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Abstract. Universal Algebra originates in Hypercomplex Numbers systems and
Linear Algebra. Whitehead’s ‘Treatise on Universal Algebra’ intends to investi-
gate all systems of symbolic reasoning related to ordinary algebra on the basis of
Grassmann’s and Hamilton’s algebras, and on Boole’s symbolic logic. We first
review the developments of Algebra from Boole, the early symbolic algebraists
and Hamilton’s hypercomplex numbers to the multiple algebras of Cayley, Peirce
and Sylvester. These are the algebras that Sylvester called‘universal’. Boole also
initiated Invariant Theory, a major topic of research in 19th century Algebra, that
leads to Birkhoff’s Universal Algebra through the developments of abstract alge-
bra in the first decades of 20th century. Finally, in the context of Relevant Logics
with their algebraic counterparts, we consider how resultslike Sylvester-Kripke-
Meyer’s lemma related to the algebraic notions of invariants and finite basis sug-
gest algebraic extensions and introduce themselves as candidates for Universal
Logic membership.

1 Introduction.

The algebra of logic (which must be reckoned among man’s precious possessions for
that it illuminates the tangled paths of thought) was given to the world in 1842.1

Objections to the widespread conception that mathematicallogic as expounded in
the Principia Mathematicahas unified the algebraic tradition of Boole, Peirce and
Schröder and the tradition of Frege, Peano and Russell havebeen raised by some au-
thors2. With good reasons. Indeed, algebraic logic has survived the Principia, for ex-
ample, through the works of Tarski, and far beyond.

Curry3 distinguishes philosophical logic that investigates valid reasoning from the
mathematical tools it uses that issue in related mathematical systems and from mathe-
matical logic that investigates these systems. He suggeststhat a new name preserving

⋆ Provisonal version submitted to the 1st Int. Congr. on Universal Logic, Montreux, 2005.
1 C. S. Peirce, “Boolian Algebra, First Lection”, inThe New Elements of Mathematics by C. S.

Peirce, Vol. III /1, C. Eisele, ed., The Hague, Mouton, 1976, p. 269.
2 Anellis, I. H. and Houser, N. R., “Nineteenth-century rootsof algebraic logic and universal

algebra”, inAlgebraic Logic, Coll. Math. Soc. János Bolyai, Vol. 54, Budapest, 1988, Amster-
dam, North-Holland, 1991, pp. 1-36.

3 L’algèbre de la logique, (Leçons de logique algébrique), Louvain, Nauwelaerts,1951.



the close relationship between philosophical logic and mathematics is required. Univer-
sal Logic could be that required new name.

An investigation into the decision procedure of some Relevant Logics constitutes the
background of this paper. A substantial part of it is a surveyof the history of Universal
Algebra, from its beginning in

√
−1 with W. R. Hamilton, to Sylvester and White-

head who gave its name to that algebra. Boole, with his Algebra of Symbolic Logic on
one side and the impulse he gave to Invariant Theory on the other side, is our starting
point. He saw Logic as a calculus and submitted its object, the processes of Thought,
to mathematical operations on logical symbols. Following him, Sylvester, Cayley and
the German school of Mathematics, notably, Gordan and Hilbert, will spend the rest of
the century developing Invariant Theory. It is in that context that Sylvester, resuming
Hamilton’s work on hypercomplex numbers, will see their relation, first, with Cayley’s
matrices, then with Invariants. B. Peirce will give to Multiple Algebra, the theory of
hypercomplex numbers, its first classification in his LinearAssociative Algebra. With
Whitehead who will propose a synthesis of these algebras in aperspective slightly in-
spired by Grassmann,4 Logic and its processes was mathematical and algebraic. With
other logicians, he had paved the way for further work on Linear Associative Algebra
and the reasoning processes at work in Logic and Mathematics. But it was then time to
discover more hidden structure in all these algebras, with E. Noether and G. Birkhoff,
to mention two representatives. Linear Associative Algebra swallowed by Abstract and
Universal Algebra, Logic and Algebra almost parted company. The algebraic perspec-
tive did not disappear from Logic, though. In some quarters,as in Relevant Logic with
Dunn, Meyer and others, it survived. One of the beautiful results in this field relies on
Kripke-Meyer’s lemma that takes us back to Sylvester, Gordan and Hilbert. Extensions
of this result may require an algebraic treatment in tune with Boole’s original idea of
treating logical equations algebraically. How this can be performed is briefly exposed
toward the end of the paper. A few technicalities are recalled in an Appendix.

2 Early History of Universal Algebra.

To fix the ideas, let us say that Universal Algebra investigates abstract algebraic struc-
tures〈E,O〉, whereE is some set of elements andO, somen-ary operationEn → E.
This investigation of the structures and properties of algebras relies on the duality be-
tween the operations and the algebras, the algebraic varieties being defined as algebras
that satisfy some sets of laws and are determined by operations of subalgebras, homo-
morphic images and direct products.

4 For lack of space, we will be unfair with Grassmann, as it has too often been the case, and skip
his contribution although he should also figure on the picture.
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2.1 G. Birkhoff and A. N. Whitehead.

Our modern conception of Universal Algebra originates mainly in the work of G.
Birkhoff5 who admits to have borrowed the name from A. N. Whitehead6.
Quoting a reviewer of theTreatise on Universal Algebrawho wrote that “by Universal
Algebra is meant different systems of symbolic demonstration which are related to ordi-
nary algebra. The most important examples are Hamilton’s quaternions, Grassmann’s
calculus of extension, and Boole’s symbolic logic... It is not a unification of different
branches of algebra,... but a comparative study of special structures.”, Birkhoff7 writes
that this unification is due to E. Noether and was expounded byvan der Waerden8 on
the basis of the group-theoretic concepts of groups, subgroups, isomorphism, homo-
morphism, quotient... including linear algebra but excluding lattices.
He called his work “Universal Algebra” because the title of Whitehead seemed appro-
priate. Indeed, the book was concerned with the logic of the symbolic method, and
symbol manipulation is the essence of algebra. Elsewhere, Birkhoff also writes that
Universal Algebra plays the role in algebra that logic playsin the foundation of mathe-
matics.
Even though his claim, that there is no overlap of Whitehead with Noether’s school
nor of hisTreatisewith van der WaerdenModern algebra, seems correct in retrospect,
considered in a genetic and historical perspective, it is only partly true as we will see.

2.2 The 19th Century British Formalist School.

In early 19th century, mathematics was no longer seen as offering pure and absolute
truths. Irrational numbers, like

√
−1, negative and imaginary quantities had been prob-

lematic for a long time and the arithmetization of algebra had required to justify the
algebraic operations.
With the British symbolists, algebra becomes a deductive formal science. Ch. Babbage9,
considers mathematics as a language of symbols, definitionsand rules allowing to ana-
lyze and to generalize reasoning. G. Peacock10 distinguishesarithmeticthat deals with
integers fromarithmetic algebrain which symbols replace numbers and fromsymbolic
algebrawhere positive and negative numbers respect the rules of thearithmetic alge-
bra and the symbols may replace anything. Results obtained in one algebra being also
valid in the other, and the properties of algebra remaining unchanged when changing
the number systems, real to complex, he stated a “principle of permanence of form”:

5 G. Birkhoff, “On the structure of abstract algebra”, Proc. Camb. Phil. Soc., 31 (1935), pp. 433-
454. Repr. inSelected Papers on Algebra and Topology by Garrett Birkhoff, G.-C. Rota and J.
S. Oliveira, eds, Base, Birkhäuser, 1987.

6 A. N. Whitehead,A Treatise on Universal Algebra, Cambridge, CUP, 1898.
7 G. Birkhoff, “Universal Algebra”, Proc. First Canadian Math. Congress, Toronto Un. Pr., 1945,

pp. 310-326.
8 B. L. van der Waerden,Moderne Algebra, Berlin, Verlag von J. Springer, 1930.
9 Ch. Babbage, “On the influence of signs in mathematical reasoning”, Trans. Camb. Phil. Soc.

II (1827), pp. 325-377.
10 G. Peacock, “Report on the recent progress and present stateof certain branches of analysis”,

Brit. Assoc. for the Adv. of Sc., Report 3, (1833), pp. 185-352.
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the value and the representation of symbols in algebraic forms are arbitrary; equivalent
algebraic forms remain equivalent when the value and representation of the symbols are
changed.
D. Gregory11 sees symbolic algebra as concerned by the combinations of operations de-
fined by their laws of combination. Following him, A. De Morgan12 considers algebra
as the science of uninterpreted symbols and their laws of combination. He distinguishes
technical algebrawhich deals with rules that govern the operations andlogical algebra
that concerns the interpretation of the symbols.
Assuming Boole’s logical calculus and Boolean algebra known enough, we concentrate
on his method. Boole’s13 aim was to use the symbolical method to investigate, in the
logical calculus, the operations and laws of the mind by which reasoning is performed.
This should elucidate what Thought is. If there is a calculusof logic or if logic is devel-
oped under the form of a calculus, it is because there exists aformal analogy between
the processes of logic and the operations of mathematics. The Laws of Thought corre-
spond to the Laws of operating with logical symbols.

