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ABSTRACT

The aim of this paper is to give a general overview of
the fuzzy finite element method and its application for
numerical analysis of vaguely defined structures occur-
ring in spacecraft design. The fuzzy methodology and
the currently available practically applicable procedures
for fuzzy finite element analysis are presented. The focus
of this description is on the practical aspects which relate
to mechanical design. The theoretical background of the
presented algorithms is only briefly addressed. The capa-
bilities of the FFEM approach in the context of spacecraft
design is illustrated using two realistic case studies.

1. INTRODUCTION

The current status of numerical analysis tools enables
a very precise simulation of physical phenomena. The
broad applicability of these tools in combination with
their limited cost, have initiated an exponential increase
of their use in the design of new products. Consequently,
the virtual prototyping phase has become a substantial
part of spacecraft design processes. Especially the finite
element method has become one of the standards for de-
sign validation and optimisation.

Nowadays, the computational capabilities of modern
computers causes an evolution towards the use of ex-
tremely detailed numerical models. While these models
theoretically enable the simulation of the vast majority
of relevant physical processes, they also require a large
amount of numerical input data in order to describe the
model realistically. It is more and more acknowledged
that, in order to perform a trustworthy design validation
based on such models, the computational power could
be of greater benefit when it is used for the inclusion of
non-determinism in the numerical model rather than for
modelling all deterministic details. Through the inclu-
sion of non-deterministic aspects, the numerical analysis
will come closer to a description of the actual behaviour
of the modelled product since uncertainty and variability
are inherent to production processes.

Over the past decades, a number of methodologies have
been developed that include non-deterministic model
properties in the finite element analysis in order to quan-
tify the uncertainty or scatter on the analysis result. The
probabilistic concept is by far the most popular for non-
deterministic numerical modelling. Its popularity has
lead to many research activities aiming at the applica-
tion of probabilistic finite element procedures, also in

spacecraft design [1]. The inevitable presence of un-
certainties and unpredictable variabilities in an early de-
sign stage has also initiated research activities towards
non-probabilistic approaches for numerical uncertainty
analysis (see [2] for a more extensive description of the
current status of non-probabilistic approaches for uncer-
tainty treatment in finite element analysis). The fuzzy fi-
nite element (FFE) method is one of these emerging tech-
niques. Over the last decade, a number of fuzzy finite
element applications have been published in specific re-
search domains, e.g. in static structural analysis [3], dy-
namic analysis [4], geotechnical engineering [5], analy-
sis of smart structures [6] and many more. This paper
briefly describes the main principle and some computa-
tional aspects of this method in sections 2 and 3. It then
focusses on its practical use in engineering in section 4,
and finally illustrates the application of fuzzy analysis on
the dynamic analysis of two models of spacecraft compo-
nents.

2. THE FUZZY FINITE ELEMENT METHOD

2.1. Fuzzy sets

ZADEH [7] introduced the theory of fuzzy logic as a sci-
entific concept for representing uncertainty. While the
concept was invented in 1965, it resulted mainly in practi-
cal applications during the last two decades. The concept
has been most successful in the application to controller
design, known as fuzzy control. In a fuzzy controller,
the fuzzy concept is the basis for a human-like decision
process for choosing an appropriate process control value
based on fuzzily described state variables. This concept
does not require strict mathematical control rules, but is
capable of handling linguistic rules often based on expert
knowledge rather than strict objective data. The fact that
the theory is capable of handling linguistic and, there-
fore, incomplete information, lately has inspired research
activities in the field of numerical analysis.

First, it is very important to understand what a fuzzy
set exactly is. This is best explained by interpreting a
fuzzy set as an extension of a classical set. A classi-
cal set clearly distinguishes between members and non-
members of the set. The fuzzy set, on the other hand,
introduces a degree of membership, represented by the
membership function, which describes the grade of mem-
bership to the fuzzy set for each element in the domain.
The membership function of a fuzzy set x̃ is defined as
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µx̃ (x):

x̃ =
{(

x, µx̃ (x)
)
|
(
x ∈ X

)(
µx̃ (x) ∈ [0, 1]

)}
(1)

for all x that belong to the domain X . The difference
with the classical (or also called crisp) set is that the fuzzy
concept allows for membership values different from zero
and one. This enables the representation of a value that is
only to a certain degree member of the set. If µx̃ (x) = 1,
x is definitely a member of the subset x̃. If µx̃ (x) = 0,
x is definitely not a member of the subset x̃. For every
x with 0 < µx̃ (x) < 1, the membership is not certain.
This concept softens the distinction between members to
non-members in a classical set, and as such enables the
definition of a zone in which there is a gradual transition
of members to non-members. This gradual transition can
be used to represent the uncertainty one would like to at-
tach to parameters in a numerical analysis.

In the context of numerical analysis, a class called nor-
mal fuzzy numbers is generally used. For these fuzzy
numbers, there is at least one point where the member-
ship is equal to one, and the membership is strictly in-
creasing and decreasing to the left respectively the right
of this point. The most frequently applied shapes for
the membership functions are the triangular and Gaussian
shape. Figure 1 illustrates the concept of fuzzy numbers
on an uncertain Young’s modulus. In this figure, Ẽ1 is
a fuzzy representation of a classical interval defined as a
five percent error margin on the nominal value of 2.1 GPa.
The membership function of Ẽ2 introduces uncertainty
on the bounds on the interval, whereas Ẽ3 demonstrates
a Gaussian membership function.

