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Abstract. The logic FO(ID) uses ideas from the field of logic program-
ming to extend first order logic with non-monotone inductive definitions.
This paper studies a deductive inference method for PC(ID), its proposi-
tional fragment. We introduce a formal proof system based on the sequent
calculus (Gentzen-style deductive system) for this logic. As PC(ID) is an
integration of classical propositional logic and propositional inductive
definitions, our deductive system integrates inference rules for proposi-
tional calculus and definitions. We prove the soundness and completeness
of this deductive system for a slightly restricted fragment of PC(ID). We
also give a counter-example to show that cut-elimination does not hold
in this proof system.

1 Introduction

Inductive definitions are common in mathematical practice. For instance, the
non-monotone inductive definition of the satisfaction relation |= can be found in
most textbooks on first order logic (FO). This prevalence of inductive definitions
indicates that these offer a natural and well-understood way of representing
knowledge. It is well-known that, in general, inductive definitions cannot be
expressed in first order logic. For instance, the transitive closure of a graph
is one of the simplest concepts typically defined by induction – the relation is
defined by two inductive rules: (a) if (x, y) is an edge of the graph, (x, y) belongs
to the transitive closure and (b) if there exists a z such that both (x, z) and (z, y)
belongs to the transitive closure, then (x, y) belongs to the transitive closure –
yet it cannot be defined in first order logic.

It turns out, however, that certain knowledge representation logics do allow
a natural and uniform formalization of the most common forms of inductive
definitions. Recently, the authors of [5, 6] pointed out that semantical studies
in the area of logic programming might contribute to a better understanding of
such generalized forms of induction. In particular, it was argued that the well-
founded semantics of logic programming [10] extends monotone induction and
formalizes induction over well-founded sets and iterated induction. The language
of FO(ID) uses the well-founded semantics to extend classical first order logic
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with a new “inductive definition” primitive. In the resulting formalism, all kinds
of definitions regularly found in mathematical practice – e.g., monotone induc-
tive definitions, non-monotone inductive definitions over a well-ordered set, and
iterated inductive definitions – can be represented in a uniform way. Moreover,
this representation neatly coincides with the form such definitions would take in
a mathematical text. For instance, in FO(ID) the transitive closure of a graph
can be defined as:{ ∀x, y TransCl(x, y)← Edge(x, y)

∀x, y TransCl(x, z)← (∃z TransCl(x, y) ∧ TransCl(y, z))
}

However, FO(ID) is able to handle more than only mathematical concepts.
Indeed, inductive definitions are also crucial in declarative Knowledge Represen-
tation. Not only non-inductive definitions are frequent in common-sense reason-
ing as argued in [2], also inductive definitions are. For instance, in [7], it was
shown that situation calculus can be given a natural representation as an iter-
ated inductive definition. The resulting theory is able to correctly handle tricky
issues such as recursive ramifications, and is in fact, to the best of our knowl-
edge, the most general representation of this calculus to date. Also does FO(ID)
have strong links to several KR-logics. For instance, it can be classified in the
family of Description Logics, which it extends by allowing n-ary predicates and
non-monotone inductive definitions.

As for every formal logical system, the development of deductive inference
methods is an important research topic. For instance, it is well-known that de-
ductive reasoning is a distinguished feature of Description Logics. Description
Logics support inference on ontologies without using Closed World Assumption
and Unique Name Assumption [1]. As FO(ID) generalizes Description Logics,
one could investigate how these inference methods can be extended to FO(ID).
In this paper we take a first step towards the development of a proof system for
FO(ID). However, because FO(ID) is not even semi-decidable, it is clear that
a sound and complete proof system for FO(ID) cannot exist. As such, we will
have to investigate deductive systems for FO(ID) and the subclasses of FO(ID)
for which these systems are complete.

The goal of this paper is to present a proof system for PC(ID), as the initial
investigation to that for FO(ID). Our work is inspired by the one of Compton,
who used sequent calculus (Gentzen-style deductive system) methods in [3, 4] to
investigate sound and complete deductive inference methods for existential least
fixpoint logic and stratified least fixpoint logic. Indeed, these two logics can be
viewed as fragments of FO(ID). We introduce a sequent calculus for PC(ID) and
prove its soundness and completeness for a restricted fragment of PC(ID). We
also prove that cut-elimination does not hold in our proof system by showing a
counter-example.

