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Part I: ProbLog

Motivating Application

ProbLog

Inference

Experiments



A Probabilistic Graph Problem
What is the probability of two given nodes being connected?



Link discovery in graphs derived from biological databases
[Sevon et al., 2006]

Scheme of biological database

Links extracted from
huge public databases

Probabilities measure

reliability (data
source, method
used)
relevance (of edge
type w.r.t. query)
rarity (specificity,
vertex degree)



Toy Example

a
0.9 c 0.7 b

d

0.6 0.9

What is the probability that there is a
path from d to b in a randomly sampled
subgraph?

Two possible ways to get an answer:

1 Using subgraphs.

2 Using paths in the given graph.



Enumerating Subgraphs

Probability of individual subgraphs: binomial distribution
(flipping a biased coin for each edge)

Probability of path from d to b: sum of probabilities of
positive subgraphs

Exponential in the number of edges! Not usable . . .



Enumerating Paths

Number of paths (a lot) smaller than number of subgraphs

Probability of path: product of probabilities of used edges

Example: P(path1) = 0.6 ∗ 0.7 = 0.42, P(path2) = 0.9
⇒ sum is not a probability!

Each path corresponds to set of subgraphs containing that
path – overlap between sets for different paths has to be
taken into account.



Example in ProbLog

a
0.9 c 0.7 b

d

0.6 0.9

What is the probability that there is a
path from d to b in a randomly sampled
subgraph?

0.9 : edge(a,c). 0.7 : edge(c,b).

0.6 : edge(d,c). 0.9 : edge(d,b).

1.0 : path(X,Y) :- edge(X,Y).

1.0 : path(X,Y) :- edge(X,Z), path(Z,Y).

P(path(d, b)) ?



ProbLog: Idea

ProbLog = Prolog + Probability Labels

Each clause has a label (value between 0 and 1) indicating the
probability that the clause is in the logic program.

Each clause independent of all other clauses

No other assumptions or restrictions

Inference in ProbLog

Given a ProbLog program T and a query q, what is the
probability that there is some proof of q in T?



Semantics

ProbLog program T = {p1 : c1, . . . , pn : cn},
logical part LT = {c1, . . . , cn}

Sampling logic programs L ⊆ LT (=̂ subgraphs):

P(L|T ) =
∏

ci∈L

pi

∏

ci∈LT \L

(1 − pi )

Given T and a query q (=̂ path(d,b)):

P(q|T ) =
∑

L⊆LT

P(q|L) · P(L|T )

where P(q|L) = 1 if there is a proof of q in L, else P(q|L) = 0



Inference: Calculating P(q|T )

Use monotone DNF formula d describing all proofs of q in LT

Boolean variable bi for each pi : ci ∈ T

Concrete proof (=̂ path): conjunction of clause variables

Some proof: disjunction of formulae for all proofs

d =
∨

b∈proofs(q)

∧

bi∈clauses(b)

bi

Formula constructed using standard SLD-tree



Example: Construction of DNF Formula

0.9 : edge(a,c). 0.7 : edge(c,b).

0.6 : edge(d,c). 0.9 : edge(d,b).

1.0 : path(X,Y) :- edge(X,Y).

1.0 : path(X,Y) :- edge(X,Z), path(Z,Y).

a
e1 c e2 b

d

e3 e4

?- p(d,b).

:- e(d,b).

2
e4

p1
:- e(d,A),p(A,b).

:- p(c,b)

:- e(c,b).

2
e2

p1
:- e(c,B),p(B,b).

:- p(b,b)

:- e(b,b).
p1

:- e(b,C),p(C,b).
p2

e2

p2

e3
:- p(b,b)

:- e(b,b).
p1

:- e(b,D),p(D,b).
p2

e4

p2

d = (p1 ∧ e4) ∨ (p2 ∧ e3 ∧ p1 ∧ e2)



Calculating probabilities of DNF formulae

P(A ∨ B ∨ C ) =

P(A) + P(B) + P(C )

−P(A ∧ B) − P(A ∧ C ) − P(B ∧ C )

+P(A ∧ B ∧ C )

NP-hard problem

Probabilistic datalog engine Hyspirit uses inclusion-exclusion
principle, but: “Practical experimentation with Hyspirit has
shown that the evaluation of about 10 or more conjuncts is
not feasible.” [Fuhr, 2000]

ProbLog uses binary decision diagrams, and practical
experimentation shows that it can deal with up to 100000
conjuncts



Binary Decision Diagrams (BDDs)
[Bryant, 1986]

p1

e4

0

p2

1

e3

e2

(p1 ∧ e4) ∨
(p2 ∧ e3 ∧ p1 ∧ e2)

Efficient graphical representation for
Boolean functions

Widely used in computer architecture and
verification

Can be seen as variant of decision trees

Queries: values of single Boolean variables
Solid edge: variable true
Dashed edge: variable false
Fixed variable ordering on all paths
Shared use of identical subtrees
Nodes having two identical children left out

Probability of reaching 1-terminal from the
root: traverse diagram and combine
probabilities of child nodes.