In his later work, ZADEH [8] extended the theory of fuzzy
sets to a basis for reasoning with possibility. In this in-
terpretation, the membership function is considered as
a possibility distribution function, providing information
on the values that the described quantity can adopt. More
generally, the possibility is defined as a subjective mea-
sure that expresses the degree to which the analyst con-
siders that an event can occur. It provides in a system
of defining intermediate states between strictly impossi-
ble and strictly possible events. Through this interpre-
tation, the fuzzy concept has become a tool to model
subjective knowledge. This has drawn the attention of
the numerical community, since knowledge of uncertain-
ties in a numerical model is commonly based on expert
opinion. Of particular interest is the application of the
fuzzy concept in a finite element framework for analysis
of non-deterministic models. Section 2.2 now focusses
on the general principle and some numerical aspects of
this fuzzy finite element method.

2.2. Basic concept of the fuzzy finite element method

The goal of the fuzzy finite element analysis is to obtain
a fuzzy description of some output quantities of a finite
element analysis in which the non-deterministic input is
modelled using the fuzzy set model. It aims at the deriva-
tion of the membership function of the output quantities
given the membership functions of all input quantities:

ỹ = f(x̃1, x̃2, . . . x̃n) (2)

The fuzzy finite element analysis therefore requires an
arithmetic which handles the numerical evaluation of
functions of fuzzy sets. A general concept follows di-
rectly from ZADEH’s extension principle [9], which is
one of the most basic ideas of fuzzy set theory. It pro-
vides a general method for extending crisp mathemati-
cal concepts in order to deal with fuzzy quantities. It al-
lows to calculate the fuzzy output ỹ of the crisp function
f(x1, x2, . . . , xn) applied to n fuzzy numbers x̃i:

µỹ (y) = sup
x1,...xn

y=f(x1,...xn)

(
min

(
µx̃1(x1), . . . µx̃n(xn)

))

µỹ (y) = 0 if f−1(y) = ∅
(3)

This means that the membership value of the fuzzy re-
sult ỹ for a specific value y∗ equals the largest among the
membership values µx̃1×...x̃n of all input combinations
(x1, . . . xn) resulting in y∗. The possibilistic interpreta-
tion of the extension principle is that if a value y∗ can be
achieved for different combinations of the input quanti-
ties, it will adopt its degree of possibility from the reali-
sation with the highest degree of possibility.

A major drawback of the extension principle as defined
in Eq. (3) is that it is not readily implementable in a nu-
merical context. For each value y of the observed output
domain, it requires the complete set of realisations in the
input domain to derive the membership value. An alterna-
tive approach consists of searching in the output domain
for sets which have an equal degree of membership. This
is achieved by analysing the input domain on a specific
level of membership α. At this level, the α-cuts of the
input quantities are defined as:

xI
i,α =

{
xi ∈ Xi, µx̃i

(xi) ≥ α
}

(4)

This means that an α-cut is the interval resulting from in-
tersecting the membership function at µx̃i

(xi) = α. Af-
ter deriving the α-cuts of all input quantities at a specific
level, an interval analysis is performed on these intervals:

yI
α =

{
y |

(
xi ∈ xI

i,α,∀i
)(

y = f
(
x
))}

(5)

It can be proven that the obtained output interval is an
intersection of the output membership function at the α-
level, and consequently represents an α-cut of the out-
put [2]. This means that a discretised approximation of
the output membership function can be obtained from re-
peating the α-level procedure at a number of levels, as
shown in figure 2.

The fuzzy finite element method consists of the applica-
tion of the α-sublevel strategy on the procedure of the de-
terministic FE analysis. Since, through the α-cut strategy,
the interval finite element analysis forms the corner stone
of the fuzzy finite element method, this work will now
focus on some of the available numerical concepts for the
implementation of the interval finite element analysis.
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Figure 1. Some typical membership functions that describe linguistic variables
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Figure 2. Scheme of the numerical procedure to perform a fuzzy numerical operation by discretisation of the range of the
membership function using 4 α-sublevels

3. IMPLEMENTATION STRATEGIES FOR THE
FUZZY FINITE ELEMENT METHOD

It is now clear that the solution of the interval problem
corresponding to the FE analysis is the numerical core of
the method. Consider the interval vector xI of uncertain
input parameters of the FE model, referred to as the inter-
val input parameter space. The interval solution requires
a procedure to calculate the range of the FE analysis out-
come, given that all input parameters are within the in-
terval input parameter space. A number of concepts have
been developed for this purpose. The three most com-
monly applied procedures are the interval arithmetic ap-
proach, the global optimisation approach and the vertex
analysis. Recently, a hybrid procedure was introduced
specifically for fuzzy dynamic response analysis. The
main ideas of these approaches are now briefly discussed.