By developing a proof system for PC(ID), we want to enhance the under-
standing of proof-theoretic foundations of FO(ID). The proof-theoretic perspec-
tive also allows us to investigate the possibility of FO(ID) as an assertion lan-
guage for program verification, which can overcome the limitations of first order
logic.



Another application of this work could be the development of tools to check
the correctness of the outputs generated by PC(ID) model generators such as
MidL [14]. Given a PC(ID) theory T as input, MidL outputs a model for T
or concludes that T is unsatisfiable. In the former case, an independent model
checker can be used to check whether the output is indeed a model of T . How-
ever, when MidL concludes that T is unsatisfiable, it is less obvious how to check
the correctness of this answer. One solution is to transform a trace of MidL’s
computation into a proof of unsatisfiability in some PC(ID) proof system. An
independent proof checker can be used to check this formal proof. Model and
proof checkers can be a great help to detect bugs in model generators. An analo-
gous checker for the Boolean Satisfiability problem (SAT) solvers was described
in [18].

The structure of this paper is as follows. We introduce PC(ID) in Section 2.
We present a deductive system for PC(ID) in Section 3. The main results of
the soundness and completeness of the deductive system are investigated in
Section 4. We finish with conclusions, related and future work.

2 Preliminaries

In this section, we introduce PC(ID), the propositional fragment of FO(ID), and
explain its semantics.

A propositional vocabulary τ is a set of propositional atoms. A definition
D over τ is a finite set of rules of the form P ← ϕ, where P ∈ τ and ϕ is a
propositional formula over τ . An atom appearing in the head of a rule of D is
called a defined atom of D, any other atom is called an open atom of D. The
set of defined symbols is denoted by τd

D, and the set of open symbols by τo
D. A

PC(ID)-formula over τ is a boolean combination of propositional formulae and
definitions over τ . A literal is an atom P or its negation ¬P .

A three-valued τ -interpretation is a function I from τ to the set of truth
values {t, f ,u}. An interpretation is called two-valued if it maps no atom to u.
When τ ′ ⊆ τ , we denote the restriction of a τ -interpretation I to the symbols
of τ ′ by I|τ ′ . For a τ -interpretation I, a truth value v and an atom P ∈ τ , we
denote by I[P/v] the τ -interpretation that assigns v to P and coincides with I
on all other atoms. We extend this notation to sets of atoms.

The truth order ≤ on {t, f ,u} is induced by f ≤ u ≤ t; the precision order
≤p is induced by u ≤p f and u ≤p t. Both truth and precision order pointwise
extend to interpretations. Define f−1 = t, u−1 = u and t−1 = f .

A three-valued interpretation I on τ can be extended to all propositional
formulae over τ by induction on formulae:

– P I = I(P ) if P ∈ τ ;
– (ϕ ∧ ψ)I = min≤({ϕI , ψI});
– (ϕ ∨ ψ)I = max≤({ϕI , ψI});
– (¬ϕ)I = (ϕI)−1.



It can be shown that if I ≤p J , then ϕI ≤p ϕ
J .

Let D be a definition over τ and let IO be a three-valued τo
D-interpretation.

Consider any sequence of three-valued τ -interpretations (Iα)α≥0 extending IO
such that I0(P ) = u for every P ∈ τd

D, and for every natural number α, Iα+1

relates to Iα in one of the following ways:

– Iα+1 = Iα[P/t] where P is a defined atom such that P Iα

= u and for some
rule P ← ϕ ∈ D,ϕIα

= t.
– Iα+1 = Iα[U/f ], where U is a non-empty set of defined atoms, such that for

each P ∈ U , Iα(P ) = u and for each rule P ← ϕ ∈ D, ϕIα+1
= f .

We call such a sequence a well-founded induction. A well-founded induction
is terminal if it cannot be extended anymore. It can be shown that each terminal
well-founded induction is a sequence of increasing precision and its limit is the
well-founded model extending IO [8].

We say that an interpretation I satisfies a definition D and define DI = t
if I is the well-founded model extending I|τo

D
. Otherwise, we define DI = f .

