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1. INTRODUCTION

Logi programming has its roots in the investigations of the resolution priniple

[Robinson 1965℄, an inferene method for �rst-order logi. Restriting the �rst-

order theories to Horn theories onsisting of de�nite lauses and a de�nite goal,

one ould design proof proedures that avoid many of the redundanies showing up

in the searh spaes of the more general theorem provers of those days. Moreover,

one ould give a proedural reading to the de�nite lauses that orresponds to

the strategy followed by SLD-proof proedures as explained in the seminal Kowal-

ski [1974℄ paper. Meanwhile, the group of Colmerauer developed a programming

language along the same lines and alled it Prolog [Colmerauer et al. 1973℄ as

abbreviation for PROgrammation en LOGique.

Many researhers were attrated by the new paradigm: appliation programmers

by the ability to program at a, until then, unpreedented level of abstration;

implementors by the hallenge to design and develop eÆient implementations;

theoretiians by the opportunity to analyze a paradigm rooted in logi.

Originally, logi programming was often summarized as programming in a subset

of �rst-order logi. Spei�ally, this subset is the Horn logi, based on Horn theories,

i.e., theories onsisting of lauses with at most one positive literal. Despite the fat

that this view is still wide-spread, it broke down soon after logi programming

originated. The introdution of the negation as failure rule raised the following

dilemma to the logi programming ommunity:

|On the one hand, the negation as failure inferene rule was unsound with respet

to the delarative reading of a program as a �rst-order Horn theory [Clark 1978℄.

|On the other hand, negation as failure derived onlusions with a strong om-

monsense appeal and turned out to be very useful and natural in many pratial

situations.

The way out was either to drop negation as failure or to strengthen the interpret-

ation of logi programs as Horn theories. The multiple and natural appliations

of negation as failure resulted in hoosing the seond option. What at the start

seemed to be a hak beame a feature. The logi programming ommunity deided

that they did not want lassial logi semantis for logi programs. As Przymus-

inski [1989b℄ expressed it later, \we want the semantis of logi programs to be

determined more by their ommonsense meaning than by their purely logial on-

tents." This raised the following fundamental question: what is this ommonsense

meaning, and how an we provide a formal semantis for it? The searh for an an-

swer to this question started in the late seventies and was intensively pursued until

the early nineties. These investigations resulted in a omplex and heterogeneous

landsape of logi programming.

With respet to de�nite programs (i.e., programs without negation), the ques-

tion was soon settled. While logiians [Smullyan 1968℄ knew for long time that

onsistent Horn theories possess a least Herbrand model, van Emden and Kowalski

[1976℄ showed the existene of the least Herbrand model as the least �xpoint of a

monotone operator, the immediate onsequene operator. A few years later, Reiter

[1978℄ showed that the least Herbrand model was the unique intended interpreta-

tion of a Horn program augmented with the ommonsense reasoning priniple of
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Logi Programs as Indutive De�nitions � 3

the Closed-World Assumption. The least Herbrand model is now widely aepted

as the intended interpretation of a de�nite logi program.

With respet to programs with negation, things turned out to be muh more

omplex. There seemed to be di�erent ommonsense ways in whih a logi program

ould be interpreted. This resulted in three major researh diretions.

Clark [1978℄ proposed to interpret a logi program as a �rst-order theory, alled

the ompletion of the program. It onsists of a set of logial i�-de�nitions of whih

the rules of the programs represent only the if-parts, augmented with a theory that

axiomatizes the uni�ation. Although this approah resulted in a large body of

researh, inluding a three-valued ompletion semantis for programs with nega-

tion [Fitting 1985℄, a basi shortoming of it is that it fails to apture the intuitive

meaning, even in the ase of de�nite programs. A notorious example is the trans-

itive losure program. The unique intended interpretation of this program is its

least Herbrand model. However, the ompleted theory an have also other mod-

els. In fat, every �xpoint of the van Emden-Kowalski operator is a model of the

ompletion.

The anonial model, standard or preferred model approah is the seond major

researh diretion. The idea is to selet one model among the Herbrand models as

the intended model. The justi�ation for the hosen model is typially based on the

appeal to ommonsense, i.e., on what the reader naturally expets to be the meaning

of the program. The approah was initiated by Reiter [1978℄ for de�nite programs.

Later, the anonial model approah was extended to larger lasses of programs.

It started with work on the perfet model semantis for strati�ed programs [Apt

et al. 1988; Van Gelder 1988℄, whih was extended to loally strati�ed [Przymusinski

1988℄ and weakly strati�ed [Przymusinska and Przymusinski 1990℄ programs. This

diretion ulminated in the well-founded semantis whih de�nes a unique (possibly

three-valued) model for all normal programs [Van Gelder et al. 1991℄.

A third major diretion was motivated by the researh in nonmonotoni reason-

ing. The idea was introdued by Gelfond [1987℄, who proposed to interpret failure

to prove literals not p as epistemi literals I do not know p and represented them

by the modal literal :Kp in autoepistemi logi (AEL) [Moore 1985℄. In this em-

bedding, a logi programming rule

p :- q, not r

is interpreted as the following AEL formula:

p q ^ :Kr

Marek and Truszzy�nski [1989℄ proposed a similar embedding in default logi [Reiter

1980℄ whih maps the above rule to the default:

q : :r

p

In this view, logi programming is seen as a restrited form of default logi or

autoepistemi logi. This approah resulted in stable semantis of logi programs

[Gelfond and Lifshitz 1988℄ and was the foundation for answer set programming

[Niemel�a 1999; Marek and Truszzy�nski 1999℄.
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4 � Mar Deneker et al.