Applying his method in mathematics14 and discussing the value of the symbolical
methods which, in many cases afford the only proper mode of procedure, he notes that
it is important to consider them “as in some sort of visible manifestation of truths relat-
ing to the intimate and vital connexion of language with thought”. These are methods
“in which operations, separated by a mental abstraction from the subjects upon which
they are performed, are expressed by symbols in whose laws the laws of the operations
themselves are represented.”
In the symbolic method of performing operations to solve differential equations, there
is a formal analogy, a similitude of relations, between differential equations and alge-
braic expressions submitted to several laws (distributivity, commutativity...) that deter-
mine their permitted forms. The laws of symbols are determined by the corresponding
operations in thought. The formal rules of two systems of symbols may agree, their
interpretation may differ, or only one of them may represent real operations of thought.
Nevertheless, it seems that the mere processes of symbolical reasoning are indepen-
dent of the conditions of their interpretation. This shows that the principle of symbolic
representation and use of symbols, whether a priori or got byexperience, is not a math-
ematical principle but belongs to the general relations of Thought and Language.
We can note, first, that the book presents a method of symbolictreatment of linear dif-
ferential equations that had been published earlier under the title “General Method of
Analysis”. Later on, E. H. Moore will use a “Method of GeneralAnalysis” probably

11 D. F. Gregory, “On the real nature of symbolical algebra”, Trans. Roy. Soc. Edinb., Vol. 14
(1840), pp. 208-216.

12 A. De Morgan, “On the foundations of algebra”, Trans. Camb. Phil. Soc., VII, 2, 3 (1842),
pp. 173-187; 287-300; VIII, 3, 4 (1849), pp. 139-142; 241-254. See M. Kline,Mathemati-
cal Thought from Ancient to Modern Times, Vol. 2, Oxford, Oxford University Press, 1972;
L. Nový, Origins of Modern Algebra, Leyden, Nordhoff, 1973, ch. 6.2; I. Grattan-Guiness,
The Search for Mathematical Roots, 1870-1940: Logics, Set Theories and the Foundations of
Mathematics from Cantor through Russell through Gödel, Princeton, Princeton Un. Pr., 2000.

13 G. Boole,An Investigation of the Laws of Thought on which are Founded the Mathematical
Theories of Logic and Probabilities, London, Walton and Maberly, 1854.

14 G. Boole,A Treatise on Differential Equations, Cambridge, Macmillan & Co., 1859.
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inspired by Boole.
A second remark is that Boole applies the symbolical method to the related theory of
finite differences whose symbolical form is the same and symbols follows the same
rules. The only difference is one of interpretation and of processes founded upon that
interpretation. But in both domains, the method amounts to the symbolical processing
of linear equations.

The conditions for the development of abstract algebra and symbolic logic were
present at that time. Logic will continue its development, mainly in the works of Jevons
and Schröder,15 where notions like satisfaction, validity, universal validity are already
found. In mathematics, the symbolic method and its principle of permanence of forms
will be confronted to serious objections coming from the work of W. R. Hamilton whose
Quaternions do not comply with all of the usual algebraic rules.

2.3 W. R. Hamilton’s Quaternions: Algebraic Freedom.

The algebra of the Symbolists, which he considered as a game of symbols was of no
help for W. R. Hamilton “to develop a science of algebra, strict, pure and indepen-
dent deduced from valid reasonings from its own intuitive principles.”16 His goal was
to make sense of the impossible objects of algebra, negativequantities and imaginary
numbers. If symbols are used, they must replace something real, at least, in the sense of
mental construction. More than operations, it is the elements of algebra whose meaning
should come from some mental intuition that matter. And it isthe meaning of the sym-
bols that should determine the operations. In constructingvarious systems of numbers,
integers, rational, reals, couples, triplets, quaternions, polyplets, which determine their
own operations, he will answer his question.
He found a way of writing complex numbers without imaginary symbols, substituting
couples of real numbers to complex numbers: one only works with their symbolic as-
pect of uninterpreted imaginary quantities. In founding algebra on the ordinal character
of the reals, the couples now follow the same operations as those applied to the reals.
This vindicates Kant’s view of the superiority of mathematical reason on philosophical
reason: mathematics constructs its concepts from pure intuitions whereas philosophy
can only reason on universal concepts.

Hamilton thus develops his theory of complex numbers in terms of couples or or-
dered pairs of real numbers corresponding to time-steps analogous to complex numbers,
i.e. made up of a real part and an imaginary part, of the forma+ bi, wherei =

√
−1. If

(a, b) is a couple, the imaginary is represented by the operation which changes (a, b) into
(−b, a), a second application producing (−a,−b), the original couple taken negatively.

Since complex numbers can be interpreted geometrically, the theory of couples can
be interpreted in two-dimensional space. And, it is naturalto try to extend the system to
three dimensions with triplets. And even go on to polyplets or to a general theory of Sets

15 Schröder,Vorlesungen über die Algebra der Logik, Leipzig, Teubner, 1890.
16 W. R. Hamilton, “Theory of Conjugate Functions, or Algebraic Couples; with a Preliminary

and Elementary Essay on Algebra as the Science of Pure Time”,Trans. Roy. Irish Acad., 17
(1837), pp. 293-422, reprinted inMathematical Papers, Vol. 3, H. Halberstam & R. E. Ingram,
eds, Cambridge, Cambridge University Press, 1967.
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(of moments, steps and numbers) each containing an assignednumber of time-steps.
In three dimensions, correcting and extending the originalrepresentation of imaginar-
ies by Wallis, every directed perpendicular line, left, up,right, i, j, k of length unity
is represented by a distinct square root of−1. Taking each of them as an operator on
its immediate perpendicular neigbour has the effect of a right angle rotation about its
direction with the result thati j = k; jk = i; ki = j; ji = k; k j = i; ik = j and
i2 = j2 = k2 = i jk = 1. One notes immediately that the order of multiplication matters.
It does not follow the ordinary arithmetical rules. Thinking of a line as a vector that can
be resolved into left, up and right quantity, each line can beexpressed as the sum of
three parts,x, y, z, numerical multiples ofi, j andk respectively, i.e.xi + y j + zk. Squar-
ing this, applying the multiplication rules, gives−(x2 + y2 + z2). Since (x2 + y2 + z2)
is the square of the length of the line, the square of every line of unit length is−1. It
remains to consider the product and quotient of two lines as above in the case of non
perpendicular lines. Somewhat similar reasoning allows toshow that the quotient of
any two lines may be written asw + xi + y j + zk, i. e., a Quaternion, a hypercomplex
number where thew, x, y, z are real numbers and thei, j, k, unit directed vectors along
thex, y, zaxes.w calledscalar is the algebraic real part taking any value from−∞ to∞
The imaginary algebraic part is avector.
Hamilton extended the number of symbols and constructed other numbers or algebras
whose operations are determined by their nature on the basisof the ‘sets’ that had lead
him to Quaternions. The key was to give up commutativity and in other cases, asso-
ciativity and distributivity. De Morgan’s triplets imposed to reject associativity and the
symmetry of space and even distributivity, the main objection of Hamilton to triplets.
Graves’ and Cayley’s octonions do not respect associativity; and, for the sedenions,
other laws, like division, are no longer valid.

B. Peirce who gave the Quaternions the magical power of creating an ideal counter-
part of the actual universe will give a classification of these hypercomplex numbers.

2.4 Invariant theory.

A second major contribution of Boole is the role he played as initiator of Invariant
Theory.

At the Congress of Mathematicians in Paris 1900, Hilbert proposed his 14th problem
related to the theory of algebraic invariants claiming thatthe question of the finiteness
of complete systems of forms solved by P. Gordan and by himself17 was one of the
problems “the discussion of which an advancement of science may be expected”.

Invariant theory18 originates in Lagrange who remarked that the discriminant of a
quadratic formax2 + bxy+ cy2 remains unaltered ifx+ λy is substituted tox. This the-
ory will be the major mathematical question of the second half of 19th century and will
bring fundamental results. Gauss proved this invariance ofthe discriminant by linear
transformations for ternary and quadratic forms and, in 1841, Boole proved the invari-
ance of the discriminant in general and for all cases.

17 D. Hilbert, “Über die Theorie des algebraischen Formen”, Math. Annalen,36, (1890), pp. 473-
534.

18 See, among others, L. E. Dickson,Algebraic Invariants, New York, J. Wiley, 1914. G. Salmon,
in Higher Algebra, considers Boole’s article as the starting point of “ModernHigher Algebra”.
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Soon after, Cayley found other functions that he called ‘hyperdeterminants’ with invari-
ant properties under linear transformations and showed howto determine them.
Aronhold determined the invariant of a ternary form and developed their relation to the
discriminant of the same form. Sylvester invented the name ‘invariant’ and Hermite
proved a famous law of reciprocity. Gordan’s theorem (1869)on the finiteness of the
form-system states that there is only a finite number of invariants and covariants of a
binary form or of a system of such forms. Finally, Hilbert showed the finiteness of the
complete systems of forms inn variables in proving his Finite Basis theorem.

2.5 The Universal Algebra of J. J. Sylvester

According to V. Lowe19, the original title planned forA Treatise on Universal Algebra
of Whitehead was “Generalized Algebra” but, given the extent of the domain covered,
he rather borrowed the more appropriate title from Sylvester. It is to Cayley and his
founding article on matrices20 that Sylvester attributes the paternity of this Universal
Algebra. In a letter to Sylvester, C. S. Peirce wrote that he did not understand why
the system had to be called ‘universal’ since it was only an “algebra of collections of
pairs”. And Gibbs who attributes to H. Grassmann the origin of the calculus of matrices
in theAusdehnungslehre, considers that algebra of Sylvester as an algebra of matrices.
Nevertheless, it is in the context of Multiple Algebras thatSylvester studies matrices
which he sees as multiple quantities.

In a wide overview of the mathematics of his time, Cayley21 who did not include
Multiple Algebra in ordinary mathematics, saw its origin inthe work of B. and C. S.
Peirce, exactly where Sylvester saw a unification of matrices and quaternions, a prefig-
uration of the “universalisation of Hamilton’s theory”.

“Outside of ordinary mathematics there are theories, geometrical or logical whose
boundaries are not always clear”. Considering Multiple Algebra as the true general
analytic basis of these theories, Cayley stated what a multiple algebra is: ifx, y, . . .
denote ordinary analytic magnitudes, real or imaginary, then a multiple symbol (x, y, ...),
can be submitted to the laws of addition, associative and commutative and to the law of
multiplication that is associative but not necessarily commutative. Such a symbol can
then be associated to any entity, geometrical or physical which depends on an number
of parameters equal to that multiplicity.