By adding this as a new base case to the definition of the truth function of
formulae, we can extend the truth function inductively to all PC(ID)-formulae.
For an arbitrary PC(ID)-formula ϕ, we say that an interpretation I satisfies ϕ,
or I is a model of ϕ, denoted by I |= ϕ, if I is two-valued and ϕI = t.

Example 1. Consider the definition D1 =
{
P ← Q

}
. Then P ∈ τd

D1
, Q ∈ τo

D1
.

There are only two interpretations satisfying D1. One maps both P and Q to
t, the other one maps both P and Q to f . These are also the models of D2 =
{
Q← P

}
, where Q ∈ τd

D2
and P ∈ τo

D2
. Note that D3 =

{
P ← Q
Q← P

}
has only

one model, namely the model mapping both P and Q to false.

Remark that we are only interested in two-valued interpretations. We call
a definition D total if for every interpretation IO of its open atoms, the well-
founded model of D extending IO is two-valued.

3 The deductive system for PC(ID)

In this section, we present LPC(ID), a proof system for PC(ID) based on the
propositional part of Gentzen’s sequent calculus LK [11, 16]. First, we introduce
some basic definitions and notations. Let capital Greek letters Γ,∆, . . . denote
finite (possibly empty) sequences of PC(ID)-formulae separated by commas. By∧
Γ , respectively

∨
Γ , we denote the conjunction, respectively disjunction of all

formulae in Γ . By Γ \∆, we denote the sequence obtained by deleting from Γ
all occurrences of formulae that occur in ∆. A sequence Γ of literals is called
consistent if Γ does not contain any complementary literals P and ¬P .

A sequent is an expression of the form Γ → ∆, where Γ and ∆ are sequences
of PC(ID)-formulae. Γ and∆ are respectively called the antecedent and succedent
of the sequent and each formula in Γ and ∆ is called a sequent formula. We will
denote sequents by S, S1, . . .. A sequent Γ → ∆ is valid, denoted by |= Γ → ∆,



if every two-valued model of
∧
Γ satisfies

∨
∆. A counter-model for Γ → ∆ is a

two-valued interpretation I such that I |= ∧
Γ but I 6|= ∨

∆. The sequent Γ →
is equivalent to Γ → ⊥ and→ ∆ is equivalent to > → ∆, where ⊥,> are logical
constants for false and true, respectively.

An inference rule is an expression of the form
S1; . . . ;Sn

S
n ≥ 0, where

S1, . . . , Sn and S are sequents. The Si are called the premises of the inference
rule, S is called the consequence. Intuitively, an inference rule means that S can
be inferred, given that all S1, . . . , Sn have already been inferred.

The initial sequents, or axioms of LPC(ID) are the sequents of the form
Γ,A → A,∆ or ⊥ → ∆ or Γ → >, where A is any formula, Γ and ∆ are
arbitrary sequences of formulae.

The inference rules for LPC(ID) consist of the structural rules, logical rules
and definition rules. The structural and logical rules deal with the propositional
calculus part of PC(ID) and are given as follows.

Structural rules

– Weakening rules: left:
Γ → ∆

A,Γ → ∆
; right:

Γ → ∆

Γ → ∆,A
.

– Contraction rules: left:
A,A, Γ → ∆

A,Γ → ∆
; right:

Γ → ∆,A,A

Γ → ∆,A
.

– Exchange rules: left:
Γ1, A,B, Γ2 → ∆

Γ1, B,A, Γ2 → ∆
; right:

Γ → ∆1, A,B,∆2

Γ → ∆1, B,A,∆2
.

– Cut rule:
Γ → ∆,A; A,Γ → ∆

Γ → ∆
.

Logical rules

– ¬ rules: left:
Γ → A,∆

¬A,Γ → ∆
; right:

A,Γ → ∆

Γ → ∆,¬A.

– ∧ rules: left:
A,B, Γ → ∆

A ∧B,Γ → ∆
; right:

Γ → ∆,A; Γ → ∆,B

Γ → ∆,A ∧B
– ∨ rules: left:

A,Γ → ∆; B,Γ → ∆

A ∨B,Γ → ∆
; right:

Γ → ∆,A,B

Γ → ∆,A ∨B .

By a left (right) generalized logical rule, we mean a left (right) logical rule
where the formula of interest in the consequence (i.e. ¬A, A ∧B or A ∨B) can
occur in an arbitrary position in Γ (∆) instead of only left (right) from it. A
generalized logical rule can be obtained by combining the exchange and logical
rules.