It is easy to see that the above approahes are based on di�erent ommonsense

interpretations of logi programming. Consider for example the de�nite program

fp : �qg. In the ompletion, stable, and well-founded semantis, its unique model

is the empty set fg.

|Under ompletion semantis, the meaning of the program is given by the theory

fq $ false; p$ qg whih entails the falsity of p and q. The same holds for the

anonial model views whih all oinide for this program.

|Interpreted as an answer set program, its meaning is given by the unique answer

set fg. Sine an answer set is to be interpreted as a �rst-order theory onsisting

of literals, the meaning of this answer set program is given by the empty �rst-

order theory and entails neither :p, nor :q, nor even p q. This interpretatigon

mathes with the embedding of the program in default logi. The unique default

extension of the default

q :

p

is the (dedutive losure of the) empty �rst-order logi theory.

This example illustrates that \the" ommonsense meaning of logi programs does

not exist; in fat a number of di�erent intuitions exist. The existene of mul-

tiple \ommonsense" meanings of logi programming is responsible for the omplex

landsape of logi programming semantis. Consequently, ommonsense gives little

hope for de�ning a generally aepted single semantis. In view of this multipliity

of viewpoints, we need to �nd other, more solid information priniples that an

serve as an epistemologial foundation for logi programming.

The goal of this paper is to propose suh an alternative epistemologial foundation

for logi programming. It is not based on a ommonsense priniple but on a solid

mathematial information priniple.

1

The thesis is developed that logi program-

ming an be understood as a natural and general logi of indutive de�nitions In this

view, logi programs represent de�nitions; logi programs with reursion represent

indutive de�nitions. In partiular, viewing logi programs as indutive de�nitions

yields a solid justi�ation for the well-founded model as the unique intended model

of a logi program. Thus, our work provides an epistemologial foundation for the

well-founded model as the anonial model of a logi program. Moreover, it equips

logi programs with an easy-to-omprehend meaning that orresponds very well

with the intuitions of programmers.

The main argument for the thesis omes from the omparison of logi program-

ming with studies of indutive de�nitions in mathematial logi. Suh a omparison

shows a strong ongruene between these studies and logi programming at the

knowledge-theoretial, syntatial, semantial, and omplexity-theoretial level. In

partiular, this paper ompares de�nite logi programs with positive and monotone

indutive de�nitions, and programs with negation with two approahes for gen-

eralized nonmonotone indutive de�nitions, inationary indutive de�nitions and

iterated indutive de�nitions. Moreover, it is pointed out that there are natural

1

With the term \information priniple" we mean a semanti priniple, disonneted from any

partiular inferential mehanism.
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Logi Programs as Indutive De�nitions � 5

types of indutive de�nitions that an be represented by logi programs that have

no ounterpart in mathematial logi studies of indutive de�nitions. It is argued

therefore that logi programming under well-founded semantis an make an ori-

ginal knowledge-theoretial ontribution to the formal study of indutive de�nitions

and an help to improve our understanding of what nonmonotone indutive de�n-

itions are.

We believe that appealing to the reading of logi programs as indutive de�nitions

provides a muh stronger justi�ation for the intended model than appealing to

ommonsense; it explains why the intended model has a ommonsense appeal.

Our paper is strutured as follows. Setions 2 and 3 o�er brief overviews of the

syntax and semantis of logi programming and of indutive de�nitions. These

setions de�ne the neessary bakground for the main arguments in the text, the

omparison of both areas in Setion 4. In Setion 5 we disuss the impliations of

our view. We onlude in Setion 6.

2. A BRIEF OVERVIEW OF LOGIC PROGRAMMING SYNTAX AND SEMANTICS

We assume familiarity with basi syntatial and semantial onepts of lassial

logi and logi programming [Lloyd 1987℄. A logial alphabet � onsists of variables,

onstants, funtion symbols, and prediates. The �rst-order logial language based

on � is the set of all well-formed �rst-order formulas using symbols of �. Terms are

de�ned in the usual indutive proess from onstants and variables of the language

by appliation of funtion symbols. Atoms are formulas of the form p(t

1

; ::; t

n

)

where p is a prediate symbol and t

1

; : : : ; t

n

are terms; literals are atoms or their

negation. The Herbrand-universe HU is the set of all ground terms. The Herbrand

base HB is the set of all ground atoms.

A de�nite rule is of the form a :- B where a is an atom and B a onjuntion

of atoms. A normal rule an also have negative literals in the body B. Note that

we use the rule operator :- to distinguish rules from lassial logi impliations. A

de�nite (respetively: normal) program is a set of de�nite (respetively: normal)

rules. A normal program P is alled strati�ed [Apt et al. 1988; Van Gelder 1988℄ if

it an be split in a sequene of n

P

strata (P

i

)

0�i<n

P

suh that for eah prediate

symbol p there exists a unique natural number i

p

alled the level of p suh that

for eah rule C = p(t

1

; ::; t

n

):-B 2 P it holds that (1) C 2 P i� C 2 P

i

p

, (2) if

prediate symbol q ours in a positive literal of B then i

q

� i

p

, and (3) if prediate

symbol q ours in a negative literal of B, then i

q

< i

p

. P

i

is alled the ith stratum

of P .