2.6 Matrices and Linear Algebra.

J. J. Sylvester considered some of his results as a “striking and completely unexpected
example of the union of the two great theories of Modern Algebra and New Algebra.
One deals with linear transformations, the other deals withgeneralized quantity. Since

19 V. Lowe, Alfred North Whitehead, the Man and his Work, Vol. I: 1861-1910, Baltimore, The
Johns Hopkins University, 1985.

20 A. Cayley, “A memoir on the theory of matrices”, Phil. Trans., CXLVIII (1858), pp. 17-37.
21 Presidential Address, 1883, Report of the Brit. Ass. for theAdv. of Sc., 1883, pp. 3-37.
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Newton defined ordinary Algebra as Universal Arithmetics, one could then characterize
this algebra as being Universal Algebra, or at least one of its branches.”22

The method of transforming a matrix from its real representation into a linear form
was communicated to Sylvester by C. S. Peirce.23 In this method, each element of the
matrix is regarded as an ordinary quantity and as a symbol denoting its place.
Matrices of quadratic forms considered as quantities arisein the notion of a linear sub-
stitution performed on a system of variables. Considering such a matrix independently
of its determinant, i.e., without its attribute of quantity, it is an empty schema of opera-
tion or substitution. But if quantities correspond to termssubject to functional operation,
“as an organism composed of discrete parts”, quantity reemerges as a unified whole, a
multiple quantity.
Defining the operation of multiplication of matrices in terms of substitutions, the ma-
trix being considered as a schema of substitution, the content of matrices, before the
matrices themselves, is multiplied. The process of multiplication is associative but not
commutative. In order to understand the significance of thisnon-commutativity and, al-
though it was foreign to the notion of substitution, the coreof multiple quantity, addition
of (the content of) matrices had to be taken into account. Thus, according to Sylvester,
the Peirce’s could not call such algebras ‘associative’ if this implies the absence of
commutative principle from the theory. This process of subjecting matrices of ordern
to addition and functional operation had been performed by Cayley in his Memoir on
Matrices, “the foundation of the science of multiple quantity.”
Sylvester had already thought of this process and Hamilton had applied it to matrices
of third order in hisLectures on Quaternions. The complete proof for matrices of any
order was given later by Clifford, Tait and others.

Hamilton’s Quaternions had already freed Algebra from commutativity and the
Peirce’s who thought that “probably all systems of algebraical symbols subject to the
associative law of multiplication would be eventually found to be identical with linear
transformations of schemata susceptible of matricular representation” had thus prefig-
ured the universalization of Hamilton’s theory.

Elsewhere24, the relation of matrices with quaternions -that every matrix of the sec-
ond order may be regarded as representing a quaternion, and vice versa- is made fully
explicit: “The subject-matter of quaternions is really nothing more nor less than that
of substitutions of the second order, such as occur in the familiar theory of quadratic
forms. A linear substitution of the second order is in essence identical with a square
matrix of the second order.”

The theory of quantities of the second order being that developed for the Quater-
nions, a geometrical interpretation of

√
−1 is no longer appropriate since it has now an

independent algebraic foundation. And quantities of everyorder admitting of a repre-
sentation analogous to that in which quantities of the second order are represented by
quaternions, quantities of orderω are now represented byω2-ions or Ions.
Since the theory of quaternions can be transformed in considering the symbolsi, j, k

22 “Sur la résolution générale de l’équations linéairesen matrices d’un ordre quelconque”,
Comptes Rendus, XCIX, (1884), pp. 409-412, 432-436.

23 “Lectures on the Principles of Universal Algebra”, Am. J. Math., VI, (1884) pp. 270-286.
24 “On the involution and evolution of quaternions”, Phil. Mag., XVI (1883), pp. 394-396.
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of a quaternion as binary matrices, in an analogous way, these Ions are developed in
a system ofn-nions under the nameNonions.25 A proof of the fundamental theory of
Quaternions and Nonions again “throw(s) much light upon the nature of the processes
employed in that new world of thought to which I gave the name of Universal Algebra
or the Algebra of the multiple quantity.”
Thus, “it seems that this vast new science of multiple quantity soars as high above
ordinary or quaternion Algebra as the Mécanique Céleste above the ‘Dynamics of a
Particle’ or pair of particles ...and is well entitled to the name of Universal Algebra as
the Algebra of the past to the name of Universal Arithmetic.”26

Characteristic of his style, having found some affinity between the laws of opera-
tions on and between matrices with Newton’s laws, Sylvestereven states the Laws of
Motion in Universal Algebra.27 As “motion is operation in the world of pure space, so
operation is motion in the world of pure order”,

2.7 Invariant Theory in Universal Algebra.

There is a way of passing from the solution of the linear equation in matrices to the
solution of the same problem in quaternions.28

Although Hamilton’s method only considers the vector part of the equation and reduces
the problem to another one, nevertheless, his work “is at the basis of everything that
has been done since and of all that still left to do in the evolution of the living and
remuante Science of multiple quantity, that is, l’Algèbre universelle,born more or less
250 years after the definitive organization of its older sister, l’Arithmétique universelle,
in the Mémoire of M. Cayley on matrices.”
The reduction of the equation in quaternions requires several operations: deductions,
substitutions and calculation. Sylvester notes that a symbolic notation would give re-
sults in a simpler form. In any case, these operations amountto finding the value of the
unknown of the equation in its most simple reduced form.

This question is seen by Sylvester as important. And indeed,it is. He sees it as
“a channel, like the Panama channel, that serves to unite two great oceans, that of the
invariant theory and that of the complex or multiple quantities: in one theory, the action
of substitutions on itself is considered, in the other, their action on the forms. Moreover,
it is seen that the analytical theory of quaternions being a particular case of that of
matrices no longer exists as an independent science. So, of the old three branches of
analysis that were seen as independent, one is abolished or absorbed and the two others

25 “Sur les quantités formant un groupe de nonions analogues aux quaternions de Hamilton”,
Comptes Rendus, XCVII, (1883), pp. 1336-1340; “On quaternions, nonions, sedenions, etc.”,
Johns Hopkins University Circulars, III. (1884), pp. 7-9. Note that in “Trichotomic mathemat-
ics”, The New elements of Mathematics. Vol. III, pp. 540-543, C. S. Peirce reports his argument
with Sylvester about nonions, a term that, actually, comes from Clifford.

26 “Sur la résolution générale de l’équations linéairesen matrices d’un ordre quelconque”,
Comptes Rendus XCIX, (1884), pp. 409-412, 432-436.

27 “On the Three Laws of Motion in the World of Universal Algebra”, JHU Circ., III (1884), pp.
33, 34, 57.

28 “Sur les deux méthodes, celle de Hamilton et celle de l’auteur, pour résoudre l’équation linéaire
en quaternions”, Comptes Rendus, XCIX. (1884), pp. 473-476, 502-505.
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reunited into a single one of algebraic substitution.”
Besides invariants and covariants, Sylvester discovered new mathematical objects that
reinforced that unification.

“There are things called Algebraical Forms. Professor Cayley calls them Quan-
tics.”29 Sylvester considers them as schemes of processes or operations for forming
algebraic quantities. To every quantic is associated an infinite variety of other forms
that are obtained by composition of a finite number of fundamental forms. The problem
then is to make out the fundamental derived forms, the Covariants and Invariants, of
these Quantics. Considering two forms, an invariant is a function of the two systems of
their coefficients that remains invariable when the variables are identical or submitted
to similar substitutions. There is a second kind of invariant, that obtained when the two
substitutions are reciprocal and which Sylvester callscontrariants.30

Back from John Hopkins in 1885, Sylvester started lecturingat Oxford on a “new
world of Algebraical forms”. This time, he refers to the parallelism between his theory
or method of reciprocants and the theory of Invariants and Covariants that his theory
surpasses and transcends. Indeed, as he sees it, the importance of reciprocants is that
they stand in relation to almost every branches of mathematics: “the system of ground-
forms which it supplies with those of the allowed theory, it seems to me clear that some
common method, some yet undiscovered, deep-lying, algebraical principle remains to
be discovered, which shall in each case alike serve to demonstrate the finite number
of these forms for any specified number of letters. The road toit, I believe, lies in the
Algebraical Deduction of ground-forms from the Protomorphs (the pure reciprocants).
Gordan’s method of demonstration, so difficult and so complicated, requiring the devo-
tion of a whole university semester to master, is inapplicable to reciprocants, which, as
far as we can at present see, do not lend themselves to symbolic treatment.”
There he refers to his work in his memoir on Subinvariants where he proposed his at-
tempt at solving Gordan’s theorem by number-theoretical means, proposing an early
form of the Kripke-Meyer lemma.31

3 Poincaŕe’s Anticipations.

Poincaré who should be considered as one of the first structuralists in mathematics,
if not the first, is not really known as an algebraist. His workon arithmetical forms
and linear substitutions with integral coefficients applied to these forms took him to the
related algebraic study of these forms and linear substitutions with arbitrary coefficients.

Attracted to quaternionic complex numbers analogous to Hamilton’s quaternions by
Sylvester’s researches on matrices, Poincaré reduced theproblem of complex numbers
to that of finding all continuous linear substitution groupsin n variables whose coef-
ficients are linear functions ofn arbitrary parameters. His solution shows the relation

29 “Address on Commemoration Day at Johns Hopkins University, 1877. The Collected Mathe-
matical Papers of J. J. Sylvester, Vol. III, New York, Chelsea Pub. Comp. 1973, pp. 72-87.

30 ”Sur la résolution générale de léquations linéaires en matrices d’un ordre quelconque”,
Comptes Rendus XCIX, (1884), pp. 409-412, 432-436.

31 J. Riche, “Decision procedure of some relevant logics”, JANCL, 15, 1 (2005), pp. 9-23.
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between linear substitution groups and hypercomplex numbers and constitutes the first
fundamental structural result of linear algebra.

