considered in LES evaluations,16,18 we further evalu-
ate the sensitivity of uu, vv, and ww predictions. To this end,
we look at the changes to the prediction of the respective
maxima of the normal stresses.18 We define the sensitivity

duu =
max�uusharp� − max�uugauss�

max�uuDNS�
, �19�

with uusharp and uugauss the predictions obtained with H�,
respectively, a sharp cutoff filter, and a Gauss filter. Simi-
larly, dvv, and dww are defined. In Fig. 10, results are pre-
sented. Trends are clearly confirmed: Model A is much more
sensitive to changes is the H� filter shape than Models B and
C. Model C is the least sensitive, with very stable predictions
for uu, vv, and ww. In addition, for the sensitivity analysis in
the remainder of this paper, we found no significant discrep-
ancies between trends obtained from �� evaluations and duu,
dvv, and dww trends, and results will be not further shown.

An evaluation of the models’ sensitivity to changes in �
is presented in Fig. 11 for sharp cutoff high-pass filters and
the three models A–C, and in Fig. 12 for Gaussian high-pass
filters.

For sharp cutoff filters, Fig. 11 illustrates that all models
are rather sensitive to changes in �. Including the �=0 case,
the variation amounts to 19.4% for Model A, and 16.3% for

FIG. 7. Reynolds stresses uu �a�, vv �b�, ww �c�, and −uv �d�, for the fitted models and the no-model simulation at Re�=300. �—�: DNS reference; �����:
no model; �¯��: Model A; ��·��: Model B; and �����: Model C.

FIG. 8. Spanwise normal-velocity spectra Eyz at y��15, and Re�=300, for
the fitted models and the no-model simulation. �—�: DNS reference;
�����: no model; �¯��: Model A; ��·��: Model B; and �����: Model
C.
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Models B and C. The �=0 results correspond to normal
Smagorinsky simulations cast into three variants A–C. How-
ever, in these Smagorinsky simulations, we excluded the
mean-flow strain from the formulation of the model. Hence,
these results represent the �→0+ limits of the respective
small-small models. If we exclude the �=0 results, the varia-
tion observed for 0.25���0.75 amounts to 14.3% for
Model A, 13.9% for Model B, and 13.3% for Model C.
These numbers can be compared with results on the sensitiv-
ity of the models using Gaussian high-pass filters in Fig. 12.

Compared to sharp cutoff results, the variations observed
for Gaussian filters and 0.25���0.75 �cf. Fig. 12� are sig-
nificantly lower for Models B and C. They amount to 6.9%
for Model B and 6.6% for Model C. Results for Model A
remain more or less the same, with a variation of 13.5%.
Hence, the use of Gaussian high-pass filters for small-small
models improves their robustness when formulations B or C
are used. This confirms similar observations which were ob-
tained based on a theoretical analysis of these models.15

Next to higher robustness of simulations using Gaussian
high-pass filters, we also observe that the jump in the span-
wise normal-velocity spectra, as observed for sharp cutoff
filters, disappears. This is shown in Fig. 13 for Model C, and
the normal-velocity spanwise spectrum Eyz at y��15.
In contrast to the sharp cutoff filter, the Gauss filter displays
no discontinuity at kc�. Both filters yield LES results which
correspond well with the DNS spectrum for kz

��0.1. The
peak of the spectrum �kz

��0.1� is overpredicted by both
simulations.

D. An evaluation of Reynolds-number effects

We investigate how the three models react when Re�

varies. We recall, that it is our purpose to freeze possible
effects related to the shape of G and to R, since we specifi-
cally aimed to exclude these uncertainties by calibrating the
model coefficients. Therefore, the simulation grids for the
different Re� are selected such that the grid spacing, ex-
pressed in wall units, remains unchanged. In this way, varia-

FIG. 9. Relative errors on the skin friction for different filters H�, Re�

=300 and �=0.5.

FIG. 10. Sensitivity of max�uu�, max�vv�, and max�ww� to a change in the
filter shape H� from sharp cutoff to Gauss filter. Re�=300 and �=0.5.

FIG. 11. Relative errors on the skin friction for different �, Re�=300, and
H� a sharp cutoff filter.