3.1. The interval arithmetic strategy

The interval arithmetic approach consists of translating
the complete deterministic numerical FE procedure to an
interval procedure using the arithmetic operations for ad-
dition, subtraction, multiplication and division of interval
scalars. The outline of the interval procedure corresponds
completely to the deterministic FE analysis. The main
difference is that each substep of the interval algorithm
calculates the range of the intermediate subfunction in-
stead of the deterministic result. Application of this prin-

ciple on the complete algorithm results in the range of
the output of the analysis. There is, however, an impor-
tant drawback for this method. The inclusion property
for ranges of nested functions states that an arithmetic in-
terval operation introduces conservatism in its result if it
neglects correlation that exists between the operands. A
simple example illustrates this. Consider the function:

f (x) = x2 − x (6)

applied on the interval xI = [0, 1]. Applying interval
arithmetic, both terms are considered independently. This
results in the interval solution [−1, 1]. However, the ex-
act range of the function equals

[
− 1

4 , 0
]
. In an automatic

computer procedure as for the IFE analysis, this phenom-
enon cannot be avoided because it is impossible to keep
track of the relationships between all intermediate results
of the algorithm. Consequently, each interval substep re-
sults in an enclosure of the exact substep range. There-
fore, also the final result is a conservative approximation
of the exact range of the FE analysis. Generally, the de-
gree of conservatism is unknown.

The implementation of the interval arithmetic IFE ap-
proach consists of two parts:

1. the translation of the input intervals to an interval
system description in the form of interval system
matrices
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2. the approximation of the solution of the analysis ex-
pressed as an interval problem using the interval sys-
tem matrices

The assembly of the interval system matrices in the
first step results from the translation of the determin-
istic assembly procedure to interval analysis. It has
been shown [2] that this step generally introduces conser-
vatism, since dependency between different elements of
the model through common interval parameters are lost
in the assembly. Furthermore, the system interval matrix
does not model the dependencies between the elements
of the matrix itself, and loses as such important informa-
tion on internal matrix correlations. The resulting interval
matrices therefore implicitly incorporate artificial matri-
ces in the analysis, which are not feasible using the phys-
ical FE model. For realistic industrially sized FE models,
this conservatism generally renders the rest of the analy-
sis little useful.

3.2. The global optimisation strategy

In essence, calculating the result set yI
α of equation (5) is

equivalent to performing two global optimisations, aimed
at the minimisation and maximisation of the determinis-
tic analysis result y. The deterministic FE analysis is the
goal function of the optimisation and the uncertain para-
meters are the design variables constraint to the interval
input parameter space xI:

y = min
x∈xI

f
(
x
)
, i = 1 . . . n (7)

y = max
x∈xI

f
(
x
)
, i = 1 . . . n (8)

An efficient and robust optimisation algorithm is pri-
mordial for this solution strategy. RAO et al. [3]
applied POWELL’s method to tackle the optimisation.
KÖYLÜOĞLU [10] defined a linear programming solu-
tion for this purpose. The input interval vector defines
the number of constraints and, therefore, strongly influ-
ences the performance of the procedure. Also, because of
the required execution of the deterministic FE analysis in
each goal function evaluation, the optimisation approach
is numerically expensive. Therefore, this approach is best
suited for rather small FE models with a limited number
of input uncertainties.

3.3. The vertex analysis

DONG et al. [11] first introduced the vertex method. This
method approximates the range of the result of a numeri-
cal procedure by introducing all possible combinations of
the boundary values of the input intervals into the analy-
sis. For N input intervals, there are 2N vertices for which
the analysis has to be performed. These vertices are de-
noted by cj, j = 1, . . . 2N . Each of these represents one
unique combination of lower and upper bounds on the
N input intervals. The approximate analysis range is de-
duced from the extreme values of the set of results for
these vertices:

yI
α ≈

[
min

j
f
(
cj

)
,max

j
f
(
cj

)]
(9)

Despite its simplicity, this method has some important
disadvantages. It is clear from equation (9) that the com-
putational cost increases exponentially with the number
of input intervals. This limits the applicability of the ver-
tex method to rather small systems, or systems with very
few interval entries in the system matrices. The main dis-
advantage of this method, however, is that it cannot iden-
tify local optima of the analysis function which are not
on the vertex of the input space. It only results in the ex-
act output interval if the analysis function is monotonic
over the considered input range. This is a strong con-
dition that is difficult to verify for FE analysis because
of the complicated relation of analysis output to physical
input uncertainties. The approximation obtained when
monotonicity is not guaranteed is not necessarily conser-
vative. This fact reduces the validity of this method for
design validation purposes.

3.4. Hybrid IFE analysis

In order to extend the applicability of IFEM, a general
remedy to excessive conservatism was introduced [12]. It
is a hybrid procedure, consisting of both a global optimi-
sation and an interval arithmetic part. In the first part, an
optimisation is applied to calculate the exact interval re-
sult at some intermediate step of the total algorithm. This
is achieved by minimising and maximising the interme-
diate results over the interval input parameter space. In
the second part, the interval arithmetical procedure is ap-
plied on these intermediate interval results. This method
has two major advantages:

• because of the global optimisation, all conservatism
prior to the optimised intermediate result is neu-
tralised

• the performance of the optimisation step is control-
lable by adequately choosing the level on which to
perform it

This approach has been successfully applied in an IFE
procedure for the calculation of interval FRFs [13]. In
the first part of this procedure, the optimisation is used to
translate the interval properties defined on the FE model
to the exact interval modal stiffness and mass parameters
of the structure. The calculation of the envelope FRFs in
the second part is done by applying the interval arithmetic
equivalent of the modal superposition procedure on these
interval modal parameters. This procedure neutralises all
conservatism in the matrix assembly phase, since it di-
rectly uses the modal parameters as goal functions in the
optimisation part. The final envelope FRFs have been
proven to contain only a very limited amount of conser-
vatism. The final section of this paper discusses two nu-
merical examples that illustrate this technique.