Poincaré emphasized the advantages of considering the analogies between Algebra
and Arithmetic, for example, the theory of congruences which parallels the theory of
algebraic equations, or the analogy between fields and ideals and the theory of curves
and that of forms. The central notion of a linear group of transformations has allowed
to classify and, hence, to introduce order. In reverse, Algebra will have to rely on Arith-
metic when its unknown will no longer be integers but full polynomials and it will have
to follow the analogy of the integers with either integral polynomials with arbitrary co-
efficients or integer coefficients. That happened later in the construction of algebraic
and Galois fields with polynomials.

In Algebra, although Invariant theory looked exhausted following the Gordan-Hilbert
solution, he thought that new results could grow out of olderones. This announces the
future developments of modern Algebra in the work of E. Noether. Indeed, much of her
fundamental results stem from or rely on that theory. Hilbert’s finite basis theorem sug-
gested to Poincaré the more general question: given an infinity of integral polynomials
depending on a finite number of them, is it always possible to deduce by addition and
multiplication some finite number of them?

Poincaré’s early work32 focussed on properties of quadratic forms and on the cor-
responding ideal numbers. His results rely all on the notionof correlative numbers:
to each ideal number, i.e., to each form, corresponds a complex number. There are in-
finitely many systems of such numbers but they can be classified, each class containing
infinitely many systems of such numbers, each defined by some growing parameter in
N0. Their properties allow to solve the main problems related to quadratic forms.

He then noticed the relations between apparently different theories and notions like
networks of points, forms, ideals etc. He anticipated the representation of quadratic
numbers by matrices and applied his theory of networks to theinvestigation of numbers
and quadratic forms, establishing first the relation between the theory of forms of Gauss
and Hermite and the arithmetic of algebraic number33 and number fields as studied by
Kummer with ideals, by Dedekind with modules and by Kronecker.
These mathematicians had solved, only for binary quadraticforms, the question that
Poincaré investigates for other cases: given a form, a homogeneous polynomial in sev-
eral variables, to give these variables integral values such that the form equals some
given integer. Poincaré34 considered also the question through ideals and their genera-
tors.
Again, following the researches of Sylvester on prime numbers, he considered ideals,
their divisibility and Dedekind’s theorem of unique prime factors decomposition of ide-
als,35 prefiguring E. Noether foundational and independent work inIdeal Theory.

32 “Sur quelques propriétés des formes quadratiques” Comptes Rendus, t. 89, (1879), pp. 344-
346.

33 Dedekind’s algebraic numbers and algebraic integers are numbers solutions to the equations of
form θn + a1θ

n−1 + · · · + an−1θ + an = 0, where theai ∈ Q orN respectively.
34 “Sur la représentation des nombres par les formes”, Bull. Soc. Math. Franc., tome 13, (1886)

pp. 162-194.
35 “Extension aux nombres premiers complexes des théorèmesde Tchebicheff”, J. de Math., 4e

sér., tome 8, (1891), pp. 25-68.
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Later on, his correlative numbers will be called ‘arithmetical invariants’36, and, in
applications to ideal numbers, they will be replaced by networks, a notion closer to
Dedekind arithmetic.
Indeed, these networks37 can be seen as lattices in the tradition of Dedekind. Poincaré
used a geometrical representation of quadratic forms by networks of parallelograms
whose coordinates are determined by the forms. These networks have properties anal-
ogous to those of numbers and, developing their arithmetic,Poincaré found theories
analogous to the theory of divisibility,lcm andgcd, i.e. lub andglb, as well as a theory
of prime numbers.38

Finally, one may mention that, in the same way as arithmetical properties of ex-
pressions like binary quadratic forms are related to their transformation by linear sub-
stitutions with integer coefficients, it is also possible to relate systematically problems
of analysis on the basis of a new classification of homogeneous polynomials of order
larger than 3 and similar to the classification of quadratic forms. The basis of such
a classification is the transformation group of an algebraiccurve. About the rational
points on an algebraic curve, Poincaré39, seems to assume there the existence of a sys-
tem of fundamental rational points in finite number. Two decades before it, this sounds
like Mordell conjecture (polynomials in two variables of degreed with rational coeffi-
cients and genusg ≥ 2, whereg ≤ (d − 1)(d− 2)/2, have a finite number of solutions)
in a form equivalent to that of Falting’s proof: any algebraic curve withg ≥ 2 over a
number fieldK has at most a finite number ofK points.

4 Whitehead’s Universal Algebra.

Whitehead’sTreatise of Universal Algebra, is an in-depth investigation of the vari-
ous systems of symbolic reasoning related to ordinary algebra, following Hamilton’s
Quaternion Theory, Grassmann’s Calculus of Extension and Boole’s Symbolic Logic.
Only the first volume containing the algebra of Symbolic Logic and Grassmann’s the-
ory was published. The second volume should have contained Hamilton’s theory of
Quaternions and Peirce’s Linear Algebra that Whitehead considered as the foundation
of Universal Algebra. It was not published but was planned tobe incorporated in Vol-
ume IV ofPrincipia Mathematicawhich never appeared either.

In his words, Whitehead’s goal was to expose a generalized conception of space
whose properties and operations would lead to a uniform method of interpretation of
the various algebras. These would appear at the same time as symbolic systems and

36 “Sur les Invariants Arithmétiques”, Assoc. Franç. pour l’Avancement des Sciences, 10e Ses-
sion, pp. 109-117, Congrès d’Alger, 1881.

37 “Réseaux et Formes quadratiques binaires”, Comptes Rendus, (1880)
38 One could think of these networks as Ockham Algebra (see T. S.Blyth and J.C. Varlet,Ockham

Algebras, Oxford UP, 1994) (so called by A. Urquhart: in a finite distributive lattice, define
an operationf , being a dual lattice endomorphism that follows De Morganf (1) = 0 and
f (0) = 1), whose Hasse diagram, the ‘pineapple’, is close to distributive lattices if an order is
defined on it. Here, the coordinates define an order on the networks.

39 “Sur les propriétés arithmétiques des courbes algébriques”, J. Math., 5e sér., tome 7, fasc. III,
(1901), pp. 161-233.
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analysis engine of the possibility of thought and reasoningwith respect to the idea of
abstract space. Symbolic logic that logicians considered as a branch of mathematics,
and conversely, is actually a branch as serious as any other.Indeed, according to him,
and following B. Peirce, “mathematics concerns the development of any type of neces-
sary formal reasoning”.
Mathematics is formal because it doesn’t take into account the meaning of proposi-
tions but only deals with inferences between propositions performed according to rules
whose justification can be left to the philosopher.
The reasoning is deductive in the sense that it starts from definitions whose only the
internal consistency must be taken into account. These definitions are conventional or
contain an existential aspect to the extent that they resultfrom an act of abstraction.
Complex numbers that have brought mathematics into a new erawith the development
of new algebras have created a new science that has relationswith almost all phenome-
nal or intellectual events. He sees the algebra of his time asa “set of propositions related
to each other by deductive reasoning, based on conventionaldefinitions that generalize
fundamental conceptions.”A conventional definition imposes to the mind through an
act of imagination, a set of things that entertain various types of consistent and com-
pletely defined relations. In order to found mathematics as ascience on conventional
definitions, the entities that they create must have some affinity with the properties of
existing things.
The ideal of mathematics would be to construct a calculus that facilitates reasoning with
respect to each domain of thought or external experience andin which the succession
of thoughts or events is made certain and is stated in a precise way.

Symbolic logic is submitted to algebra because it is an algebra of extension, the
extension of concepts and propositions conceived as multiplicities. This algebra is of
non numerical type, i.e., it is one in whicha anda + a = a are equivalent. The other
algebras, the numerical type algebra, deal with multiplicities of position (regions) and
their geometrical interpretation.

The language of mathematics uses substitutive signs that are manipulated by rules
whose application is such that, when the signs are interpreted in terms of what they
represent, a proposition true of the things that are represented results. This constitutes a
calculus. Its signs are symbols and in its use, the calculus is interpreted.
In this calculus, the propositions used in the deductions have the form of equivalence
assertions. Two things are equivalents when they can be usedindifferently. Equivalence
thus implies non identity. Indeed, 2+ 3 = 3 + 2, but 2+ 3 is not equivalent to 3+ 2
because the order of the symbols refers to different processes of thought.
The process of derivation, the domain of application of a calculus and the witness of
the operations of the mind, allow judging of the equivalence. To derivep from a, b, ...
is to perform an operation ona, b, ...in order to producep.

‘Universal Algebra’ is the name of the calculus that symbolizes the general opera-
tions of addition and multiplication.
These operations with their usual possible characteristics (commutativity, associativity,
distributivity) and domains of objects to which they apply are defined. This permits to
distinguish the various algebras depending on the two kindsof additions: numerical and
non-numerical addition. The various numerical algebras are distinguished by their laws
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of multiplication and can all be interpreted geometrically. They are also divided inton
species, if their elements can constitute a class such that any two members of it can be
added or multiplied, every element of the algebra is a product of members of the class
and anything is a product ofn members of the class if it belongs to it.

The Algebra of Logic, basically, Boolean algebra, concernsthe second kind of al-
gebra, the only non-numerical algebra. It is alinear algebra, i.e., an algebra of first
species. The symbolic laws of addition, absorption, associativity, commutativity and
distributivity are valid; each term can have a complement; and this algebra contains a
null class and a special element, the Universe. Schröder’sand Peirce’s dualities of the
operations and of the null and universal classes is respected as well as Boole translation
of any algebraic function into polynomials and normal forming of logical equations.
The analogy between logical and algebric equations requires a theory of construction of
symbolic equations from symbolic terms and Whitehead develops the method of gen-
eral solution of algebraic equations with one or more unknowns going beyond those of
Boole and Schröder.