Loal strati�ation generalizes the onept by onsidering the grounding of the

program: the possibly in�nite propositional

2

logi program, denoted ground(P ),

onsisting of all rules that an be obtained by substituting all variables of a rule

by ground terms. A normal program P is alled loally strati�ed [Przymusinski

1988℄ if there is a possibly in�nite ordinal number n

P

and if the grounding of

P an be split in a sequene of n

P

strata (P

i

)

0�i<n

P

suh that for eah atom p

there exists a unique ordinal number i

p

alled the level of p suh that for eah rule

C = p:-B 2 ground(P ) it holds that (1) C 2 ground(P ) i� C 2 P

i

p

, (2) if atom q

2

Ground atoms are onsidered propositions in the orresponding propositional system.
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6 � Mar Deneker et al.

ours in a positive literal of B then i

q

� i

p

, and (3) if atom q ours in a negative

literal of B then i

q

< i

p

.

As usual in logi programming, we will use the grounding of a program P rather

than the program itself to provide the meaning of the program.

3

We now give an overview of the semantis of logi programming. The theory

outlined here is the algebrai approah to logi programming semantis based on

operators in latties, mostly due to Fitting [1985℄, Gelfond and Lifshitz [1988℄,

Przymusinski [1990℄, and Fitting [1991; 1993℄. To make this paper self-ontained

we will introdue the main onepts of this approah.

The lattie T WO = ff; tg is ordered by the natural ordering � with f � t.

This de�nes a omplete lattie ordering of T WO. We will also onsider the lattie

FOUR that onsists of elements ?;>; f

4

; t

4

. There are two natural lattie orderings

in FOUR. Namely the truth ordering �

t

where f

4

�

t

?; f

4

�

t

>;? �

t

t

4

;> �

t

t

4

and the knowledge ordering �

k

where ? �

k

f

4

;? �

k

t

4

; f

4

�

k

>; t

4

�

k

>. Eah

element has its inverse ?

�1

= ?;>

�1

= >; f

4

�1

= t

4

; t

4

�1

= f

4

. T HREE is the

restrition of FOUR to ?; f

4

; t

4

. Note that t

4

; f

4

have no least upperbound with

respet to �

k

in T HREE hene �

k

is not a omplete lattie ordering in T HREE .

To de�ne semantis for logi programs we will need to disuss interpretations.

Those are de�ned as mappings from the Herbrand base HB of the program into

the set of truth values: two-valued interpretations map atoms into T WO, three-

valued interpretations into T HREE , and four-valued interpretations into FOUR.

The orderings � in T WO and �

t

and �

k

in FOUR lift to interpretations. So,

for two-valued interpretations, I � J holds if I(a) � J(a) for eah atom a. The

orders � and �

t

de�ne omplete lattie orderings in the orresponding sets of two-,

three-, and four-valued interpretations; the order �

k

is a omplete lattie ordering

of four-valued interpretations but not of three-valued interpretations.

We will use a slightly di�erent representation for three-valued and four-valued

interpretations whih will allow to simplify the formalization of the semantis. It

is based on the fat that FOUR an be de�ned alternatively as the produt lattie

of T WO. Namely, we an de�ne ? = (f; t);> = (t; f); f

4

= (f; f); t

4

= (t; t). In this

representation, the orders �

t

;�

k

, and the inverse in FOUR are generated by the

simple laws: (v; w) �

t

(v

1

; w

1

) i� v � v

1

and w � w

1

; (v; w) �

k

(v

1

; w

1

) i� v � v

1

and w � w

1

; (v; w)

�1

= (w

�1

; v

�1

). Note that T HREE is the set of tuples (v; w)

suh that v � w.

With this representation in mind, it is easy to see that there is a one-to-one

orrespondene between three- and four-valued interpretations v and pairs (I; J) of

two-valued interpretations, namely, for eah symbol p, v(p) = (I(p); J(p)). Thus,

a four-valued interpretation an also be de�ned as a pair hI; Ji of two-valued in-

terpretations. Three-valued interpretations orrespond to pairs hI; Ji suh that

I � J . The orders are then de�ned by hI; Ji �

t

hI

1

; J

1

i i� I � I

1

and J � J

1

;

hI; Ji �

k

hI

1

; J

1

i i� I � I

1

and J � J

1

. If we view the two-valued interpretations

I and J in the four-valued interpretation hI; Ji as sets of true atoms, then the set

I \ J identi�es the atoms that are true in hI; Ji; the set HB n (I [ J) de�nes the

3

Using the grounding of a program boils down to restriting models to Herbrand interpretations.

In Setion 5.4, we briey disuss the e�et of this restrition and the extension of the semantis

to general interpretations.
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Logi Programs as Indutive De�nitions � 7

false atoms; the set J n I those that are unde�ned and �nally, the set I n J those

that are inonsistent.

A useful and natural way of interpreting a three-valued interpretation is as an

approximation of two-valued interpretations. A three-valued interpretation hI; Ji

approximates every two-valued interpretation I

0

suh that I � I

0

� J . Here I is an

underestimate of I

0

, whereas J is an overestimate. The knowledge ordering of ap-

proximations orresponds to the intuition of a tighter, more preise approximation.

As we will show, the four-valued semantis of logi programs an be onsidered

as a omputation of a sequene of improving approximations until some �xpoint is

reahed. The sequene is obtained by iterating some operator that takes an approx-

imation and re�nes it by deriving a better approximation onsisting of a greater

underestimate and lower overestimate. While we are really interested in approx-

imations (i.e., three-valued interpretations), the onsiderations of the bilattie of

four-valued interpretations onsiderably simplify the arguments beause the set of

three-valued interpretations does not form a lattie under the ordering �

k

, whereas

the set of four-valued interpretations does.