4. FUZZY ANALYSIS AS A DESIGN TOOL

4.1. Numerical non-determinism in a design process

The value of non-deterministic analysis as a design tool
for reliable and robust spacecraft is evident. The choice
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of the most appropriate non-deterministic analysis tool,
on the other hand often is not. Historically, the proba-
bilistic analysis techniques have become more or less a
standard in this context. Many research activities have
lead to well established probabilistic frameworks for non-
deterministic analysis, as e.g. the sampling techniques
and random fields analysis. Therefore, the possible added
value and use of the recent alternative non-deterministic
approaches are often questioned. The apparent simi-
larity between the fuzzy and probabilistic approach in
the respective membership and probability density func-
tions has lead to a very competitive relation between
both research areas. However, both the interpretation of
the results and the analysis procedure itself differ thor-
oughly for both approaches. Consequently, the respec-
tive analyses have a very different meaning. Therefore,
when applying any of the existing techniques for non-
deterministic analysis, it is very important for the analyst
to clearly define the goal of the analysis, and to have good
knowledge of the sources of the information it is based
upon.

On the input side, knowing the source of the available in-
formation on the model non-determinism is very impor-
tant, because it will determine the level of objectiveness
that can be attached to the obtained results. Furthermore,
one has to keep in mind that there can be, and most often
will be an evolution of the type of input non-determinism
encountered during a typical design process. Or as for-
mulated by ROSS [14]: As more information about a
problem becomes available, the mathematical descrip-
tion of non-determinism can transform from one theory to
the next in the characterization of the uncertainty as the
uncertainty diminishes or, alternatively, as the informa-
tion granularity increases and becomes specific. Next to
that, also the intention of the analysis plays an important
role in setting up the analysis. If the goal of the analysis
is a relative increase in design quality, the requirements
with respect to objectiveness for the applied methodol-
ogy are very different from when an absolute reliability
measure of a final design is pursued.

In an early stage, objective information on model prop-
erties is often difficult to obtain, since a large number of
model properties have yet to be defined. Some design
decisions are even intentionally postponed in order to be
able to study their effect on the design quality. Further-
more, early design improvements are commonly the re-
sult of expert knowledge rather than detailed numerical
procedures. This means that the amount of objective in-
formation on average is low, and therefore subjectiveness
is substantially present in the analysis. Since the fuzzy
concept is typically used to model this subjectiveness, it
can be of great value in these early design stages.

Through the course of a design process, the amount
of information generally increases. In some cases, the
non-deterministic properties can be more objectively de-
scribed, e.g. , when certain design aspects are fixed, or
component manufacturers are chosen. Often, this leads
to an increase in objective information on model non-
determinism in the form of probability density functions.
The more objective information becomes available, the

less the representation of subjective information is re-
quired. Performing a non-probabilistic analysis in this
case becomes rather irrational, because valuable objec-
tive information would be lost through the omision of
the available probabilistic information. Based on the
above observations with respect to applicability of both
approaches in a typical design process, it is more and
more agreed upon that the probabilistic and fuzzy ap-
proach are complementary rather than competitive. Next
section will discuss some of the specific application areas
of the fuzzy techniques in mechanical design.

4.2. Numerical reliability analysis

The reliability of a product is defined as the likelihood
that it will successfully fulfil its intended task over a pre-
defined period in time under specific environmental con-
ditions. Numerical reliability analysis based on proba-
bilistic analysis is very popular because when realistic
data is used, it can give a clear indication of the likelihood
of failure of the analysed structure. As such, it can be
usefully applied in an economical product analysis taking
into account the cost associated with failure. This proba-
bilistic reliability analysis is broadly applied and already
incorporated in generally accepted design specifications
in civil engineering. However, its application in mechan-
ical engineering is far less standardised. This is mainly
due to the plenitude of different mechanical products,
which all require a different amount of reliability. Hence,
there are very few standards for reliability in mechanical
design. Each product designer applies rules which are
based on experience rather than on general engineering
standards.

According to its definition, reliability belongs clearly to
the probabilistic framework in the frequentist context.
On the one hand, this complicates probabilistic analy-
sis of designs intended for limited production, since the
fact that the product is only produced in limited quan-
tity strongly complicates a decent a-posterior verification
of the non-deterministic numerical predictions. Further-
more, for most designs intended for limited production,
an unverifiably high reliability is requested (e.g. space-
craft). But an even bigger problem lies in probabilistic
reliability analysis in the absence of trustworthy objective
information. While applying the probabilistic concept for
the representation of subjective information is possible,
results from such an analysis should definitely not be in-
terpreted as indication for an absolute frequency of occur-
rence. The subjectiveness devaluates the use of the prob-
abilistic results in a reliability context. This subjective-
ness of (parts of) the information is not always detected.
For instance, neglecting unknown correlation between
properties by assuming them as independent is a com-
mon simplification that is sometimes implicitly made, but
that can have important consequences. This implicit as-
sumption of independence between probabilistic quanti-
ties was one of the important errors that were the source
of the Challenger space shuttle disaster [15]. In this case,
the impact of different extreme weather conditions on the
launch was analysed for each condition individually be-
forehand. The impact of a combination of more than one
of these events, however, was never checked. Although
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each of the events had a very low probability of occur-
ring, the probability of their combination proved to be
not simply a multiplication of the probability of the sin-
gle events. The correlation between the conditions was
clearly misjudged, leading to a plausible but unaccounted
for weather situation with disastrous consequences. In
this case, a worst case analysis could have given a very
valuable additional insight in the critical weather condi-
tions.