Approximate Inference

Incremental, levelwise search for paths using maximal length

Level with maximal length m creates two sets of paths:

low : all paths of at most m edges
up: all paths of m edges that did not reach the goal node yet
(but might reach it with additional edges)

low ⊆ paths ⊆ up

Same principle for sets of proofs / DNF formulae in ProbLog

Bounds on probability obtained using BDDs for low and up:

P(low) ≤ P(q|T ) ≤ P(up)

Stop if |P(up) − P(low)| ≤ δ for some small δ



Example: Approximate Inference

?- p(d,b).

:- e(d,b).

2
e4

p1
:- e(d,A),p(A,b).

:- p(c,b)

:- e(c,b).

2
e2

p1
:- e(c,B),p(B,b).

:- p(b,b)

:- e(b,b).
p1

:- e(b,C),p(C,b).
p2

e2

p2

e3
:- p(b,b)

:- e(b,b).
p1

:- e(b,D),p(D,b).
p2

e4

p2

low = (p1 ∧ e4)
up = (p1 ∧ e4) ∨ (p2 ∧ e3) ∨ (p2 ∧ e4)

d = (p1 ∧ e4) ∨ (p2 ∧ e3 ∧ p1 ∧ e2)



Experiments

Real biological graph G around four random Alzheimer genes
(5220 nodes, 11530 edges)

Example query: connection between two of the genes

10 sequences of subgraphs G1 ⊂ G2 ⊂ . . . of sizes 200, 400, . . .
edges obtained by randomly subsampling edges from G

Each Gi consists of exactly one connected component and
contains both genes used in the query.

Approximate inference using interval width δ = 0.01

First level of search contains proofs with up to 4 clauses, this
bound is incremented by one clause on each level.



Convergence of Probability Interval Width
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Results of Scalability Experiments

Good scalability as often only small fraction of proofs needed
for approximation

Example query solved for graphs with up to 1400 to 4600
edges, depending on the random sample

Runtimes from some seconds
up to four hours for larger
graphs

Runtimes influenced by many
factors, difficult to predict
based on size of graph
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Reducing a huge amount of information using examples

Example setting:

Biological network

Researcher interested in one specific
disease (blue node)

Some genes are known to be related to
that desease (green nodes)

Some genes are known NOT to be
related to that desease (red nodes)

Goal: automatically extract subgraph
of given maximal size which best
captures this knowledge



Reducing a huge amount of information using examples

Positive examples:
path(green1,blue)

path(green2,blue)

Negative examples:
path(red1,blue)

path(red2,blue)

Goal: subgraph with at most k edges
giving high probability to positive and
low probability to negative examples



Theory Compression

Given

a ProbLog theory S ;

sets P and N of positive and negative examples in the form of
independent and identically-distributed ground facts; and

a constant k ∈ N;

find a theory T ⊆ S of size at most k (i.e. |T | ≤ k) that has a
maximum likelihood w.r.t. the examples E = P ∪ N, i.e.,

T = arg max
T⊆S∧|T |≤k

L(E |T ), where L(E |T ) =
∏

e∈E

L(e|T ) and

L(e|T ) =

{

P(e|T ) if e ∈ P

1 − P(e|T ) if e ∈ N.



Example

All edges have probability 0.5

Positive examples:
path(green1,blue), path(green2,blue)

Negative examples:
path(red1,blue), path(red2,blue)

initially k = 15 k = 5



Intermediate Conclusions

ProbLog: simple probabilistic extension of Prolog

Defines probability distribution over logic programs

Inference engine uses BDDs and levelwise approximation

Experiments in link discovery and theory compression on
biological graphs



Part II: ProLogic
Outline

Intuition

Different Probabilities

3(+1) different Queries

Learning



ProLogic
General Idea

ProbLog is restricted to Horn clauses

ProLogic relaxes this assumption to normal first order clauses

each clause is a constraint on possible interpretations

as in Markov Logic, the less constraints an interpretation
violates, the more likely it is

though, no distribution over interpretation

clauses are not grounded

Work in Progress



Intuition
What is the meaning of set of ProLogic clauses?

Example (A ProLogic program T )

0.5 : red(X) :- ball(X).
0.5 : ball(X) :- red(X).

there are 4 possible subsets: ∅, {red(X):-ball(X).},
{ball(X):-red(X).}, {red(X):-ball(X). ball(X):-red(X).}



Intuition
What is the meaning of set of ProLogic clauses?

Example (A ProLogic program T )

0.5 : red(X) :- ball(X).
0.5 : ball(X) :- red(X).

there are 4 possible subsets: ∅, {red(X):-ball(X).},
{ball(X):-red(X).}, {red(X):-ball(X). ball(X):-red(X).}

each subpset L has a probability to be sampled of
P(L|T ) = 0.25



Intuition
What kind of probabilities are there?