Now we are ready to disuss the operators in the latties of interpretations. The

�rst operator is the immediate onsequene operator T

P

de�ned by van Emden and

Kowalski [1976℄. There exists three versions of it: the two-valued operator denoted

T

P

was de�ned by van Emden and Kowalski [1976℄; the three-valued version �

P

was

introdued by Fitting [1985℄, and the four-valued version was introdued by Fitting

[1991℄ and will be denoted by T

P

. These operators an be de�ned uniformly in the

following way. Let I be any two-valued interpretation (respetively three-valued,

four-valued interpretation). We de�ne J = T

P

(I) (respetively �

P

(I); T

P

(I)) so

that, for eah atom a, J(a) is omputed in two steps:

(a) Compute the truth value

4

of the body B of eah lause a:- B with respet to

I .

(b) Take the maximum

5

of the values omputed in point (a). This is J(a).

Obviously, T

P

generalizes �

P

, whih in turn generalizes T

P

; so, for a three-valued

interpretation I , T

P

(I) = �

P

(I).

The operator T

P

is �-monotone if P is a de�nite program, but not in general.

The Knaster-Tarski theorem [Tarski 1955℄ asserts that every monotone operator in a

omplete lattie possesses a �xpoint, that the �xpoints themselves form a omplete

lattie, and that the least �xpoint an be omputed by iteration of the operator

starting at the least element of the lattie. Thus in ase of a de�nite program P ,

T

P

has a unique least �xpoint alled the least Herbrand model [van Emden and

Kowalski 1976℄. But in the general ase of normal programs, there is no guarantee

that T

P

has a least �xpoint; it may have no �xpoint at all or multiple minimal

ones. Fixpoints of T

P

have been identi�ed as Herbrand models of the ompletion

of P [Apt and van Emden 1982℄.

The operators �

P

and T

P

an be de�ned equivalently on pairs of two-valued

4

In the ase of three- and four-valued interpretations, the truth value of B is the �

t

-minimum of

the truth values of the literals in B.

5

In the ase of three- and four-valued interpretations, the maximum with respet to �

t

is to be

omputed.
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8 � Mar Deneker et al.

interpretations. It an be easily veri�ed that T

P

maps a pair hI; Ji to a pair

hI

1

; J

1

i suh that, for eah atom a 2 HB, a is true in I

1

if a rule a :- B an be

found suh that eah positive literal in B is true in I and eah negative literal in

B is true in J ; a is true in J

1

if a rule a :- B an be found suh that all positive

literals of B are true with respet to J and all negative literals of B are true with

respet to I . This observation is interesting for two reasons. First, it de�nes the

three- and four-valued operators in terms of standard two-valued truth arithmeti.

Seond, it illuminates the way T

P

omputes new approximations. Assume that we

have obtained a pair hI; Ji that approximates some intended but so far unknown

interpretation I

0

. The operator T

P

produes a new approximation hI

1

; J

1

i of I

0

: I

1

is

obtained by underestimating all literals in the bodies of rules, hene by evaluating

positive literals with respet to I and negative literals with respet to J . I

2

is

obtained by overestimating all literals. Thus, I

1

and J

1

provide a new under- and

overestimate.

Given this intuition, it is now easy to see that better approximations produe

(via T

P

) yet better approximations. That is, if hI; Ji �

k

hI

0

; J

0

i then T

P

(hI; Ji) �

k

T

P

(hI

0

; J

0

i). In other words T

P

is �

k

-monotone. Moreover, for approximations

hI; Ji (i.e., when I � J), the value T

P

(hI; Ji) is also an approximation. The e�et

of the �rst of these two fats is that the Knaster-Tarski theorem is appliable, and

so the operator T

P

possesses a least �xpoint (in the ordering �

k

). The seond

fat implies that the least �xpoint omputation generates more and more preise

approximations and that the �xpoint is also an approximation. In other words,

the least �xpoint has no inonsistent atoms. Hene, it is also the least �xpoint of

the three-valued immediate onsequene operator. Sine a similar onstrution has

been applied by Kleene in his �xpoint theorem for partial reursive funtions and

by Kripke in his famous paper on truth, the least �xpoint of the operator T

P

is

often alled the Kripke-Kleene �xpoint [Fitting 1985℄.

We will now disuss the other two operators important for our investigations.

Let I be a two-valued interpretation. The Gelfond-Lifshitz redut, P

I

, of the

propositional program P is obtained in two steps.

(a) We eliminate from P all lauses C suh that the body of C ontains a literal

:a false in I (i.e., a is true in I);

(b) in the remaining lauses, we eliminate all negative literals in the bodies. Note

that negative literals in these lauses are true in I .

The program P

I

is a de�nite program, and so it possesses a least model N . This

interpretation N is the value of the two-valued Gelfond-Lifshitz operator GL

P

on

I [Gelfond and Lifshitz 1988℄.

The larger the I , the less lauses are being left in P

I

, and so it follows that the

operator GL

P

is antimonotoni, i.e., I

1

� I

2

implies GL

P

(I

2

) � GL

P

(I

1

). The

�xpoints of GL

P

, if they exist, are alled the stable models of P [Gelfond and

Lifshitz 1988℄. When P is a program with variables, the stable models of P are

stable models of the grounding of P .

The Gelfond-Lifshitz operator has been generalized to three-valued interpreta-

tions by Przymusinski [1990℄ and to four-valued interpretations by Fitting [2001℄.