The lack of credibility of numerical predictions of relia-
bility is generally compensated by safety factors. How-
ever, one could argue that using these safety factors af-
ter applying sophisticated and computationally expensive
numerical procedures is not a really economical situation.
Much effort is spent on a numerical prediction, which, in
the end, still has to be corrected based on practical expe-
rience. In this context, the non-probabilistic approaches
could prove their value.

The application of the interval concept in numerical re-
liability studies is often referred to as anti-optimisation.
This name stems from the fact that from all numerical
models within the interval input boundaries, the one with
the least favourable analysis result is the most interest-
ing from reliability point of view. The concept of anti-
optimisation has been introduced as the basis for a non-
probabilistic reliability framework [16]. This requires an
evolution from a reliability concept as probability of fail-
ure towards range of acceptable behaviour. This means
that the design must assure that the performance remains
within an acceptable domain, without specifying a likeli-
hood of failure. Reliability then becomes a crisp criterion
distinguishing between either acceptable or unacceptable
designs. For instance, this enables a fast assessment of di-
mension tolerances on a design, without knowing the ac-
tual distribution of the dimension within the bounds of the
prescribed tolerance. For some cases, it can be shown that
the anti-optimisation procedure results in the same choice
of design parameters as a probabilistic analysis if the re-
quired reliability tends to one [17]. The anti-optimisation
in this case proves to be far less expensive in computation
time.

The numerical implementation of the anti-optimisation
approach is subject to an important requirement. Since
the result of the analysis is the source of a crisp decision
between acceptable and unacceptable designs, approxi-
mate results should always be kept on the safe side of the
exact result. This means that if approximate solution pro-
cedures are used in the numerical implementation, they
should guarantee conservatism in their result. On the
other hand, this conservatism should not be excessively
high in order for the result to be of any practical value.

Also the fuzzy concept can be usefully applied in a re-
liability framework to perform a possibilistic reliability
analysis. In the interpretation of the membership func-
tion as a degree of possibility, the fuzzy outcome of an
analysis could be used to define a possibility of failure.
This possibility is clearly influenced by the subjective-
ness that is implicitly incorporated in the fuzzy input of
the analysis. This means that for the same problem, dif-
ferent analysts can and generally will end up with differ-

ent possibilities of failure. This could be compensated
by defining a personal threshold value for the allowed
possibility of failure in the final decision on acceptable
or unacceptable designs. However, due to the necessary
amount of personal interpretation of the analyst, possi-
bility of failure only has a relative value. Therefore, this
approach is extremely difficult to standardise in a general
reliability framework.

A different application of the fuzzy concept in reliabil-
ity analysis is based on the use of the membership func-
tion as limit CDFs. It was shown by FERRARI et al. [18]
that if the input membership functions represent bound-
aries on the CDFs of the input parameters, the member-
ship function resulting from fuzzy analysis on this input
forms reliable boundaries on the actual CDF of the result.
Therefore, the fuzzy result of a FFE analysis can be used
to derive bounds on the probability of failure. A simple
example illustrates this. Suppose that a FFE analysis re-
sults in a membership function µλ̃ (λ) representing a cru-
cial eigenfrequency of a design as illustrated in figure 3.
Suppose furthermore that a crisp criterion states that the
design is acceptable if this eigenfrequency is kept below
the value λ∗. The fuzzy result envelopes the exact CDF
of the eigenfrequency. This means that the bounds on
the probability that the eigenfrequency of the design lies
below λ∗ can be derived from the fuzzy result. The prob-
ability interval is obtained from taking the value of the
envelope curves at λ∗ as indicated in the figure by P ′

f and

P ′
f . The most conservative statement resulting from the

analysis is that the probability of failure equals (1− P ′
f )

in the worst case.

It is clear that also the above non-probabilistic reliability
methods are subject to the limitation that whenever there
is subjective information involved in the problem defin-
ition, the results can not be interpreted as absolute mea-
sures of design quality. In an absolute reliability context,
the amount of expert knowledge required in the distinc-
tion between a good or bad design is proportional to the
amount of subjectiveness incorporated in the description
of the non-determinism. Still, subjective analysis can be
of great value when used in a relative framework, as for
instance a design optimisation procedure. This will be
discussed in the next section.

4.3. Numerical design optimisation

The principal goal of design optimisation is to define the
best possible product under certain restrictions. These
restrictions can be anything from manufacturing cost to
limitations placed on physical properties of the design.
The ingredients of the goal function and their relative
weights determine the final result of the optimisation. Re-
liability can be used as an indication for the design qual-
ity, and therefore can be an important part of the goal
function. When reliability is used in this manner, the de-
mands on the objectivity are much lower than when it
is used for absolute design assessment. A relative reli-
ability improvement during an optimisation process can
already be very valuable, even though the absolute re-
liability is only roughly approximated. This opens the

6



PSfrag replacements
µλ̃ (λ)

Λλ∗

P ′

f

P ′

f

fuzzy result λ̃ of

the FFE analysis

boundaries on CDFs

compatible with λ̃

Figure 3. Example of the application of the fuzzy outcome of a FFE analysis to predict bounds on the probability of failure

door for any numerical tool that can handle subjective
non-determinism.