4.1 Application of the algebra to logic.

This algebra is applied to formal logic conceived of as the art of deductive reasoning.
Starting from the four traditional forms of deductive logic, all a is ab; noa is b; somea
is ab; somea is not ab, Whitehead investigates the eighteen forms of syllogisms whose
conclusions can be reached from premises by purely algebraic methods. This means
that the conclusions of any reasoning valid according to logic can also be obtained from
algebra through purely symbolic transformations.

There is another mode of interpretation of the algebra of symbolic logic that consti-
tutes another form of application of the calculus to logic. Any symbol of the calculus
represents a proposition or a complex of propositions. These are categorical proposi-
tions or they are complexes of two sorts: the complex proposition tells that two or more
simple propositions are conjunctively true or it tells thatat least one of the propositions
of the complex is true. A simple proposition is an assertion of a fact and two proposi-
tionsx, y are equivalent if assenting to one entails assent to the other.
Disjunctive complexes are represented by (a+b+c+ · · · ) since they have the properties
of addition. Conjunctive complexes having the properties of multiplication are repre-
sented byabc· · · . It remains to show that addition and multiplication of propositions
correspond to the same operations of the algebra of symboliclogic; and they do.40

4.2 Memoir on the Algebra of Symbolic logic.

Whitehead tells us that “the first object of mathematical study is the algebra of symbolic
logic, the algebras of Boole, Peirce and Schröder.”

This memoir, written before the 1900 Paris Congress of Mathematicians and the
meeting with Peano and his school, was written in order to show that Boolean algebra

40 More details are found in W. V. Quine, “Whitehead and the riseof modern logic”, in P. A.
Schilpp, ed.,The Philosophy of Alfred North Whitehead, Library of Living Philosophers, New
York, Tudor Pub. Comp., 2nd ed., 1951, pp.127-163 and L. Couturat, “L’algèbre universelle de
M. Whitehead”, Rev. de Métaph. et de Morale, 8 (1900), pp. 323-362.
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had many interesting mathematical properties that had not been worked out because
attention had been concentrated on its application to logical operations. Here, he con-
tinues his investigation of the theory of Boolean equationsand of the translation of
Boolean functions into polynomials, dealing with invariants of functions of indepen-
dent variables, with the factorization of a function into a product of linear primes and
with the conditions under which the transformations of a function constitutes a group.41

A function reducible to 0 is a linear prime if none of its factors, apart from itself, is
reducible to 0 and if no sum of distinct linear primes with same variables is reducible
to 0. It is thus any functionf (x, y, z, . . .) expressible asax+ ax+ by+ by+ cz+ cz. In
the same way as in ordinary algebra and Invariant theory, Whitehead obtains his laws
of factorization by relying on invariants, i.e., symmetricfunctions of the coefficients
a, b, . . .. Moreover, relying on duality in considering the complements of these linear
primes, he obtains the dual theory of separable primes whichdeals with resolution into
summands.
Any transformation ofx andy into u andv can be represented by the equationsx =
f1(u, v) andy = f2(u, v). If these equations happen to be equivalent to other equation
u = F1(x, y) andv = F2(x, y), the transformation is a substitution. Any such substitution
constitutes a group and for any given functionf , the substitutions that leave it invariant
constitute a group, the identical group off . If the identical groups of two functionf1
and f2 have nothing in common, thenx = f1(u, v) andy = f2(u, v) are substitutions.
Before that paper, Whitehead had already communicated a paper42, published as ab-
stract, in which he compared the algebra of groups of finite order to the Boolean algebra
of symbolic logic considering the elements of the group as operators.

In a subsequent paper43, he generalizes his theory of Boolean equations in terms of
Peano notation and of Russell’s theory of relations. In order to deal with infinitely many
variables, he applies his theory of transfinite Cardinal Numbers44

A reviewer of Whitehead’s papers for the doctoral degree found that they gave “new
life to the study of symbolic logic”. Later on, E. V. Huntington45 wrote of Boolean Al-
gebra that it was “originated by Boole, extended by Schröder, and perfected by White-
head.” Although C. S. Peirce found Whitehead’s insistence on the necessary use of
Peano ideographic symbols “downright silly”, Quine considered the papers on Cardi-
nals as the first considerable development of infinite arithmetic within mathematical
logic.

5 Linear Associative Algebra.

It is not difficult to defend the claim that Linear Associative Algebra (LAA) is the
ancestor of Universal Algebra. This was also the conceptionof Whitehead. Although
41 A. N. Whitehead, “Memoir on the algebra of symbolic logic”, Am. J. Math., 23 (1901), pp.

139-165, 297-316.
42 A. N. Whitehead, “Sets of Operations in Relation to Groups offinite order”, Proc. Roy. Soc.

London, 64 (1898-1899), pp. 319-320.
43 A. N. Whitehead, “The logic of relations, logical substitution groups and cardinal numbers”,

Am. J. of Math., 25, 2, April 1903 (dated July 4, 1901), pp. 157-178.
44 A. N. Whitehead, “On Cardinal Numbers”, Am. J. of Math., 24 (1902), pp. 367-394.
45 Trans. Am. Math. Soc. 35 (1933), p. 278n. Both quotation in V.Lowe,op. cit., p. 263.
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most of Universal Algebra’s usual topics can be built from LAA, in general, LAA is
now reduced to a chapter of Universal Algebra. Still, LAA having the properties of a
ring as well as of a vector space, in his course on LAA, Abian46, for example, presents
first everything required for their study, groups, fields...before developing the theory of
LAA including ideals, matrices and division algebras and toconclude on Wedderburn’s
structure theorems.

The development of LAA followed two lines of researches: thefirst was that of
Scheffers who classified algebras into quaternionic and non-quaternionic. It was based
on continuous groups whose isomorphism had been shown by Poincaré.
The second line used matrices. C. S. Peirce had already noticed the isomorphism be-
tween matrices and LAA in his notes on his father’s LAA and in his logic of relatives
that extended Boole’s calculus of logic.47 It was the line followed by Frobenius.

5.1 B. Peirce’s Linear Associative Algebra.

In his memoir on “Linear Associative Algebra”, Benjamin Peirce48 presents a classifi-
cation and a complete enumeration of various systems of hypercomplex numbers in less
than 7 units. Before him, Hamilton had defined these numbers in n units, their opera-
tions and the conditions to impose on multiplication to satisfy associativity. No method
of enumeration of all hypercomplex numbers systems was known. B. Peirce’s intention
was to develop a method of enumeration and a calculus for these systems.

5.2 The philosophy of Linear Associative Algebra.

According to Whitehead and others, the foundations of mathematics consist of two
classes of things, the elements out of which the structures of mathematics are built and
the processes by which they are built.
J. B. Shaw49, following the logicians, C. S. Peirce, E. Schröder, A. N. Whitehead, and
B. Russell, presents LAA as a general linear algebra with respect to which linear asso-
ciative algebra can be situated,

Shaw distinguishes two views on Linear algebra. The first, mentioned earlier, is
that of Cayley’s50 that considers the numbers in these algebras asn-plex of numbers
or expressions and the units as coordinates. The propertiesof these algebras are given
by their multiplication tables. The second view considers numbers, in general, as single
entities and derives the properties of the algebras from general definitions that apply to
all numbers of an algebra. “The attempt to base all mathematics on arithmetics leads to
the first view. That to base them on algebra or the theory of entities defined by relational
identities, leads to the second.” This second view amounts to defining the algebras
in terms of their invariant form, their characteristic equation applying to all numbers
irrespective of the units which define the algebras.

46 A. Abian, Linear Associative Algebra, New York, Pergamon P., 1971.
47 C. S. Peirce, “On the application of logical analysis to multiple algebra”, Am. Acad. Proc.,

Vol. 2, 2, (1875), 392-394.
48 Washington City, 1870; published by C. S. Peirce in, Am. J. Math., 4 (1881), pp. 97-229.
49 J. B. Shaw,Synopsis of Linear Associative Algebra, Washington D. C., Carnegie Inst., 1907.
50 A. Cayley, “On Multiple algebras”, Quart. J. of Math., 22 (1887), pp. 370-395.
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Formally,51 let r = {e1, . . . , er } be a set ofr entities, thequalitative unitsand let
ai ∈ Rbe other entities of some set of elementsR, the coordinates. This setRmay be any
domain of scalars (ordinary, real, imaginary numbers), theintegers, any abstract field
or any algebra. These coordinates can be combined into expressions calledcomplex,
hypercomplexor multiple numbersunder the formα =

∑r
i=1 aiei , whereai ranges over

R. The unitsei are said to define aregionof orderr.
For example, addition is defined asα + β =

∑r
i=1(ai + bi)ei giving α + β = β + α and

α + (β + γ) = (α + β) + α.
The region defined by the units has been called thebasisof the algebra, and the

units can also be written as vectors of integers (1, 0, 0, . . .), (0, 1, 0, . . .) etc, where ‘1’
indicates the position of the units. In this case, they are simply seen as ordinary numbers
in a system ofn-tuples numbers, the coordinates of eachn-tuple being independent
variables. This is thearithmeticview as opposed to thevectorview which sees units as
extraordinary entities. In theoperatorview, any unit is considered as an operator, like
(−1) or the quaternionsi, j, k. Thealgebraicview considers any unit as a solution of a
set of equations which it must satisfy and as an extension of some range or domain.

A calculusis built on addition of numbers and combinations of coordinates. The
calculus is called analgebraif it also contains multiplication.
An algebra islinear if a multiplication is defined as follows: ifα =

∑r
i=1 aiei , β =

∑r
j=1 b jej andγ =

∑r
k=1 akek, then, fork = 1, . . . , r, αβ = γ if ck =

∑r
i, j=1 aib jγi jk .