The definition rules of LPC(ID) consist of the right definition rule, the left
definition rule and the definition introduction rule. Without loss of generality, we
assume from now on that there is only one rule with head P in a definition D for
every P ∈ τd

D. We refer to this rule as the rule for P in D. Indeed, any set of rules
{P ← ϕ1, . . . , P ← ϕn} can be transformed into a single rule P ← ϕ1 ∨ . . .∨ϕn.

The right definition rule allows inferring the truth of a defined atom from a
definition D. It is closely related to the first rule for extending a well-founded



induction. Let D be a definition and P ← ϕ the rule for P in D. Then the right
definition rule for P is given as follows.

Right definition rule for P
Γ,D → ϕ,∆

Γ,D → P,∆
.

We illustrate this inference rule with an example.

Example 2. Consider the definition D =
{
P ← P ∧ ¬Q
Q← ¬P

}
. The right definition

rule for P is
Γ,D → P ∧ ¬Q,∆

Γ,D → P,∆
.

The next two inference rules are somewhat more involved. To state them,
we first introduce some notations. Given an arbitrary set A of atoms, let PA

be a new atom for every atom P ∈ A. The vocabulary τ augmented with these
symbols is denoted by τA. Given a propositional formula ϕ, ϕA denotes the
formula obtained by replacing all occurrences of every atom P ∈ A in ϕ by
PA. We call ϕA the renaming of ϕ with respect to A. For a set of propositional
formulae F , FA denotes {ϕA|ϕ ∈ F}. For a definition D, we denote by DA the
definition obtained by replacing every occurrence of every atom P ∈ A by PA.

The left definition rule allows inferring the falsity of a defined atom from
a definition D and is therefore related to the second rule for extending a well-
founded induction. Let D be a definition and U ⊆ τd

D. Denote by NU the set
{¬PU | P ∈ U} and let Γ and ∆ be sequences of PC(ID)-formulae such that
none of the renamed atoms PU occurs in them. The left definition rule for every
Pi ∈ U is given as follows.

Left definition rule for Pi ∈ U Γ,NU → ¬(ϕU
1 ),∆; . . . ;Γ,NU → ¬(ϕU

n ),∆
Γ,D, Pi → ∆

,

where P1, . . . , Pn are all atoms in U and Pj ← ϕj is the rule for Pj in D for
every j ∈ [1, n].

We illustrate this inference rule with an example.

Example 3. Given a definition D =
{
P ← P ∧ ¬Q
Q← Q

}
,

– U = {P}, the left definition rule for P ∈ U is

Γ,¬PU → ¬(PU ∧ ¬Q),∆
Γ,D, P → ∆

.

– U = {P,Q}, the left definition rule for P ∈ U is

Γ,¬PU ,¬QU → ¬(PU ∧ ¬QU ),∆; Γ,¬PU ,¬QU → ¬QU ,∆

Γ,D, P → ∆
.

The definition introduction rule allows inferring the truth of a total definition
from PC(ID)-formulae. Let D be a total definition and let R = τd

D. Let Γ and ∆



be sequences of PC(ID)-formulae such that for every P ∈ R, PR does not occur
in Γ or ∆. The definition introduction rule for D is given as follows.

Definition introduction rule for D

Γ,DR → PR
1 ≡ P1,∆; . . . ;Γ,DR → PR

n ≡ Pn,∆

Γ → D,∆
,

where P1, . . . , Pn are all defined atoms of D.

We illustrate this inference rule with an example.

Example 4. Given a definition D =
{

P ← O
Q← Q ∧ ¬P

}
, the definition introduc-

tion rule for D is

Γ,DR → PR ≡ P,∆; Γ,DR → QR ≡ Q,∆
Γ → D,∆

where DR =
{

PR ← O
QR ← QR ∧ ¬PR

}
.

We denote by LPC(ID)∗ the proof system containing all the inference rules
of LPC(ID) except the definition introduction rule. We now come to the notion
of an LPC(ID)-proof for a sequent, which is applicable for LPC(ID)∗ as well.