Here we provide a simpli�ed but equivalent de�nition of these operators presented

by Deneker et al. [2000℄. The four-valued operator GL

P

is de�ned on the bilattie
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Logi Programs as Indutive De�nitions � 9

of four-valued interpretations as follows:

GL

P

(hI; Ji) = hGL

P

(J);GL

P

(I)i:

As was the ase with T

P

, the operator GL

P

an also be understood as an operator

for re�ning approximations. Assume that we obtained an approximation hI; Ji of

the intended but unknown interpretation I

0

suh that I � I

0

� J . A ommon

intuition about I

0

is that true atoms in I

0

should be supported, i.e., they should

be provable from the false atoms in I

0

. This intuition indiates how to revise the

approximation hI; Ji. The new overestimate for I

0

is omputed by �xing the truth

values of the negative literals in the bodies of P by some safe overestimation, and

then performing a �xpoint omputation using the resulting de�nite program. A

safe overestimate of the negative literals not p is given by interpreting p by the

urrent underestimate I . Analogously, the new underestimate is obtained by �xing

the truth values of the negative literals not p in rules by a safe underestimation, and

performing the �xpoint omputation. A safe underestimation of not p is obtained

by interpreting p by the urrent overestimation J .

The antimonotoniity of the operator GL

P

implies two important properties of

GL

P

analogous to those of the operator T

P

. First, the operator GL

P

is monotone

with respet to the ordering �

k

. Seond (whih, in fat was outlined above, when

we disussed the intuition for GL

P

), GL

P

maps approximations to approximations.

Consequently, just like in ase of the operator T

P

, we �nd that the Knaster-Tarski

theorem is appliable in ase of GL

P

, and so GL

P

possesses a �

k

-least �xpoint.

Moreover, this least �xpoint is an approximation (as de�ned above).

The least �xpoint of GL

P

is alled the well-founded model of P . The well-founded

model happens to be a �xpoint of the operator T

P

. Consequently, the well-founded

model is �

k

-greater than the Kripke-Kleene �xpoint.

The well-founded model was originally de�ned by Van Gelder et al. [1991℄ using a

di�erent onstrution. Its haraterization as the least �xpoint of the three-valued

Gelfond-Lifshitz operator is due to Przymusinski [1990℄. The underlying algebrai

struture of the produt lattie of interpretations, the role of the four-valued gen-

eralization of the van Emden-Kowalski operator T

P

, and of the algebrai struture

of the three-valued and four-valued versions of the Gelfond-Lifshitz operator have

been presented by Fitting [1993℄, Fitting [2001℄, and Deneker et al. [2000℄.

3. A BRIEF OVERVIEW OF INDUCTIVE DEFINITIONS IN MATHEMATICAL

LOGIC

3.1 Monotone Indution

The study of indution an be de�ned as the investigation of a lass of e�etive

onstrution tehniques in mathematis. There, sets are frequently de�ned through

a onstrutive proess of iterating some reursive reipe that adds new elements to

the set given that one has established the presene or absene of other elements in

the set. Suh a reipe orresponds naturally to an operator on sets (mapping any set

S to the set obtained by applying the reipe to elements of S). The set de�ned by

the indutive de�nition an be obtained through some iterated appliation of this

operator until a �xpoint is reahed. Consequently the study of indutive de�nitions

is losely related to the study of operators and their �xpoints [Azel 1977℄.
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10 � Mar Deneker et al.

Originally, mathematial logiians foused on monotone indutive de�nitions.

When an operator � is monotone (i.e., R � R

0

implies �(R) � �(R

0

)), it follows

from the Knaster-Tarski theorem that � possesses a least �xpoint. This set an

be haraterized either in a nononstrutive way as the intersetion of all sets that

are losed under � (i.e., �(S) � S) or in a onstrutive way as the limit of the

inreasing sequene obtained by iterated appliations of �. For this reason, Tarski's

least �xpoint theory of monotone operators [Tarski 1955℄ an be onsidered as the

algebrai theory of monotone indution.

Appliations of monotone indution are frequent in mathematis. Typial ex-

amples are sets losed under some operation. For instane, the subgroup G(B)

generated by a set B of elements in a group hG; :; (�)

�1

i is de�ned as the least

subset S � G suh that B � S and for eah x; y 2 S : x:y

�1

2 S. Other examples

are the de�nitions of terms and formulas of logi, or the dedutive losure Cn(T )

of a logi theory T , i.e., the least set of formulas ontaining T and losed under

appliation of all inferene rules of lassial logi.

Let L be a language of prediate alulus with prediate symbols p

1

; : : : ; p

k

and

one additional n-ary relational symbol p. Let '[x

1

; : : : ; x

n

℄ be a formula of L with

n free variables x

1

; : : : ; x

n

. Let us �x an interpretation of the symbols p

1

; : : : ; p

k

by hA;R

1

; : : : ; R

k

i. Here A �xes the domain and interpretation of onstant and

funtion symbols, and R

i

is an n-ary relation interpreting p

i

. We say that ' is

monotone (in relational symbol p) if for all interpretations S

1

and S

2

of symbol p,

suh that S

1

� S

2

, and for all tuples of domain elements d

1

; : : : ; d

n

hA;R

1

; : : : ; R

k

; S

1

i j= '[d

1

; : : : ; d

n

℄ implies hA;R

1

; : : : ; R

k

; S

2

i j= '[d

1

; : : : ; d

n

℄:

Given suh interpretation hA;R

1

; : : : ; R

k

i and the monotone formula ', we an

de�ne an operator �

'

: A

n

! A

n

by

�

'

(R) = fhd

1

; : : : ; d

n

i : hA;R

1

; : : : ; R

k

; Ri j= '[d

1

; : : : ; d

n

℄g:

The operator �

'

is monotone; thus it possesses a least �xpoint S. The �xpoint S

possesses the property

fhd

1

; : : : ; d

n

i : hA;R

1

; : : : ; R

k

; Si j= '[d

1

; : : : ; d

n

℄g = S:

By the Knaster-Tarski theorem, S = �

�

'

(;) for a least ordinal �. The sets �

�

'

for

� � � are alled levels. The ordinal � is alled the length of the reursion.