FIG. 12. Relative errors on the skin friction for different �, Re�=300, and
H� a Gauss filter.
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tions in R and G close to the wall are small. An overview of
the different simulation resolutions is presented in Table II.

In Fig. 14, we evaluate the variation on the skin-friction
error �� for Re�=110−650. To better evaluate the variation
around a common axis, the �� results of the three models are
shifted with their averaged value over the different Reynolds
numbers. For Models A, B, and C, these shifts in Fig. 14
correspond to −0.19%, −0.18%, and −0.56%. Results indi-
cate that all three models are relatively insensitive to Re�

variations; i.e., all below 2%. When the models are com-
pared in more detail one can see that the variation on the
skin-friction error is highest for Model A �1.9%�, followed
by Model B �1.5%�, and lowest for Model C �0.6%�. Conse-
quently, the inertial-range consistent formulation �Model C�
seems best suited for an accurate fit over a wide range of
Reynolds numbers; observed differences to the other two
models are, however, not large enough to firmly establish
this.

To further evaluate the quality of the simulation results,
mean-velocity profiles U�y� are presented in Fig. 15 for the
Re�=650 case. As is appreciated, even at this elevated Rey-

nolds number, all three models predict U�y� very well. In
addition, the Reynolds stress predictions �not shown� are
identical for the three models. Finally, the normal-velocity
spanwise spectra are presented in Fig. 16 for Re�=650, and
trends discussed in section IV B, e.g., the discontinuity at the
H� cutoff wavenumber, are again observed.

In studies of homogeneous isotropic turbulence,15–17

variations in the Re number typically lead to � /� changes.
In these studies, it was shown that an inertial-range-
consistent model formulation reduces simulation errors.
Here, in plane channel flow simulations, Reynolds number
variations do not lead to considerable differences between
Model C and both other models. This is related to the grid-
selection in the current study. In order to keep R and G ef-
fects small, the simulation grids close to the wall, expressed
in wall units, were kept constant, leading to �+ /�+ constant.
However, as elaborated in Ref. 30, in the inner layer �+ /�+

��y+�3/4, and further independent of Re�. Hence, due to the
current “wall-resolved” grid selections, a change in Re� has
no direct influence on the � /� ratio close to the wall.

FIG. 13. Spanwise normal-velocity spectra Eyz at y��15, and Re�=300, for
Model C. �—�: DNS reference; �����: H� a sharp cutoff filter �Eq. �15��;
and ��·•�: H� a Gaussian filter �Eq. �16��.

FIG. 14. Variation of �� as function of the Reynolds number for the Re�

=300-fitted models. �¯��: Model A; ��·•�: Model B; and �����: Model
C.

FIG. 15. Mean velocity profile for the different models and the no-model
simulation at Re�=650. �—�: DNS reference; �����: no model; �¯��:
Model A; ��·��: Model B; and ����� Model C.

FIG. 16. Spanwise normal-velocity spectra Eyz at y��15, and Re�=650, for
the different models and the no-model simulation. �—�: DNS reference;
�����: no model; �¯��: Model A; ��·��: Model B; and �����: Model
C.

095105-10 J. Meyers and P. Sagaut Phys. Fluids 19, 095105 �2007�

Downloaded 20 Sep 2007 to 134.58.253.57. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



In the outer layer and the channel center � /� is not Re�

independent. However, also in the center of the channel, no
significant differences appear in our simulations between the
three models. This is related to the low local turbulent Rey-
nolds number in the center of the channel. Based on the DNS
data,19 we estimate that the Taylor-Reynolds number Re� in
the channel center amounts to 14.6, 22.3, 25.6, and 32.7, for
the respective Re�=110, 300, 400, and 650 simulations.
These numbers are very low: typical LES resolutions at these
Reynolds numbers are very close to the minimum needed
DNS resolution, such that the contribution of subgrid-scale
models may be expected to be rather small. In addition, since
we are using a structured grid, the x and z grid spacing close
to the wall dictates a quite fine channel-center mesh. By
evaluating the subgrid dissipation for the three models in our
current simulations, we verified for all Re� cases that the
models’ main contributions are situated in the near wall re-
gion up to the channel quarter-width � /2.