Definition 1. A proof in LPC(ID) or LPC(ID)-proof for a sequent S, is a
tree T of sequents with root S. Moreover, each leaf of T must be an axiom and for
each interior node S′ there exists an inference rule such that S′ is the consequence
of that inference rule while the children of S′ are precisely the premises of that
inference rule. T is called a proof tree for S. A sequent S is called provable in
LPC(ID), or LPC(ID)-provable, if there is an LPC(ID)-proof for it.

Example 5. Given a definition D =
{
P ← O

}
and R = τd

D, the following is an
LPC(ID)-proof for O,P → D.

O → Oleft weakening
O,DR → O

right definition
O,DR → PR

left weakening
O,P,DR → PR

P → P left weakening
O,P,DR → P

right ∧
O,P,DR → P ∧ PR

right weakening
O,P,DR → P ∧ PR,¬P ∧ ¬PR

right ∨
O,P,DR → PR ≡ P

definition introduction
O,P → D

4 Main results

In this section, we outline the proof of the soundness and completeness of
LPC(ID). We also show that cut-elimination is not possible for this deduc-
tive system.



4.1 Soundness

To prove the soundness of LPC(ID), it is sufficient to prove that all axioms of
LPC(ID) are valid and that every inference rule of LPC(ID) is sound, i.e. if
all premises of an inference rule are valid then the consequence of that rule is
valid. It is trivial to verify that the axioms are valid and that the structural and
logical rules are sound. Hence, only the soundness of the right definition rule,
the left definition rule and the definition introduction rule must be proven.

Lemma 1 (Soundness of the right definition rule). Let D be a definition,
containing the rule P ← ϕ. If |= Γ,D → ϕ,∆, then |= Γ,D → P,∆.

Proof. Assume |= Γ,D → ϕ,∆ but 6|= Γ,D → P,∆. Then there exists a counter-
model I for Γ,D → P,∆. Therefore, I |= ϕ. Let (Iα)α≤ξ be a terminal well-
founded induction for D with limit Iξ = I. This sequence is strictly increasing
in precision, hence there is no α ≤ ξ such that ϕIα

= f . As such, P I 6= f and
because I is two-valued, we can conclude P I = t, which is a contradiction to the
assumption that I is a counter-model of Γ,D → P,∆.

Lemma 2 (Soundness of the left definition rule). Let D be a definition
and U = {P1, . . . , Pn} be a subset of τd

D. Denote for every i ∈ [1, n] the body
of the rule for Pi by ϕi. If |= Γ,NU → ¬(ϕU

i ), ∆ for every i ∈ [1, n], then
|= Γ,D, Pi → ∆ for all i ∈ [1, n].

Proof. Assume |= Γ,NU → ¬(ϕU
i ),∆ for every i ∈ [1, n], but 6|= Γ,D, Pj → ∆

for some j ∈ [1, n]. Then there exists a counter-model I for Γ,D, Pj → ∆. Let
(Iα)α≤ξ be a terminal well-founded induction for D with limit Iξ = I. There
exists a smallest α ≤ ξ such that for some i ∈ [1, n], P Iα

i = u and P Iα+1

i = t.
Consequently, for each k ∈ [1, n], P Iα

k = f or P Iα

k = u. Denote by I ′α the
interpretation that assigns P Iα

k to PU
k for every k ∈ [1, n] and coincides with

Iα on all other atoms. So, for any formula ϕ not containing renamed atoms,
ϕIα

= (ϕU )I′α . Denote by I ′ the interpretation that assigns f to every PU
k ,

k ∈ [1, n] and coincides with I on all other atoms. Remark that I ′ is more
precise than I ′α. Also, I ′ |= NU and because neither Γ nor ∆ contain any of
the PU

k , I ′ |= ∧
Γ and I ′ 6|= ∨

∆. Therefore, I ′ |= ¬(ϕU
i ) and because I ′ is more

precise than I ′α, (ϕU
i )I′α 6= t. It follows that ϕIα

i 6= t, which is a contradiction
to P Iα+1

i = t. Therefore |= Γ,D, Pj → ∆ for all j ∈ [1, n].