LAA can be defined as in Whitehead’sTreatiseor in Peirce. But it can also be de-
fined by postulates, in terms of classes and relations, as in Russell, and algebraically.
In this last case, let theAi be a set of entities subjected to a process of deduction or
inference,O, s.t.AiOAj = Ak and to another process,O′, giving AiO′A j = Ak. TheO,
which may be+ or ×, and their operations are defined by postulates. Then, theAi and
theOi are said to form a calculus with rangeAi .
Given a range, a calculus, all of its expressions,E, and some set,M, of these expres-
sions, suppose that the entitiesAi are fixed and thatE is reduced modulo theM. Then,
this calculus is analgebra. TheM are the defining expressions, theAi , its fundamental
qualitative units, and the postulates assume that the processes are associative and that
multiplication distributes over addition.

Strictly speaking, equalities and substitution in a calculus make it an algebra since
it can be taken modulo, for example,AiOAj − Ak. In fact, the only calculus is that of all
entitiesAi allowing no combinations, hence, no processes and no derivations from the
Ai . Consequently, the calculus of symbolic logic is properly an algebra.

5.3 The Processes of Mathematics.

If one wonders about the elements out of which Mathematics isbuilt, then Russell’s log-
ical constants, propositional functions etc from the “Principles” may be the logician’s
answer. But this doesn’t tell anything about the processes at work in Mathematics.52.
A mathematical process is any method or rule that allows, starting from a set of ideas,
to arrive at another set of ideas.

51 J. Shaw,Op. Cit., sections 1-7; 21; 33-38.
52 Ibidem, sections 329-339.
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For example, let{a} be an arbitray class of entities and suppose thata1, a2, . . . , an−1 is a
selection ofn− 1 entities of the class. This selection, in that order, defines a methodF
of selecting an entityan from the class. Then,F(a1, a2, . . . , an−1, an) represents amath-
ematical processwhere thea1, a2, . . .an−1 are the 1th,...,n− 1th facients of the process
andan the result. IfF is multiplication, the facients are the factors.

With any process there aren! other correlative processes on the same elements, the
substitutions of the symmetric group onn elements. These coexistent processes are the
fundamental identities. Suppose that when ther − 1 processesF′ · a11, . . . , a1n, F

′′ ·
a21, . . . , a2n, . . . , F(r−1) ·ar−1,1, . . . , ar−1,nr−1, exist, we haveF(r) ·ar1, . . . , arnr . Then,F(r)

is the implication of ther−1 processes that precede. Here we are in the domain of logic.
For example, the processesF′ ·ab, F′′ ·bc, F′′′ ·accorrespond to the ordinary syllogism
and can be symbolized by the processΦ · F′n1

. . . F(r−1)
nr−1

F(r)
nr

. All that is needed here is
theassociative law: let F be such that for alla, b, c, we haveF · abd, F · dce, F · bcg
thenF · age, then the methodF is called associative and corresponds to the usual law
ab · c = a · bc.
All processes subject to this law are the basis ofassociative algebras53.

6 From Linear Algebra to Universal Algebra.

We briefly consider a few aspects of the American and German schools of Algebra
at the beginning of 20th that we consider as characteristic and useful with respect to
the argument of this paper as well as to the general perspective of Universal Logic. A
thorough investigation of this period is found in L. Corry54

6.1 The American School.

We mentioned earlier A. H. Moore, the originator of the postulational school in Alge-
bra. In his work which emphasizes the notion of process in mathematics, we find an
application of Boole’s conceptions. Based on Peano’s formalism, his General Analy-
sis55, is an application of logical analysis based on the theory ofclasses to the theory of
continuous functions.
Having noticed the analogies between then-fold algebra of realn-dimensional space
and the theory of continuous functions of an argument over a finite interval ofR and the
theory of functions of infinitely many variables, he stated his fundamental principle of
generalization by abstraction: “The existence of analogies between central features of
various theories implies the existence of a general theory which underlies the particular
theories and unifies them with respect to those central features.”
Developing this point of view, he was led to a form of General Analysis that deals with

53 See B. Russell,The Principles of Mathematics, Cambridge, CUP, 1903, and, “Theory of Im-
plication”, Am, J. Math. 28 (1906), pp. 159-202; E. Schröder, Vorlesungen über die Algebra
der Logik, Leipzig, Teubner, 1890.

54 L. Corry, “Modern Algebra and the Rise of Mathematical Structure”, Basel, Birkhäuser, 1996.
55 E. H. Moore, “Introduction to a Form of General Analysis”, inThe New Haven Mathemati-

cal Colloquium, 1906, New Haven, Yale Un. Pr., 1910, pp. 1-150;General analysis, Part I,
Philadelphia, The Am. Phil. Soc., 1935.
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sets, variables and functions of the variables on these setswhich is on line with Cantor’s
developments of his theory of classes. Besides determination and extensions of theories
in analogy with simpler notions and theories, his method provides extensions by direct
generalization.

In an overview of the development of mathematics in the US, G.Birkhoff56 recalls
that C. S. Peirce based Boolean algebra on the concept of partial order. This influenced
E. Schröder’s work in logic which, in turn, influenced Dedekind and his notion of lattice.
He mentions Huntington who had studied in Germany, worked onpostulate systems
for groups, fields, and Boolean algebra and who anticipated the modern concepts of
relational structure and algebraic structure in the sense of Bourbaki. Birkhoff himself
working on finite group theory rediscovered Dedekind’s lattices. Under the impulse of
O. Ore who had rediscovered Peirce’s work, the topic was resurrected and numerous
results by Whitney, Stone, Mac Lane and others came out.

In a survey of Algebra,S. Mac Lane57 considers mainly the associative algebras and
their structure. Among the results of LAA that he presents, an example is the lattice
representation of the structure of groups, the structure ofan algebra depending upon the
form of its subfields, subgroups or subalgebras.
The quaternions are a second example. As we have seen, the setof all linear combina-
tions of quaternionic elements,Q, is a linear associative algebra because it is closed un-
der the the usual algebraic laws apart from commutativity ofmultiplication. Of course,
it is also an algebra over the real numbers field since its elements belong to it. And
these algebras can be considered w.r.t. other fields, f.ex.,the rationals, whereQ over the
rationals has fixed rational integers as values of its basis elementsi and j, and, hence,
there are infinitely many such algebras.

The intellectual career of Mac Lane is worth being considered because he may have
accomplished in his own lifetime of logician and mathematician what many, since Boole
and even before, have been trying to create or to discover, a Universal Logic.
Having been first influenced by E. H. Moore and O. Ore, he came toGöttingen where,
under the supervision of P. Bernays, he wrote a thesis on proofs in the calculus of
logic.58 The central idea, witnessing the influence of Moore and Weyl that is acknowl-
edged at the end of the thesis, is the idea of proof process. The three main parts are
about the notion of process, process of transformations andprocess as manipulation
of symbol, process of proof and reduction method. The later is based on the idea of a
plan of proof. The theory of processes consists in the symbols of symbolic logic and in
the theory of operations with symbols: a process is a reduction. A comparison of the
style of the thesis with that of his first publications shortly after his return to Harvard
shows clearly the dramatic changes in orientations that were occurring at the time. In
particular, the proof process seems to have completely disappeared from the field.

56 G. Birkhoff, “Mathematics at Harvard, 1836-1944”,A Century of Mathematics in America,
Part II, P. Duren et al., eds, Providence, RI, AMS, 1989, pp. 3-58.

57 S. Mac Lane, “Some Recent Advances in Algebra”, Am. J. Math.,46 (1939), pp. 3-19.
58 Abgekürtze Beweise in Logikkalkul, Göttingen, Hubert & Co., 1934.
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6.2 The German School.

Emmy Noehter wrote her dissertation under Gordan on his formal computational Invari-
ant Theory. More than the axiomatic perspective of Hilbert,but working in its spirit, it
is on the foundation of his finitist program for mathematics that she concentrated.
In many of her papers, Hilbert’s finite basis theorem, or somevariation of it, is a central
issue and Invariant Theory is the main theme of her work untilher famous article on
Ideals.
A quick look on her publications shows clearly the evolutionof Algebra in the first
part of 20th century. In her papers on the construction of systems of forms, quadratic,
biquadratic, binary, ternary and inn variables, each elaborating on the earlier ones, the
main issue is the finiteness of these systems based on their reducibility, Gordan-Hilbert
finite basis theorem and Hilbert finite basis for modules.
In another set of papers on the theory of fields and modules, related to Hilbert’s 10th

problem, the same problems for fields are treated. She provesa finiteness theorem for
modules whose multiplication is not commutative and treatsthe problem of the finite-
ness of integral invariants in finite groups.
Lasker had defined the concepts of prime and primary ideal in the ring of polynomials in
several indeterminates in 1905 and MacCauley had proved their unique decomposition
in 1916. Wedderburn had developed his structure theory in relation to the classifica-
tion of finite dimensional algebras in 1908. Nevertheless, it is not until 1919 that E.
Noether considered the structural questions specifically.For example, the Dedekind’s
isomorphism of fields and other systems, the structure induced order, or, in the case
of polynomial ideals and modules of linear forms, the theoryof ideals and the isomor-
phism between the two structures.
Having extended her theory of Ideals to various structures,rings, fields and polynomi-
als, she comes back to invariants and hypercomplex number systems and investigates
the structural properties of algebras from the theory of binary and quadratic forms or
cyclic fields in order to pass from an invariantive formulation to the Galois field. She
also proves there some isomorphisms and obtains a representation theory of hypercom-
plex numbers and non-commutative ideal theory.
B. L. van der Waerden a student of E. Noether collected all results in his epoch making
textbook.59

6.3 A French School.

One should also mention a French school of Universal Algebra, much lesser known,
having had to suffer, probably, from Bourbaki’s domination of the field. In hisLectures
Notes on Universal Algebra, B. H. Neumann60 mentions Birkhoff’s papers but has only
a ‘good book’ to recommend on Universal Algebra or “what is common to the study of
all algebraic systems”, that of P. Dubreil61 that somewhat improves on van der Waer-
den’sModerne Algebra, presenting sets and operations before investigating the usual

59 B. L. van der Waerden,Moderne Algebra, Berlin, Verlag von J. Springer, 1931.
60 B. H. Neumann, “Special Topics in Algebra: Universal Algebra”, New York University,

Courant Institute of Math. Sc., 1962.
61 P. Dubreil,Algèbre, Paris, Gauthier-Villars, 1946.
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algebraic structures. This book will later be completed by avery usefull textbook62 that
corresponds to Birkhoff’s “Lattice Theory”.