While applying subjective probability in this context is
possible, it is not always the most advisable approach. In
some cases, especially in design optimisation, a proba-
bilistic reliability measure is not required. For instance,
if the range on some parameters is all information that is
available, placing subjective PDFs on these ranges only
complicates the numerical problem, while it doesn’t nec-
essarily add any valuable meaning to the analysis. In that
case, it doesn’t really make sense to transform the prob-
lem to the probabilistic concept. Or as formulated by
ROSS [19]: Sometimes, striving for precision can be ex-
pensive, or adds little or no useful information, or both.
This indeed holds for the application of reliability cal-
culations in an iterative optimisation procedure, where
the numerical efficiency becomes very important. It is
now discussed to what extend the non-probabilistic ap-
proaches can be considered as valuable alternatives for
design analysis in an optimisation framework.

The interval concept is the most natural approach for an
analyst who wants to know whether the defined ranges
for the uncertain model properties result in an allowable
range for the behaviour, without really being interested
in the likelihood of occurrence within the defined inter-
val bounds. This approach is equally applicable to open
design decisions, i.e. , model properties that have yet to
be quantified, and the value of which will be optimised.
Pure probabilistic analysis in both cases seems like an
unnatural thing to do, since it requires information that is
not available (probabilistic input) to produce information
that is not requested (probabilistic output). The interval
procedure is limited to the definition of the intervals on
the uncertainties the analyst would like to take into ac-
count. Subsequently, the design can be assessed from an
interval analysis by reassuring that the worst case output
is still within the range of acceptable physical behaviour.
This comes down to a worst-case oriented design optimi-
sation.

A commonly formulated criticism on this approach is that
the worst-case behaviour generally results from the com-
bination of extremely rare events. Taking these combi-
nations into account in a design assessment procedure
could lead to severe overdimensioning. This criticism
only holds if you can objectively verify the actual prob-

ability of occurrence of the model properties which are
considered to be extreme events. But even more impor-
tant, if you want to give a realistic weight to the actual
occurrence of such an extreme combination of events, it
is imperative to incorporate the exact mutual interdepen-
dence between these extreme events in the procedure, as
discussed for the Challenger case in section 4.2. In such
cases, worst case analysis could be a tool for identifica-
tion of extreme events which lead to failure, without the
need for a prediction of the actual probability of this ex-
treme event. This identification should not necessarily
lead to adapted designs and generally associated overdi-
mensioning. In the Challenger case, accustomed launch
protocols incorporating identification of possible disas-
trous extreme weather conditions, would already have
been of great value.

As discussed in the previous section, due to its implicit
subjective nature, the value of fuzzy FE analysis as an
absolute reliability analysis tool is rather limited. In an
optimisation procedure, however, the complete process is
generally conducted or followed up by one and the same
analyst. This means that the subjective possibility mea-
sure can be interpreted in a consistent manner throughout
the optimisation procedure. Therefore, the possibility of
failure can be used as a quality measure in an optimisa-
tion procedure.

4.4. Robust design

Apart from reliability analysis and design optimisation,
an important aspect of designing under uncertainty is to
define a robust design, i.e. , a design whose critical prop-
erties have a minor sensitivity to changes in the uncertain
influences like for instance external loading. Also in this
context, the fuzzy approach can be of value. By plac-
ing fuzzy membership functions as loading factors on the
crucial loading components, the sensitivity of some de-
sign quality indicators to these external influences can
be analysed. Using this approach, the robustness of the
design can be assessed by measuring the width of the re-
sulting membership function on the critical design quality
indicators.

Another practical approach of the fuzzy analysis is in the
study and choice of tolerances placed on design dimen-
sions. From the α-cut strategy, it is clear that the fuzzy
FE analysis is actually a large-scale sensitivity analysis
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Figure 4. Illustration of the application of fuzzy concept for design tolerance analysis

of the combined effect of the bounds defined on some in-
terval design variables on critical design properties. By
placing membership functions on the design properties
subject to tolerances, the effect of their range on the de-
sign behaviour can be analysed. This can be helpful in
defining tolerance intervals in the model. For instance, at
a certain α-level, an allowable range could be identified
in the fuzzy outcome of the analysis. The corresponding
input intervals at this α-level can then be chosen as the
set of tolerances on the analysed design properties. This
procedure is clarified in figure 4, where the design speci-
fication is assumed to be an upper bound λ∗ on an eigen-
frequency. The analyst can control the analysis by defin-
ing the possibility distributions on the input according to
personal preference or practical limitations. A different
possibility distribution for the design variables will yield
a different possibility distribution of the analysis result,
and consequently also different tolerances for the design
variables. The design based on these alternative allow-
able ranges, however, is equally safe. In this context,
again, the possibility distribution is rather a useful tool
to control the allowable range for the uncertainties than
an absolute quality measure.

5. APPLICATION OF FUZZY ANALYSIS TO
SPACECRAFT DESIGN

5.1. Example 1: Telescope baffle

The mechanical structure under investigation in this ex-
ample is part of the satellite designed for the COROT
space mission (COnvection ROtation and planetary Tran-
sits) conducted by the European Space Agency. This
mission is scheduled for launch in June 2006, and its
main objectives are to enable detailed stellar seismology,
e.g. detection and measurement of stellar vibrations, and
secondly, to search for small, rocky planets around stars
other than the sun. The presented analysis focusses on the
effect on the dynamic behaviour of uncertain parameters
that actually occurred during the design phase of the tele-
scope baffle. Figure 5 shows the nominal finite element
model of the baffle used as the reference in the analysis.