Having the soundness of the left definition rule, we can explain the introduc-
tion of renaming formulae in the left definition rule. Our original idea for the
left definition rule was of the form

Γ,¬P1, . . . ,¬Pn → ¬ϕ1,∆; . . . ;Γ,¬P1, . . . ,¬Pn → ϕn, ∆

Γ,D, Pi → ∆
(1)

where {P1, . . . , Pn} ⊆ τd
D, Pi is an arbitrary atom in {P1, . . . , Pn} and for every

j ∈ [1, n], Pj ← ϕj is the rule for Pj in D.
However, this inference rule is not sound. For an arbitrary definition D and

any defined atom P of D, D → ¬P can be inferred using this rule. We illustrate
this with the next example.



Example 6. Consider the definition D =
{
P ← >}

and Γ = P . Since P,¬P →
¬>, we can prove D → ¬P by using the inference rule (1), the right ¬ rule and
the right contraction rule. However, for the same definition D and an empty
sequence Γ , it is obvious that D → P by using the left definition rule, which
shows that (1) is not a sound inference rule.

From the viewpoint of semantics, since the left definition rule corresponds to
the second case of the well-founded induction, we have to adopt the approach of
renaming to represent that the defined atoms of U are unknown in Iα and false
in Iα+1.

Lemma 3 (Soundness of the definition introduction rule). Let D be a
total definition and R = τd

D = {P1, . . . , Pn}. If |= Γ,DR → PR
i ≡ Pi, ∆ for every

i ∈ [1, n], then |= Γ → D,∆.

Proof. Assume |= Γ,DR → PR
i ≡ Pi,∆ for every i ∈ [1, n], but 6|= Γ → D,∆.

Then there exists a τ -interpretation I such that I |= ∧
Γ , but I 6|= D, I 6|= ∨

∆.
Denote by I ′ the well-founded model of D extending I|τo

D
. Because I 6|= D,

there exists a defined atom Pj of D, such that P I
j 6= P I′

j . Let J be the τ ∪ τR-
interpretation such that J is the well-founded model of DR extending I. Because
Γ nor ∆ contains an occurrence of an atom PR

i , J |= ∧
Γ and J 6|= ∨

∆.
Therefore, J |= PR

i ≡ Pi for every i ∈ [1, n]. Also, because DR is obtained by
renaming all defined atoms and none of the open atoms, it holds that P I′

i =
(PR

i )J for every i ∈ [1, n]. Hence P I
j = (PR

j )J = P I′
j , which is a contradition.

Therefore, |= Γ → D,∆.

Note that the definition introduction rule is not sound if D is not total. We
illustrate it with an example.

Example 7. Consider the definition D =
{
P ← ¬P }

, R = {P} and Γ is the
empty sequence. It is obvious that DR is non-total. Thus, |= DR → PR ≡ P but
6|=→ D, which shows that the definition introduction rule is not sound when D
is non-total.

By the fact that all inference rules in LPC(ID) except the definition intro-
duction rule are sound with respect to non-total definitions and a straightforward
induction, the soundness of LPC(ID)∗ and LPC(ID) can now be proven.

Theorem 1 (Soundness). If a sequent Γ → ∆ is provable in LPC(ID)∗, then
|= Γ → ∆. If a sequent Γ → ∆ is provable in LPC(ID) and all definitions in
Γ and ∆ are total, then |= Γ → ∆.

4.2 Completeness

In this subsection, we will prove that the deductive system LPC(ID) is com-
plete, given that all definitions are total. The main difficulty in the completeness
proof for LPC(ID) is to handle definitions in the sequents (We already know
that the propositional calculus part of LPC(ID) is complete. See e.g. [16]).

The lemmas that follow show the completeness of the sequents of the form
Γ,D1, . . . , Dn → ∆, where Γ and ∆ are consistent sequences of literals.



Lemma 4. Let D be a total definition and let Γ be a sequence of open literals
of D, such that for every atom Q ∈ τo

D either Q ∈ Γ or ¬Q ∈ Γ . Let L be a
defined literal of D. If |= Γ,D → L, then Γ,D → L is provable in LPC(ID).

Proof. Let IO be the unique τo
D-interpretation such that IO |=

∧
Γ and let

(Iα)α≤ξ be a well-founded induction for D extending IO. Denote by ∆α the
sequence of all defined literals L such that LIα

= t. We prove that Γ,D,∆α →
L is provable for all L ∈ ∆α+1 \ ∆α. We distinguish between the case where
∆α+1 \∆α contains one positive literal and the case where it contains a set of
negative literals.