7 Motivations: Algebra in Relevant Logics

“Every positive relevant logic has a natural algebraic counterpart”63 is a slogan that
has directed the research illustrated in what follows.
Relevant Logics are often presented with their associated algebraic counterpart obtained
according to the usual Lindenbaum’s procedure on one side, and with their relational
semantical model structure on the other side. Questions canthen be raised about the
relations between these various structures, in the manner of Tarski-Jonsson’s theorem
in Boolean algebra. That is, some representation theorem that proves the structures
isomorphic is required. What is expected, by analogy with some classical algebraic
structure à la Rasiowa, is the relation between the Relevant Logics algebras and their
model-structures. The reasons are nicely and clearly explained by M. Dunn.64

A way to introduce the logics and their algebra, reminiscentto Curry’s course on
algebraic logic mentioned earlier and found in the teachingof R. K. Meyer and M.
Dunn65, is to consider algebras as corresponding to theories at certain levels of a lan-
guage in which one distinguishes an outer syntactical layer, the well-formed formulae
of a calculus, the sentences and formulae of sentential or propositional logic, an inner
semantical layer, the propositions, and an ontic level, theobjects the formulae stand for.

7.1 Decisions Problems in Relevant Logics.

One of the earliest achievements of S. Kripke66 was to solve the decision problem of the
relevant logicR→, giving it a proof theory and discovering a combinatorial argument
that has now received his name, Kripke’s lemma.
In several decidable systems of Relevant Logics, decidability is guaranteed by Kripke’s
lemma that Meyer proved equivalent to Dickson’s lemma, or byone of its alternative
form. One of these is Meyer’s lemma or theInfinite Divisibility Principle. R. Meyer,
who sees the subject matter of logical analysis intheoriesandstructuresinto which

62 Mme M. L. Dubreil-Jacotin, L. Lesieur and R. Croisot,Leçons sur la théorie des treillis, des
structures algébriques ordonnées et des treillis géom´etriques, Paris, Gauthier-Villars, 1953.

63 R. Routley and R. K. Meyer, “Algebraic analysis of entailment I”, Logique et Analyse, Vol.
15, (1972), pp. 407-428.

64 in A. R. Anderson and N. D. Belnap,Entailment I. The Logic of Relevance and Necessity,
Princeton, Princeton Un. Pr., 1975. See also, “Gaggle Theory”, in Logic in AI, J. van Eijck
ed., Springer-Verlag 1991; “Gaggle Theory applied to modallogic, intuitionistic logic and
relevance logic” inFrege Colloquium 1993, I. Marx and W. Stelzer, eds, Berlin, Walter de
Gruyter, 1995.

65 R. K. Meyer, Unpublished seminar notes, Canberra, ARP, 1989; J. M. Dunn and G. M. Harde-
gree,Algebraic Methods in Philosophical Logic, Oxford, Clarendon Pr., 2001.

66 S. Kripke, “The Problem of Entailment”, (Abstract), JSL, 24(1959) p. 324; see also A. R.
Anderson and N. D. Belnap,Op. Cit.,
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Relevant Logics give deeper insights, has investigated this decision procedure in sev-
eral papers.67 He has provided this insight on the nature of the decision problem, on
the underlying logical structure of the logics and given a theory of propositions which
provides a natural criteria of relevance. The positive integers, seen as the free commuta-
tive monoid with primes as free generators, are characteristic for the positive fragment
of the logicR: relevant implication behaves like relevant divisibilityonN0, and propo-
sitions behave like sets of natural numbers. The primes can be seen as the collection
of mutually irreducible irrelevant propositions and the monoid operation as an inten-
sional conjunction acting like the fusion operation does onpropositions. And relevant
divisibility builds relevance into the commutative monoidsemantics.

Following this example, having noticed the origin of Dickson’s lemma in Hilbert
and Gordan finite basis theorem and related Meyer’s lemma to Sylvester number the-
oretic version of Gordan’s theorem, further investigationof the algebraic aspects of
the procedure were performed in the context of Invariant theory and polynomial rings
theory.

Given these relationships it appeared natural to develop the algebraic approach
through Hilbert’s Finite Basis Theorem and other later developments, in the perspective
of Noether’s Ideal theory. This seemed appropriate, given the context, since she begins
her foundational paper with the prime number decompositiontheorem and one could
think of a relevant Ideal theory in commutative polynomial rings having the Noetherian
property equivalent to Hilbert-Kripke-Meyer.
Translating into polynomials and building the required free model and algebraic struc-
tures as shown below had also the advantage of allowing the investigation to be carried
over to non-commutative contexts as well as to rely on other roughly equivalent termi-
nation principles, like the well-quasi-orderings or Kruskal’s theorem.

7.2 Polynomials.

Let S be a set, andN0 be the integers seen as a monoid. Then,F(S), the set of functions
f : S −→ N is a free multiplicative Abelian monoid. Every element or term xi ∈ F(S)
is uniquely represented as a product,

∏

xf (x)
i , with x0 the unit element of the monoid.

Let A be a commutative algebra andA[F(S)] the polynomial algebra ofS overA. Every
element is uniquely represented as a sum,

∑

f af
∏

xf (x)
i , where the terms multiplied by

non-zero coefficients, themonomials af ∈ A form thebasisof A[S] overA.
ForS = {x1, . . . , xn}, A[F(S)] = A[x1, . . . , xn] is the polynomial ring inx1, . . . , xn inde-
terminates overA, where the polynomials are written as sums,

∑

af x
f1
1 , . . . , x

fn
n , on all

n-tuples of integers,f1, . . . , fn ≥ 0, i.e.,a0x0 + a1x1 + · · · + anxn.
Proofs then reduce to computation in the monoidN (or in a ring or its modules)

of solutions of systems of polynomial equations as it is donein Unification Theory,
Rewriting Systems, Gröbner Bases and Computer Algebra in general. An example of a
similar approach is that of W. Carnielli.68

67 Among other, R. K. Meyer, “Improved Decision Procedures forPure Relevant Logics”, in
Logic, Meaning and Computation, C. A. Andersonet al., eds, Dordrecht, Kluwer, 2001, 191-
217.

68 In these Proceedings.
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7.3 Operator and Word algebras.

Let an algebra,A = (A,O), be given by a set of elementsA and a set of operatorsO,
s.t.A∩O = ∅. Then,A is an operator-algebra, or, following Cohn69 anΩ-algebra.
The elementsAk of the algebra obtained by application of then-ary operations inO are
defined inductively as follows:A0 = A andAk+1 = {x ∈ A| x ∈ Ak or x = oa, a ∈ An

k, o ∈
On}. Then,CO(A) =

⋃∞
k=0 Ak is the closureof A, i.e. it is the set of all subalgebras

containingA. With A ⊆ A andA = CO(A), A is agenerating setofA.
ConsideringA as a quasi or partially ordered set, and anyB ⊂ A, then, there is a finite
setB0 such thatB0 ⊂ B ⊂ Cl(B0), whereCl(B) = {a ∈ A | ∃b ∈ B, b ≤ a} is theclosure
of B, andB0 is thefinite basisgeneratingA.
Actually, this operator algebra corresponds to what Kuroshcalls a Universal Algebra.70

The definition of an operator algebra can be extended to that of a freealgebra fol-
lowing the classical procedure of Birkhoff.71

Let A be a class ofO-algebras, (A,O). An O-algebra,A = (A, FA), whereF ∈ O, is a
free algebrafreely generated byA if, for any O-algebraB = (B, FB) and any mapping
φ : A −→ B, there exists a homomorphismψ : A −→ B s.t. ψ ↾ A = φ.
Birkhoff’s theorem tells us that ifA is a class ofO-algebras, then, for any setS, there
is aA-free algebra onS and every algebra inA is the homomorphic image of a free
A-algebra.
Birkhoff provides a method to construct theword-algebrasbased on congruences and
direct products. Skipping the technicalities of the construction, a simpler way is as fol-
lows.

InA = (A, F), consider the set of operatorsF and to anyf ∈ F associate a natural
numberα( f ), the arity of f , s.t.α ∈ F −→ N, and to any operatorf , corresponds some
functionFA : Aα( f ) −→ A. ThenF is the set of functions associated to each operator
f ∈ F.
The freeO-algebraA can now be seen as a freeO-Word-algebra consisting of the set of
all words or terms built onA by FA. Obviously, the theorem holds forO-Word-algebras:
anO-algebraA can be expressed as the homomorphic image of anO-Word-algebra.

Consider the operator algebraA = (A, F) as a freeword-algebraT = (T, F) where
T ⊆ A ∪ F is the set of words built onA by F. For all f ∈ F, and for allt1, . . . , tn ∈
T, f (t1, . . . , tn) ∈ T, wheren = α( f ). The elements of the free algebra associated to
A = (A, F) represent the way in which an element ofA is obtained by application of
the operationsF. Since this can be seen as atree in T, the action off amounts to the
labelling of the tree or the parenthetization of the words inT.