The nominal model contains 96210 degrees of freedom,
and consists mainly of plate and beam elements. In its

final launch configuration, the baffle is attached to the
satellite structure at three interface zones indicated in
figure 5. Before launch, a satellite component of this
size is typically tested for its dynamical behaviour in
a hardmounted vibration test with the component fixed
to the shaker at its interfaces. The numerical analysis
performed here corresponds to this base excitation test
through the application of the large mass modelling con-
cept. For this purpose, an additional large point mass is
introduced in the model, rigidly connected to the struc-
ture at the interface degrees of freedom. The mass of
the added element equals 106 times the total mass of the
original structure. A harmonic excitation force on the
large mass serves as input for the dynamic analysis. The
analysis focusses on the dynamic response at the lower
interface point between the telescope and the flange on
the smaller cylindrical part of the model (see also fig-
ure 5). The response analysis takes the first ten modes
into account, covering the frequency region up to 60 Hz.
Rayleigh damping is applied, with proportional constants
chosen such that the damping ratios of the considered
modes are in the range between 0.5 and 1%.

Five uncertain parameters are identified, as listed in ta-
ble 1. The first two uncertainties arise from a variability
of +/- 5% on the thickness of the aluminium sheets in the
baffle. Typical production tolerances are considered on
the thickness of the vanes and mounts. A fuzzy analy-
sis is performed with symmetrical triangular membership
functions on top of the intervals as specified in table 1. A
total of 5 α-levels are examined. The resulting envelope
response functions are assembled to a fuzzy FRF in fig-
ure 6. This figure shows only the evolution on the upper
bound of the response curves, as this is the most interest-
ing result from a designer point of view.

This figure shows that the deviation of the obtained up-
per response bound at a specific α-level from the nominal
case is not constant over the frequency domain. This in-
dicates that the sensitivity of the structural response at the
output location is varying over different regions in the fre-
quency domain. In this case, the amplitude sensitivity to
the introduced uncertainties increases with increasing fre-
quency. This can be very valuable information in a design
validation process. For instance, when a design criterion
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Figure 5. Nominal finite element model of the baffle of the COROT telescope, courtesy of Centre Spatiale de Liège (CSL),
Belgium

Table 1. Uncertain parameters in the COROT baffle model
uncertain parameter unit nominal value uncertainty interval
sheet thickness for tulip shape mm 0.8 [0.76, 0.84]
sheet thickness for thinner baffle part mm 0.4 [0.38, 0.42]
vane 1 thickness mm 0.8 [0.78, 0.82]
vane 1 bis thickness mm 1.2 [1.18, 1.22]
mounts thickness mm 1.8 [1.78, 1.82]

is placed on the amplitude, it can be seen that the first
mode at about 36 Hz is the most important one in the de-
terministic case. However, in the fuzzy analysis, the max-
imum response level at this first eigenfrequency proves
to be little sensitive to the present uncertainties. The re-
sponse amplitude in the neighbourhood of the eigenmode
at 47 Hz is much more sensitive, and therefore could play
an important role in the dynamic assessment of the design
subject to uncertainty.

5.2. Example 2: Solar panel

This test case is a single panel in a satellite solar array, in
the stowed condition. A full solar array wing consists of a
series of articulated panels that are stowed during launch,
and that unfold in orbit. During launch, the panels are
firmly attached to the satellite structure in a number of
holddown points. Load input is a base excitation, with
vibrations of the launcher transmitted to the solar array
through the satellite. Design criteria are applied on the
magnitude of transverse displacements of the panel tips,
with tips of adjacent panels in the stack not hitting each
other to avoid damage to the solar cells.

In this test case, which is kindly provided by Dutch
Space, Leiden (NL), a single panel in a solar array is
considered. The panel is a honeycomb structure with six
stiffened areas around the holddown points. In these stiff-
ened areas, the density of the honeycomb core is higher
to withstand local loads. An important problem encoun-
tered during the design phase of the solar panel is the
sizing of the diameter of these denser areas, with the pot-

ting compound. Two conflicting design criteria have to be
considered. On the one hand, the tip displacements must
be kept within allowable bounds in order to avoid damage
to the solar cells. This design criterion can be achieved by
enlarging the stiff potting compound zones. On the other
hand, as the material of these stiffened zones is 4.5 times
heavier than the surrounding material, the potting com-
pound zones should not be oversized, in order to keep the
weight of the satellite as low as possible. In order to find
a compromise between the two design criteria, the influ-
ence of the diameter of these potting compound zones on
the dynamic displacements of the tips of a single panel
of the folded structure is investigated using a fuzzy finite
element analysis.

The FE model, developed by Dutch Space, consists of a
2.25 m by 2.732 m panel built with 916 composite plate
elements, and it contains 6018 degrees of freedom. In
figure 7 the six potting compound zones can be recog-
nized as the six circular zones. The variation of the di-
ameter of the stiffened zones has been modelled in the
FE model by a number of successive concentric rings
of plate elements. By changing the material properties
of these plate elements, the diameter of the stiff potting
compound zones is altered in a discrete way.