The Knaster-Tarski theorem tells us that when we deal with amonotone indutive

de�nition then a highly nononstrutive de�nition of a �xpoint (de�ned as the

intersetion of a large, possibly nondenumerable, family of sets) an be turned into

a onstrutive one (iterate the operator until the �xpoint is reahed; when the

universe is denumerable, the �xpoint will be reahed at a denumerable ordinal).

The logial theory of indutive sets in mathematial logi studies the omplexity of

sets that are indutively de�nable, the omplexity of levels, and the length of the

proess to reah the �xpoint. Pioneering work in this area was done by Kleene and

Spetor.

Spetor [1961℄ disussed the question of monotone indutive de�nability of sets of

integers and sets of elements of the Baire spae N

N

(i.e., sets of number-theoreti

funtions). Spetor announed that reursively enumerable sets are preisely those

de�nable by positive existential indutive de�nitions (i.e., positive formulas without

ACM Transations on Computational Logi, Vol. TBD, No. TBD, TBD TBD.



Logi Programs as Indutive De�nitions � 11

universal quanti�ers). Moreover the length of indution is at most !, i.e., the

�xpoint is reahed in ! steps. Even earlier, Kleene [1955℄ studied so-alled �

1

1

sets

of natural numbers.

6

Spetor [1961℄ notied that Kleene's results imply that all �

1

1

sets are one-to-one reduible to a set de�ned indutively by a �

0

1

positive indutive

de�nition, i.e., a positive indutive de�nition where the de�ning formula ' is of the

form 8n and  does not ontain quanti�ers. The length of indution is, however,

!

CK

1

where !

CK

1

is the least ordinal that is not the type of a reursive well-ordering.

Even the �

1

1

positive indutive de�nitions (i.e., those with the formula ' being �

1

1

)

do not inrease the omplexity of the �xpoint; it is still �

1

1

. Spetor found the exat

bounds on the omplexity lasses of the levels of monotone indutive de�nitions.

An abstrat version of Spetor's results is given in Azel [1977℄.

The fundamental study of the abstrat version of the results of Kleene and Spetor

was performed by Moshovakis [1974℄ (see also Azel [1977℄ and Barwise [1977℄).

3.2 Extensions for Nonmonotone Indution

In mathematial logi, there exists two very di�erent extensions of the above frame-

work to deal with nonmonotoni forms of indution.

Moshovakis [1974℄ onsidered a sheme where formulas ' are not neessarily

monotone. Operators assoiated to suh de�nitions are nonmonotone and may

have no �xpoints or multiple minimal �xpoints. To avoid this problem he modi�ed

the de�nition of level, by adding the previously de�ned level, i.e., by setting

S

�+1

= S

�

[ �

'

(S

�

)

(and S

�

=

S

�<�

S

�

for limit �).

It is easy to see that the sequene of levels is inreasing and has a limit S

'

whih

we all the inationary �xpoint de�ned by '. Note that S

'

= S

'

[ �

'

(S

'

) or

equivalently �

'

(S

'

) � S

'

. In other words, S

'

is a pre-�xpoint of �

'

. In general, it

is not a �xpoint of �

'

, and it is not even a minimal pre-�xpoint. As an example,

onsider the prediate p(x) de�ned by the formula x = a ^ :p(b) _ x = b ^ :p(a).

The set de�ned by this formula is fa; bg. It is not a �xpoint and is stritly larger

than both �xpoints (fag and fbg) of this formula.

Moshovakis alled this type of de�nitions nonmonotone indutive de�nitions.

Later, Gurevih and Shelah [1986℄ alled them inationary indutive de�nitions.

A very di�erent aount of nonmonotone indution is found in Iterated Indutive

De�nitions (IID). These were �rst introdued in [Kreisel 1963℄ and later studied in

Feferman [1970℄, Martin-L�of [1971℄, and Buhholz et al. [1981℄. Azel [1977℄ formu-

lates the intuition of Iterated Indutive De�nitions in the following way. Given

a mathematial struture M

0

�xing the interpretation of the funtion symbols

and some set of interpreted prediates, a positive or monotone indutive de�ni-

tion de�nes one or more new prediates in terms of M

0

. The de�nition of these

new prediates may depend positively or negatively on the interpreted prediates.

One the interpretation of the de�ned symbols p is �xed, M

0

an be extended with

these interpretations, yielding a new interpretation M

1

. On top of this struture,

again new prediates may be de�ned in the similar way as before. The de�nition

6

These are sets of integers de�nable as fm : 8f9n R(m; n; f(n))g where R is a reursive relation

(quanti�er 8f ranges over all number-theoreti funtions, i.e., elements of the Baire spae N

N

).
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12 � Mar Deneker et al.

of these new prediates may now depend positively or negatively on the de�ned

prediates p as their interpretation is now �xed by M

1

. This modular priniple

an be iterated arbitrarily many times, yielding a possibly trans�nite sequene of

positive indutive de�nitions.

Though the intuition is simple, it is not straightforward to see how this idea is

implemented in IID-approahes. Feferman [1970℄ and Buhholz et al. [1981℄ invest-

igate IIDs enoded in an IID-form, a single FOL formula of the form F [n; x;Q; P ℄,

7

and expresses its semantis in a irumsription-like seond-order formula. The

problem is that this enoding is extremely tedious and blurs the simple intuitions

behind this work. For more details on the enoding of iterated indutive de�nitions,

we refer the reader to Deneker [1998℄.

Inationary indutive de�nitions and iterated indutive de�nitions are not equi-

valent and are based on very di�erent intuitions. At present, there is no standard

well-motivated treatment of nonmonotone indutive de�nitions.