Example (A ProLogic program T )

0.5 : red(X) :- ball(X).
0.5 : ball(X) :- red(X).

the probability to for a given subprogram L to be sampled,
written P(L|T )
e.g. P({red(X):-ball(X).}|T ) = 0.25



Intuition
What kind of probabilities are there?

Example (A ProLogic program T )

0.5 : red(X) :- ball(X).
0.5 : ball(X) :- red(X).

the probability to for a given subprogram L to be sampled,
written P(L|T )
e.g. P({red(X):-ball(X).}|T ) = 0.25

the probability for a given interpretation M to satisfy a
randomly sampled subprogram, written P(M |= T )
e.g. P({red(a),ball(a),red(b) |= T ) = 0.5



Difference to other logics

ProbLog/ProLogic define probability distributions over
subprograms and classes of interpretations

MLNs/ICL/CP logic define probability distributions over
interpretations

ProbLog/ProLogic do not ground clauses

MLNs/ICL/CP do ground clauses



Possible Queries for a ProLogic Program

Given a ProLogic program, one could pose the following questions:

1 given a formula, what is the probability that it is entailed by a
randomly sampled subprogram

2 given an interpretation, what is the probability that it satisfies
a randomly sampled subprogram

3 find the most likely subprogram, which is still satisfiable



Query 1: Formula Entailment

Query

Given a formula, what is the probability that it is entailed by a
randomly sampled subprogram?

Example

0.9 : b(X) :- a(X).
0.8 : c(x) :- b(X).

P(T |= c(X):-a(X)) = 0.9 · 0.8

same query as in ProbLog

we need a theorem proofer instead of SLD resolution



Query 2: Model Probability

Query

Given an interpretation, what is the probability that it satisfies a
randomly sampled subprogram?

Example

0.5 : red(X) :- ball(X). 0.5 : ball(X) :- red(X).

P({ball(a),red(a)} |= T ) = 1
P({ball(a)} |= T ) = 0.5
P({ball(a),ball(b)} |= T ) = 0.5 ← still 0.5!
P({ball(a),red(b)} |= T ) = 0.25



Query 2: Model Probability

Query

Given an interpretation, what is the probability that it satisfies a
randomly sampled subprogram?

Example

0.5 : red(X) :- ball(X). 0.5 : ball(X) :- red(X).

P({ball(a),red(a)} |= T ) = 1
P({ball(a)} |= T ) = 0.5
P({ball(a),ball(b)} |= T ) = 0.5 ← still 0.5!
P({ball(a),red(b)} |= T ) = 0.25

Theorem

The probability that the interpretation M satisfies a randomly

sampled subprogram of T is P(M |= T ) :=
∏

ci∈T ,D 6|=ci

(1 − pi)



Query 3: Most likely satisfiable subprogram

Query

Find the most likely subprogram, which is still satisfiable.

Example

0.6 : red(X) :- ball(X).
0.4 : ball(X) :- red(X).

LMax = {red(X):-ball(X).}



Query 3: Most likely satisfiable subprogram

Query

Find the most likely subprogram, which is still satisfiable.

Example

0.6 : red(X) :- ball(X).
0.4 : ball(X) :- red(X).

LMax = {red(X):-ball(X).}

drop clauses which have probability ≤ 0.5

clauses which have probability 1.0 are mandatory

generate a search lattice of clauses which have 0.5 < pi < 1.0

traverse the lattice, call a model checker (e.g. SATCHMO) for
each node

return the node with the highest probability



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Query 3: Most likely satisfiable subprogram
Example, Search Lattice

search lattice for a program with 4 clauses with 0.5 < pi < 1.0

mandatory clauses (pi = 1.0) are not listed

each node is a SATCHMO call

∅

{C1} {C2} {C3} {C4}

{C1, C2} {C1, C3} {C1, C4} {C2, C3} {C2, C4} {C3, C4}

{C1, C2, C3} {C1, C2, C4} {C1, C3, C4} {C2, C3, C4}

{C1, C2, C3, C4}



Closed Clause Sets
Interesting sets which are needed to answer queries

Definition

A clause set C is closed if it is satisfiable and none of its supersets
is satisfiable.

Properties of closed clause sets

when C1 and C2 are closed clause sets, the sets of their
models are disjoint

the most likely satisfiable subprograms are closed clause set

unfortunately: expensive to find
search space is 2|T |, each node requires a model checker run

can be found by traversing the complete search lattice or by a
random walk algorithm



Summary

ProbLog/ProLogic define probability distributions over logic
programs

each clause is a constraint on models

there are equivalence classes of models

we traverse the lattice, searching for closed clause sets

we run a model checker (e.g. SATCHMO)

NMW (Needs more work)



Thanks for your attention.
Questions?