– Assume ∆α+1 \ ∆α consists of one defined atom P and denote by ϕ the
body of the rule for P in D. Because (Iα)α≤ξ is a well-founded induction,
|= Γ,∆α → ϕ. Therefore, by the completeness of the propositional part of
LPC(ID), the sequent Γ,∆α → ϕ is provable. Hence, by left weakening and
the right definition rule, Γ,D,∆α → P is provable.

– For the other case, assume ∆α+1 \∆α is a sequence of negative literals and
denote it by N = {¬P1, . . . ,¬Pn}. Denote {P1, . . . , Pn} by U and denote the
rule of each Pi inD by Pi ← ϕi. Because (Iα)α≤ξ is a well-founded induction,
|= Γ,∆α, N → ¬ϕi for every i ∈ [1, n]. Hence also |= Γ,∆α, NU → ¬(ϕU

i ).
By the completeness of the propositional part of LPC(ID), left weakening,
the left definition rule and right ¬ rule, the sequent Γ,∆α, D → ¬Pi is
provable for every i ∈ [1, n].

Since D is total, it is obvious that the set of literals L for which |= Γ,D → L is
exactly the set of all literals inferred during the well-founded induction (Iα)α≤ξ.
Thus, by using the cut rule, it is easy to show by induction on α that if |= Γ,D →
L for a defined literal L of D, the sequent Γ,D → L is provable in LPC(ID).

Lemma 5. Let D be a total definition and Γ an arbitrary consistent sequence
of literals. If L is a defined literal of D such that |= Γ,D → L, then Γ,D → L
is provable in LPC(ID).

Proof. For every extension Γ ′ of Γ such that for every open atom P of D,
either P ∈ Γ ′ or ¬P ∈ Γ ′, |= Γ ′, D → L. Consider Γ ′′ as the sequence of open
literals of D in Γ ′. If |= Γ ′′, D → L, then by the previous lemma, Γ ′′, D → L
is provable in LPC(ID), and by the left weakening rule, so is Γ ′, D → L. If
6|= Γ ′′, D → L, then by totality of D, |= Γ ′′, D → ¬L and hence, |= Γ ′, D → ¬L.
This means that Γ ′ ∧ D is unsatisfiable, which implies that for some defined
literal L′ in Γ ′, |= Γ ′′, D → ¬L′. By the previous lemma and the left weakening
rule, Γ ′, D → ¬L′ is provable in LPC(ID). Given that Γ ′, D → L′ is an axiom,
we can use the left ¬ rule, the cut rule and the right weakening rule to show
that Γ ′, D → L is provable in LPC(ID). By the right ¬ rule and the cut rule,
an LPC(ID)-proof for Γ,D → L can be constructed from the LPC(ID)-proofs
of all Γ ′, D → L.

Lemma 5 can be extended to the case where more than one definition is
allowed in the antecedent of a sequent and more than one literal is allowed in
the succedent.



Lemma 6. Let D1, . . . , Dn be total definitions and let Γ,∆ be consistent se-
quences of literals. If |= Γ,D1, . . . , Dn → ∆, then Γ,D1, . . . , Dn → ∆ is prov-
able.

For lack of space, we omit the proof. It relies on the fact that by using the
structural rules and the ¬ rules, Γ,D1, . . . , Dn → ∆ can be proven from all valid
sequents Γi, Di → Li where Γi is a sequence of open literals of Di and Li is a
defined literal of Di.

The remainder of the completeness proof follows the approach in [17]. We
first introduce some terminology.

Definition 2. A reduction tree for a sequent S is a tree TS of sequents with
root S such that the following two conditions hold.

1. For each non-leaf node S′ of TS there exists either a generalized logical rule or
a definition introduction rule such that S′ is the consequence of that inference
rule while the children of S′ are precisely the premises of that inference rule.

2. TS is maximal, i.e. it is not the subtree of any tree that satisfies (1).

Observe that the structural rules, the right definition rule and the left definition
rule cannot be used in constructing a reduction tree. Remark that each leaf node
of a reduction tree is either an axiom or a sequent of the form Γ,D1, . . . , Dn → ∆
where Γ and ∆ are sequences of atoms and D1, . . . , Dn are definitions.