3.3 Disussion of Nonmonotone Indution

When evaluating the two di�erent approahes to nonmonotone indution, the ques-

tion arises whih of them has an empirial basis in mathematial pratie. The

spei� question is: an we �nd indutive onstrutions in mathematis that use a

reipe that adds new elements to the onstruted relations based on the established

absene of other elements in the relation (and hene modeling a nonmonotone op-

erator)? And if suh appliations an be found, do suh onstrutions orrespond

to inationary indution or to iterated indution, or an we �nd both types?

Nonmonotone iterated indution ours frequently in the ontext of indutive

de�nitions over a well-founded set. A well-founded set is a partial order without

in�nite desending hains x

0

> x

1

> x

2

> : : :. Equivalently, it is a partial order

suh that eah subset ontains a minimal element. Suh orderings are also alled

Noetherian orderings. Indutive de�nitions of this kind desribe the membership

of an element, say a, of the de�ned prediate X in this domain in terms of the

presene (or absene) of stritly smaller elements in the de�ned prediate. Thus,

to hek if an element a belongs to X we need to hek some properties of prede-

essors of a. By applying this de�nition reipe to the minimal elements and then

iterating it for higher levels, the de�ned prediate an be ompletely onstruted.

Consequently, this type of de�nition orretly and fully de�nes a prediate, even

when it is nonmonotone.

The following example illustrates this priniple. We an de�ne an even natural

number n by indution on the natural numbers:

|n = 0 is even;

|if n is not even then n+ 1 is even; otherwise n+ 1 is not even.

Representing this de�nition in the same style as monotone indutions yields the

7

The meaning of the variables is as follows: x is a andidate element of the set de�ned by the

IID; n is an ordinal number; Q is a set of elements; and P is a set of elements de�ned in the n

th

stratum. Roughly speaking, F [n; x;Q;P ℄ is true when x belongs to the nth stratum and x an be

obtained from the set P and the restrition of the set Q to the elements de�ned in strata m < n

by an appliation of a rule of the nth stratum.
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Logi Programs as Indutive De�nitions � 13

following nonmonotone formula de�ning even in the language of arithmeti:

x = 0 _ 9y:x = s(y) ^ :even(y) (1)

It turns out that the set of even numbers is the unique �xpoint of the operator as-

soiated to this formula. Equivalently, the set of even numbers is orretly hara-

terized with respet to the natural numbers by the following reursive i�-de�nition:

8x:even(x)$ x = 0 _ 9y:x = s(y) ^ :even(y)

It is easy to see that the inationary approah applied on this formula does not

yield the intended set of even numbers. Indeed, applying the operator to the empty

set produes the set of all natural numbers, whih is neessarily the inationary

�xpoint.

On the other hand, it is natural to onsider this de�nition as an iterated indutive

de�nition if we split up the de�nition in a sequene of de�nitions ompatible with

the order on the natural numbers. The following list depits the splitting of the

de�nition in small de�nitions eah de�ning a single atom:

(0) even(0) := true:

(1) even(1) := :even(0)

(2) even(2) := :even(1)

:::

(n+ 1) even(n+ 1) := :even(n)

:::

It is lear, at least intuitively, that the iterated indution orretly onstruts the

prediate even.

Although intuitively orret, it is unfortunate that in the IID approah this

indutive de�nition annot be enoded by the simple formula (1) de�ned above.

Instead, it must be enoded by a rather omplex formula in whih the level of the

de�ned atoms are expliitly enoded. This formula is

8

n = 0 ^ x = 0 _ 9m:(n = s(m) ^ x = s(m) ^ :Q(m)): (2)

For more details on this we refer to Buhholz et al. [1981℄ and Deneker [1998℄.

Notie that indution over a well-founded order is frequently nonmonotone. A

ommon example is that of rank of an element in a well-founded order hP;�i. The

rank of an element x of P is de�ned by trans�nite indution as the least ordinal

whih is a strit upper-bound of the ranks of elements y 2 P suh that y � x.

Formally, let F [x; n℄ denote the following formula expressing that n is a larger

ordinal than the ranks of all elements y � x:

8y; n

0

:(y � x ^ rank(y; n

0

)! n

0

< n)

Intuitively, rank(x ;n

x

) is represented by the following formula:

F [x; n

x

℄ ^ 8n:(F [x; n℄! n

x

� n)

8

Note that there is no positive indution involved, so only the variable Q representing the elements

of lower strata ours (see the disussion in footnote 7).
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Note that rank ours negatively in this de�nition (it ours as a ondition in the

impliation in the �rst onjunt) and that the assoiated operator is nonmono-

tone. As in the ase of even, the meaning of this de�nition annot be obtained

via inationary indution.

9

Instead, iterated indution is required. In the ontext

of a well-founded struture, rank is also orretly desribed by the orresponding

i�-de�nition:

8x; n

x

:rank(x; n

x

)$ F [x; n

x

℄ ^ (8n:F [x; n℄! n

x

� n)

Possibly the most important appliation of this form of indution is the de�ni-

tion of the levels of a monotone operator in Tarski's least �xpoint theory. Given

an operator O in a omplete lattie hL;?;>;�i, Tarski de�nes the levels of the

operator O by trans�nite indution:

|O

0

= ?

|O

�+1

= O(O

�

)

|O

�

= lub(fO

�

0

j�

0

< �g) if � is a limit ordinal.

This indution de�nes a funtion mapping ordinal numbers from some preseleted

segment  of ordinals to the lattie L. The funtion is de�ned by trans�nite iterated

indution in the well-founded order of the segment of ordinals. It is of interest to

see if this de�nition is monotone or nonmonotone. It is not straightforward to see

this due to the use of the funtional notation and of the higher-order lub funtion.