V. CONCLUSIONS

We evaluated the performance of three variations of the
small-small Smagorinsky model in the presence of walls.
The classical small-small formulation9,11 �Model A� was aug-
mented in two steps. The effects of the LES filter G and the
high-pass filter H� were explicitly incorporated in the formu-
lation �Model B�, and a fully inertial-range consistent
formulation15 was considered �Model C�.

We described four effects which may influence the per-
formance of these models, and reflect on required levels of
the model coefficients. These are �i� the influence of the LES
filter shape G, �ii� the influence of the high-pass filter H�,
�iii� finite-Reynolds-number effects expressed in finite � /�
ratios, and �iv� a low resolution R of the dominant turbulent
scales. Models B and C were designed to compensate filter-
shape effects and finite-Reynolds-number effects. Therefore,
the effect of changes related to items �ii� and �iii� have been
investigated during this study, quantifying the improvements
of Models B and C compared to Model A in turbulent chan-
nel flows. Uncertainties related to �i� and �iv� were limited by
first performing a set of calibration runs at Re�=300, and
then keeping effects related to G and R constant during the
sensitivity analysis of other parameters.

Changes to the high-pass filter shape H� have a pro-
found effect. Sharp cutoff filters and Gaussian filters were
investigated. Keeping �=� /�� constant, Models B and C
were rather insensitive to changes from a sharp cutoff filter
to a Gaussian filter, with a variation on skin-friction predic-
tions of 0.16% �Model C� and 0.74% �Model B�. Model A,
which lacks the explicit inclusion of filter effects in its for-
mulation, displayed a much larger variation of 6.4%.

When �=� /�� is varied, conclusions are different for
the two filter types which were considered. For sharp cutoff
high-pass filters, all models show a large dependence on �.
When Gaussian filters are employed, Models B and C were
shown to be rather insensitive to variations in �. Model A
again displayed large changes in simulation quality.

Finally, all simulations with accurate skin-friction pre-
dictions provided, independently of the model formulation,

very good results for the mean-velocity profiles and the Rey-
nolds stresses. The spanwise normal-velocity spectra were
also well predicted, but here some differences in results were
observed between simulations using sharp cutoff and Gauss-
ian high-pass filters. The use of a sharp cutoff filters is vis-
ible in the spectrum as a discontinuity at the high-pass cutoff
wavenumber. For Gauss filters, such a discontinuity does not
appear.

By varying the Reynolds number, i.e., Re�=110, 300,
400, and 650 were considered, we observed that all three
models are relatively insensitive to changes in the Reynolds
number. Errors on the skin-friction prediction remain within
2%. Of the three models, Model C shows the smallest sen-
sitivity, with a variation on the prediction of the skin-friction
of about 0.6%. The relative insensitivity of all three the mod-
els to Re� variations was hypothesized to be connected to our
structured-grid discretization, and the low turbulent Rey-
nolds numbers in the channel center. Therefore, channel-flow
simulations at higher Reynolds numbers using an unstruc-
tured discretization may be interesting for future research.

In the present work it was shown that the theoretical
improvements of small-small Smagorinsky models obtained
for locally isotropic turbulence,15 also reflect on channel-
flow simulation results. By incorporating filter-shape, and
finite-Reynolds-number effects explicitly in the formulation
of the models, the level of empiricism typically encountered
when model coefficients are selected, is reduced.

An essential part of the evaluations of the three model
formulations �A–C� has been their initial calibration. In prac-
tice, validation or calibration is required for any subgrid-
scale closure and discretization in LES. In this sense, the
models in the current paper are no exception. However, we
exploited this calibration to exclude uncertain effects such as
the filter shape G and the ratio R=� /�, and to define a con-
sistent platform to compare high-pass-filter and Re� effects.
This allowed a precise evaluation of the models’ portability,
e.g., subject to high-pass filter changes, and illustrated the
potential of Models B and C, compared to Model A. A logi-
cal next step concentrates on means to incorporate the re-
maining G and R effects in the VMS formulations, or to
identify working conditions for which they can be disre-
garded. This is currently a topic of ongoing research.
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