It can easily be verified that the generalized logical rules and the definition
introduction rule preserve counter-models, i.e., a counter-model for one of the
premises of such an inference rule is also a counter-model to the consequence of
that inference rule. Given this observation, the following property of reduction
trees can also easily be verified.

Proposition 1. For each sequent S = Γ → ∆, (a) there exists a reduction tree
TS, (b) if all leaf nodes of a reduction tree TS are provable in LPC(ID), then
the root sequent is provable in LPC(ID), and (c) a counter-model for a leaf
node of TS is a counter-model for the root.

Theorem 2 (Completeness). If |= Γ → ∆ and all definitions occurring in Γ
and ∆ are total, then Γ → ∆ is provable in LPC(ID).

Proof. Let Γ → ∆ be a valid sequent and let TS be a reduction tree with root
Γ → ∆. Then by (c) of proposition 1, all leaves of TS are valid. Since all leaves of
TS are of the form Π,D1, . . . , Dn → Σ, where Π and Σ are sequences of atoms
and D1, . . . , Dn are definitions, it follows from lemma 6 that they are provable.
Hence, by (b) of proposition 1, Γ → ∆ is provable.

4.3 Cut-elimination

An important property of the propositional sequent calculus and many other for-
mal proof systems is the cut-elimination, i.e. removing the cut rule from the sys-
tem does not lead to incompleteness. However, for LPC(ID), the cut-elimination
does not hold. The following is a counter-example.



Example 8. Let D1, respectively D2 be the definitions {P ← O1}, respectively
{P ← O2}. Then D1, D2, O1,¬O2 → ⊥ can be proven in LPC(ID) as follows.

D1, O1 → O1right definition
D1, O1 → P

weakening
D1, D2, O1,¬O2 → P

D2,¬O2,¬PU → ¬O2
left definition

D2,¬O2, P → ⊥ weakening
D1, D2, O1,¬O2, P → ⊥ cut

D1, D2, O1,¬O2 → ⊥
It can be proven that the use of the cut rule can not be avoided for this example.
The idea of the proof is as follows. In a proof tree for D1, D2, O1,¬O2 → ⊥, both
D1 and D2 must be used in an application of the right definition or left definition
rule. For if not, all occurrences of them could be removed from the proof tree,
yielding a correct proof tree with a non-valid root. Therefore, at some point in
the proof tree, P must appear as an atomic formula in the antecedent or the
succedent of a sequent. But in the root, P does only occur inside D1 and D2.
So the other occurrences of P must have been removed by some rule. There are
only four rules that remove formulae: the left, right and definition introduction
rules, and the cut rule. But the left and right definition rules using D1 or D2

will introduce new occurrences of P , and the definition introduction rule will
introduce a definition in the succedent, which can only be removed by the cut
rule. Hence the cut rule is needed to remove the occurrences of P .

5 Conclusions, related and further work

We presented a deductive system for the propositional fragment of FO(ID) which
extends the sequent calculus for propositional logic. The main technical results
are the soundness and completeness theorems of LPC(ID). We also showed a
counter-example to cut-elimination for PC(ID).

Related work is provided by Hagiya and Sakurai in [12]. They proposed to
interpret a (stratified) logic program as iterated inductive definitions of Martin-
Löf [15] and developed a proof theory which is sound with respect to the perfect
model, and hence, the well-founded semantics of logic programming. A formal
proof system based on tableau methods for analyzing computation for Answer
Set Programming (ASP) was given as well by Gebser and Schaub [9]. As shown
in [13], ASP is closely related to FO(ID). Their approach furnishes declarative
and fine-grained instruments for characterizing operations as well as strategies
of ASP-solvers and provides a uniform proof-theoretic framework for analyzing
and comparing different algorithms, which is the first of its kind for ASP.

The first topic for future work, as mentioned in Section 1, is the development
and implementation of a proof checker for MidL. This would require more study
on resolution-based inference rules since MidL is basically an adaption of the
DPLL-algorithm for SAT.

On the theoretical level, we plan to extend the deductive system for PC(ID)
to FO(ID). As mentioned in the Introduction, a sound and complete proof system
for FO(ID) does not exist. Therefore, we hope to build useful proof systems for
FO(ID) that can solve a broad class of problems and investigate subclasses of
FO(ID) for which they are complete.
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