7.4 Applications.

Algebraic investigation of the decision problem of some relevant systems, likeT→
which is axiomatized, in Combinatory Logic terms, byB, B′, W, I , requires a non-

69 P. Cohn,Universal Algebra, 2nd ed., Dordrecht, D. Reidel, 1981.
70 A. G. Kurosh,Lectures in General Algebra, London, Pergamon Pr., 1962.
71 G. Birkhoff, “On the Structure of Abstract Algebras”,loc. cit.
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commutative algebraic setting.72

The problem is to find an appropriate algebraic structure that will serve as modelling
structure for these systems. It should allow some restricted permutation or some mini-
mal commutativity; it should control the effect of contraction through a form of Kripke-
Meyer’s lemma.
R. Routley and R. K. Meyer73 have motivated the algebraic systems taken as modelling
structure for several systems of relevant logics. As very general and most basic relevant
algebras explicating the implicational calculi, they propose the Ackermann groupoids:
G = 〈G,≤, ◦,→, 1〉 is an Ackermann groupoid if (i)G is a partially ordered groupoid un-
der≤ and◦, i.e.≤ is reflexive, transitive and antisymmetric, and ifa ≤ b thena◦c ≤ b◦c
andc ◦ a ≤ c ◦ b; (ii) 1 ◦ a = a for all a in G (left identity); (iii) G is left residuated
w.r.t.→: for all a, b, c in G, a ◦ b ≤ c iff a ≤ b→ c. Relying on algebra, starting from
below, in some weakly commutative left residuated Ackermann groupoid or, starting
from above and following the procedure used forR→, it can be shown that the Kripke-
Meyer’s lemma applies in non-commutative setting for the left-and-right sided ideals
closed under multiplication. Another approach is to determines the conditions under
which a groupoid is associative and to consider the permutation group of the groupoid
to introduce commutativity. What is needed in any case is a finite basis.

Heavy reliance on algebra could create the risk of losing sight of the object under
investigation, the logical theories, entertain the illusion of doing logic while doing alge-
bra. Harrop74 has warned us against the dangers of a procedure similar to that followed
here in building up models.
Nevertheless, algebra can often enlighten the situation inside the logical theories. This
is certainly the case with respect to the decision procedureand the various forms of the
lemma mentionned. One way to see the situation is that we havebounded our universe.
Above, with the control of infinity. Below with an interpretation of the lemma in terms
of the (wrongly) called Legendre’s or Fermat’s principle ofinfinite descent that was
actually first spelled out by Euclid.

8 Some Proposals on Universal Logic and Conclusion.

The late Richard Routley considered a Universal Logic as onewhich is applicable to
any situation whether realized or not, possible or not. It isa Ultralogic, that is, “an
intensional logic which goes far beyond the modal in the classifications it considers, as
argument of reasoning and argument assessment.” And a relevant logic which does this
can be appropriately universal75.

R. Brady76 has for a long time advocated a weak system,DJ, as the proper frame-
work for a logic of entailment. His “Blue Print” as well as, probably, his Universal
72 Of course, this sort of decision problem can be and has been considered from a proof-

theoretical perspective. See, R. Brady, “Semantic Decision Procedures for Relevant Logic”,
Australasian J. of Logic, 1 (2003), 4-27. Here, the rule of the game is algebraic.

73 Cited in Note 62.
74 Ronald Harrop, “Some results for propositional calculi”, JSL, 30, 3, (1965), 271-292.
75 Routley, R., “Ultralogic as universal”, inExploring Meinong’s Jungle and Beyond, Canberra,

ANU, 1980.
76 R. Brady,Universal Logic, CSLI, Chicago Un. Pr., t.a.
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Logic, propose a logic of meaning containment,MC, as Universal Logic.
Although these suggestions are made in the same (ideo)logical context as the present
paper, our perspective is quite different with respect to what Universal Logic could or
should be.

A. Koslow77 proposes a particularly appealing structuralist theory oflogic based on
implication relations that characterize logical systems.This theory is reminiscent of the
work of Tarski on the consequence relation and of his calculus of system. It offers the
logician the aesthetic pleasure of contemplating the pure structure of the object of their
everyday ruminations, bare implication, stripped of all its usual ornaments.

J. Y. Beziau78 in several papers proposes his program of Universal Logic that he
sees as a general study of logic, in the same way as Universal Algebra is a general study
of algebra. According to him, logic is a collection of fundamental mother structures in
the sense of Bourbaki and is thus an autonomous field of mathematics. To answer the
question “what is a logical object” is to provide a logical structure. And Tarski’s the-
ory of consequence operator is, according to him, a first attempt of developing a theory
of logical structure. Although falling short of meeting most criteria of J. Y. Béziau’s
perspective, ours is certainly close to his, only adding theoriginal wish of Boole of
incorporating the logical reasoning as process in the calculus of Logic.

The related properties of Invariance and Finite Basis that were in front of the stage in
most of what precedes should find a proper place in Universal Logic. In Universal Alge-
bra, they play an essential and sometimes amazing role. About Baker’s theorem inspired
by McKenzie’s finite basis theorem for lattice, Burris and Sankappanavar write that it
is one of the most beautiful theorem in Universal Algebra79. To support the claim, in
logic, one could call on Tarski80, who proposed, as criterion for logical constants, their
invariant properties and who proved an “interpolation theorem for irredundant bases of
closure structures81. We could also invoke B. van Frassen82, who writes that invariance
properties having replaced the notion of laws of nature, themetaphysicians talk of them
in terms of necessity and universality while the scientistsspeak in terms of symmetry
and invariance. Replacing ‘laws of nature’ by ‘logic’, Universal Logic, which, on J.-
Y. Beziau’s plan, seems to side with the metaphysician, would have to side with both.
An objection could be that symmetry and invariance are properties of objects and not
of the structure. But are there structures without objects?Or, another contender, Cate-
gory Theory, could object that, in a classical Tarskian perspective, truth and satisfaction
which involve some objects, do not cross the language and model boundaries, forbid-
ding invariance of theories across structures.

77 A. Koslow, A Structuralist Theory of Logic, Cambridge, CUP, 1992; 2nd corr. ed., 2005.
78 J. Y. Béziau, “Universal Logic”, inLogica’94, T. Childers and O. Majer, eds, Praha,

Philosophia, 1994, pp. 73-93.
79 Burris and Sankappanavar,Course in Universal Algebra, Millenium Edition, 2000.
80 “What Are Logical Notions?” (1966), Hist. and Phil. of Logic, 7 (1986), 143-154.
81 A. Tarski, title as quoted, in Discrete Mathematics, 12, (1975), 185-192.
82 B. van Frassen,Laws and Symmetry, Clarendon Press, Oxford, 1990. See also S. MacLane,

Mathematics: Form and Function, Springer-Verlag, New York, 1986.
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Universal Algebra starts with
√
−1 which transformed into Hamilton’s couples,

quaternions, hypercomplex numbers and their Linear Associative Algebra which em-
compasses Booles’s logic of the ‘Laws of Thought’ and was first exposed by B. Peirce.
Their numeric character dissolving progressively, they transmuted into more and more
abstract structures. Associated to them, courtesy of Sylvester who noticed their common
structure, the invariants whose numerosity, once known finite, was enumerated, trans-
formed into a structural property with Klein and Poincaré.Boole’s ‘Laws of Thought’
had long been forgotten in most quarters. But, unless they manifest themselves some-
how magically, Thought processes are required to unveil thestructures.

In some sense, we are back to W. R. Hamilton’s question: how “to develop a science
of algebra, strict, pure and independent, deduced from valid reasoning from its own
intuitive principles”? Linear Associative Algebra was the answer. And, for the time
being, it will also be our answer to the question “What is Universal Logic?”

9 Appendix.

The equation of the line in the Cartesian plane,ax+ by= c, wherea, b, c ∈ R anda or
b = 0 and the equation of the planeax+ by+ cz= d are wellknownlinear equations.
Their general form, forx1, x2, . . . , xn, the variables anda1, a2, . . . , an, the coefficients,
is

b = a1x1 + a2x2 + . . . + anxn

A set ofm linear equations in the samen variables is a linear system:

b1 = a11x1 + a12x2 + . . . + a1nxn

b2 = a21x1 + a22x2 + . . . + a2nxn

...
...

bm = am1x1 + am2x2 + . . . + amnxn

A solution exists if the determinant of the coefficients of the equations is, 0. It is
computed in performing the algebraic sum of the products of the coefficients in a matrix
and in applying the appropriate rules (1 col× 1 row):



































a11 · · · a1n

a21 · · · a2n
...

...
...

am1 · · · amn



































Definition 1. The quantities (numbers or functions) l1, l2, . . . , ln are calledlinearly de-
pendentwith respect to a field83 F if there exist numbers c1, c2, . . . , cn, not all zero, of
F, s.t.

c1l1 + c2l2 + · · · cnln = 0.
83 A set of complex numbers is called anumber fieldif the sum, difference, product, quotient

(except by zero) of any two equal or distinct numbers of the set are themselves numbers of the
set.
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If no such numbers ci exist, l1, l2, . . . , ln are calledlinearly independentw.r.t. F.

Definition 2. A polynomial is an algebraic expression, a sum of monomials, of the
following form:

ax3 + bx2y+ cxyz+ dxz2.

When every term is of the same total order in the variable x, y, z, as in this example, it
is calledhomogeneous.

Definition 3. An homogeneous polynomial is called aform. It is binary, ternary etc.
according as the number of variables is 2, 3, etc. It is linear, quadratic etc. according
as the order is 2, 3 etc.

Consider a binary form, a quantic, of ordern: a0xn+a1xn−1y+a2xn−2y2+ · · ·+anyn.

Definition 4. The invariantsare the forms that are left unchanged under linear trans-
formation of the x, y variables. When the variables x, y appear in the invariants, the
forms are calledcovariants.

Finiteness theorem for binary forms:

Theorem 1 (Hilbert’s theorem). Any set S of forms in x1, x2, . . . , xn contains a finite
number of forms F1, F2, . . . , Fk s.t. every form of the set can be expressed as a linear
combination of F1, F2, . . . Fk with coefficients which are forms in x1, x2, . . . , xn but are
not necessarily in the set S .
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