A damped fuzzy FRF analysis is performed with the size
of the six potting compound zones as uncertain parame-
ters. Figure 8 shows the membership function that is used
for all six stiffened zones. The tip displacement of the so-
lar panel is taken as response quantity while the dynamic
force is introduced as an imposed displacement base ex-
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Figure 7. Finite element model of a single panel of the folded structure, courtesy of Dutch Space

citation perpendicular to the panel (cf. figure 7). The im-
posed displacement load is specified using the large mass
method. During the analysis, the first 20 modes are taken
into account, covering a frequency range up to 240 Hz.
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Figure 8. Membership function for the diameter of the
potting compound zones of the solar panel

The resulting fuzzy FRF on the amplitude of the tip dis-
placement of the panel is shown in figure 9. Only the
membership evolution of the upper bound of the FRF is
illustrated as the lower bound is very small for a large part

of the frequency domain. The figure clearly shows the
evolution of the tip displacement with respect to the size
of the design uncertainty interval on the dimension of the
stiffened zones. In this case, the resonances in the region
around 65 Hz clearly determine the maximum response
level that can be reached in the observed frequency do-
main. The fuzzy analysis in this case reveals that exactly
in this region, the impact of the uncertainty is relatively
high. This means that the designer can base the choice of
the diameter of the potting compound zones on the fuzzy
FRF by selecting an acceptable response level. The max-
imal membership value that is reached for this response
level over the analysed frequency domain determines the
acceptable α-level. Based on the principle of the α-level
strategy, the designer now can conclude that choosing the
diameter of the stiffened zones inside the corresponding
interval on the input membership function will lead to a
safe design.

6. CONCLUSION

The emerging non-probabilistic approaches are redefin-
ing the landscape for non-deterministic FE analysis. It
is the aim of this paper to give insight into the possible
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Figure 9. Damped fuzzy FRF (upper bound) of a single solar panel

useful applications of these approaches, referring to the
generally accepted and widely adopted probabilistic ap-
proach.

Concerning the numerical implementation of the non-
probabilistic analysis procedures, an overview of avail-
able methodologies shows that there are different options
for the IFE implementation. The interval arithmetic ap-
proach seems to be the least interesting, because of its
high vulnerability to conservatism. The optimisation and
the vertex approach are currently the most applied, al-
though both suffer from specific restrictions and can be-
come computationally expensive. The hybrid approach is
promising, but needs further validation. Through the use
of the α-level procedure, the FFE implementation can be
directly derived from the corresponding IFE implementa-
tion.

Next, it is shown that in the framework of numerical
design analysis, there generally is an evolution in the
type of the non-determinism. Correspondingly, the non-
probabilistic approaches tend to be most valuable in early
design stages, whereas the probabilistic approach re-
mains indispensable in later stages. This leads to the
conclusion that the non-probabilistic approaches should
be regarded as complementary rather than competitive to
the probabilistic approach. However, not only the class of
the non-deterministic properties encountered in the prob-
lem definition, but also the intended output determines to
what extend the different non-deterministic approaches
are appropriate numerical modelling tools for the treated
problem. It is discussed how the non-probabilistic ap-
proaches can be of value in a typical design process.
From the discussion, it has become clear that the value
of the non-probabilistic approaches in an absolute reli-
ability analysis is rather limited. It is concluded that
non-probabilistic approaches will fail to convince in areas

where absolute reliability measures are primordial. Still,
even limited or subjective information can be put to use
in a design process, whenever the objective of the numer-
ical analysis is a relative quality improvement. It is con-
cluded that for numerical design optimisation, there are
a number of useful applications for the non-probabilistic
approaches. The presented numerical examples show that
they can be very valuable in robust design optimisation
and tolerance analysis.
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REFERENCES

1. Pradlwarter, H., Pellissetti, M., Schenk, C., Schueller,
G., Kreis, A., Fransen, S., Calvi, A., and Klein,
M., “Realistic and efficient reliability estimation for
aerospace structures,” Computer Methods in Applied
Mechanics and Engineering, Vol. 194, No. 12-16,
2005, pp. 1597–1617.

2. Moens, D. and Vandepitte, D., “A Survey of Non-
Probabilistic Uncertainty Treatment in Finite Element
Analysis,” Computer Methods in Applied Mechan-
ics and Engineering, Vol. 194, No. 14-16, 2005,
pp. 1527–1555.

3. Rao, S. and Sawyer, P., “Fuzzy Finite Element
Approach for the Analysis of Imprecisely Defined

11



Systems,” AIAA Journal, Vol. 33, No. 12, 1995,
pp. 2364–2370.

4. Chen, L. and Rao, S., “Fuzzy Finite-Element Ap-
proach for the Vibration Analysis of Imprecisely-
Defined Systems,” Finite Elements in Analysis and
Design, Vol. 27, 1997, pp. 69–83.

5. Valliappan, S. and Pham, T., “Elasto-Plastic Finite
Element Analysis with Fuzzy Parameters,” Interna-
tional Journal for Numerical Methods in Engineer-
ing, Vol. 38, 1995, pp. 531–548.

6. Akpan, U., Koko, T., Orisamolu, I., and Gallant,
B., “Fuzzy Finite Element Analysis of Smart Struc-
tures,” Smart Materials and Structures, Vol. 10, 2001,
pp. 273–284.

7. Zadeh, L., “Fuzzy sets,” Information and Control,
Vol. 8, 1965, pp. 338–353.

8. Zadeh, L., “Fuzzy Sets as a Basis for a Theory of Pos-
sibility,” Fuzzy Sets and Systems, Vol. 1, 1978, pp. 3–
28.

9. Zadeh, L., “Concept of A Linguistic Variable and Its
Application to Approximate Reasoning .1,” Informa-
tion Sciences, Vol. 8, No. 3, 1975, pp. 199–249.
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