Therefore, onsider the following reformulation using a prediate notation. We

introdue the binary prediate level

O

suh that level

O

(�; x) i� O

�

= x. Using

this notation, one ould represent the above indutive de�nition by the following

formula:

8

<

:

� = 0 ^ x = ?_

9�

0

; y:(� = �

0

+ 1 ^ x = O(y) ^ level

O

(�

0

; y))_

limit(�) ^ x = lub(fyj9� < � : level

O

(�; y)g)

The operator � assoiated to this de�nition is an operator on the power-set of

the artesian produt  � L. It is easy to see that even if O is monotone, �

is nonmonotone. This is due to the rule desribing the prediate level

O

at limit

ordinals and the fat that lub has a nonmonotone behavior with respet to �.

Indeed, take some limit ordinal � and two sets S � S

0

�  � L. If (�; x) 2 �(S),

then x is the lub of the set fyj9� < � : (�; y) 2 Sg, but in general not of the set

fyj9� < � : (�; y) 2 S

0

g. Hene (�; x) does not in general belong to �(S

0

).

The above de�nition still ontains the higher-order funtion lub but an be ex-

pressed as a �rst-order indutive de�nition whih (neessarily) ontains negative

ourrenes of the de�ned prediate level

O

:

8

>

>

>

>

<

>

>

>

>

:

� = 0 ^ x = ?_

9�

0

; y:(� = �

0

+ 1 ^ x = O(y) ^ level

O

(�

0

; y))_

0

�

limit(�)^ (1)

8�; v:(� < � ^ level

O

(�; v)! x � v)^ (2)

8z:(8�; v:(� < � ^ level

O

(�; v)! z � v))! x � z (3)

1

A

9

The inationary �xpoint assigns rank 0 to all elements.
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In this formula, (2) expresses that x is an upper bound; (3) expresses that x is less

or equal than upperbounds. Note that level

O

has a negative ourrene in (2).

Indution on a well-founded order de�nes elements in terms of stritly earlier

elements. This exludes that suh de�nitions ontain positive (or negative) loops.

Iterated indution generalizes this form of indution by allowing positive loops. An

example illustrating this priniple is the de�nition of a stable theory [Moore 1985℄.

A stable theory extends the notion of losure Cn(T ) of a �rst-order theory T and

represents the known formulas of a �rst-order theory T expressible in the language

of modal logi. It an be de�ned through the following �xpoint expression:

S = Cn(T [ fKF : F 2 Sg [ f:KF : F 62 Sg)

Alternatively, Marek [1989℄ gives a de�nition by iterated indution, based on the

standard inferene rules and two additional inferene rules:

` F

KF

6` F

:KF

The �rst expresses that if we an infer F then we an inferKF ; the seond that if we

annot infer F then we an infer :KF . Note that the seond rule is nonmonotone.

The iterated indution proeeds as follows: �rst Cn(T ) is omputed, using the

lassial inferene rules on �rst-order formulas; next the two new inferene rules

are applied, and the extended set is again losed for all modal formulas without a

nested modal operator. This an be iterated for formulas of inreasing nesting of

modal operators until a �xpoint is reahed in ! steps. This proess onstruts the

unique stable theory of T .

Notie that the iterated indutive de�nition of a stable theory is not a de�nition

in a well-founded set. Indeed, for any pair of logially equivalent formulas � and  ,

there is a sequene of inferene steps leading from  to � and vie versa. Hene,  

belongs to the stable theory if � belongs to it and vie versa. Hene, formulas and

inferene rules annot be well-ordered in a way that the onditions of all inferene

rules are stritly less than the derived formula. This de�nition is a simple example

of an indutive de�nition in a well-founded semi-order

10

� in whih membership

of a domain element a in a de�ned relation X is de�ned in terms of the presene

of domain elements b � a in X and in terms of absene of domain elements b < a

in X .

It is ertainly muh easier to �nd appliations of iterated indution than of ina-

tionary indution. The appliations of inationary indution, e.g., in Moshovakis

[1974℄, tend to be for de�ning highly abstrat onepts in set theory. Although

inationary indution is expressive [Moshovakis 1974; Kolaitis and Papadimitriou

1991; Gurevih and Shelah 1986℄, it turns out to be very diÆult to use it to enode

even simple onepts. This is illustrated by Van Gelder [1993℄ with a disussion of

the de�nition of the omplement of the transitive losure of a graph. This onept

an be de�ned easily by an iterated de�nition with 2 levels: at the �rst level, the

transitive losure is de�ned; at the seond level, the omplement is de�ned as the

10

This onept extends well-founded order. A semi-order � is a reexive and transitive relation.

Let x < y denote that x � y and y 6� x. Then � is a well-founded semi-order if there is no in�nite

desending hain x

0

> x

1

> x

2

> ::.
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negation of the transitive losure. On the other hand, it was onsidered as a sig-

ni�ant ahievement when a (funtion-free) solution was found using inationary

indution. Van Gelder [1993℄ adds: \Presumably, in a pratial language, we do

not want expression of suh simple onepts to be signi�ant ahievements!"

The ause for this may lay in the weakness of the haraterization of the in-

ationary �xpoint. A positive feature of inationary semantis is its simple and

elegant mathematis. A negative property is that the set haraterized by ination-

ary indution, though unique, apparently has rather weak mathematial properties.

The inationary �xpoint is not a �xpoint of the semanti operator of the de�ni-

tion, only a pre-�xpoint and not even a minimal one. The property of being just

a pre-�xpoint seems too weak to be useful. Notie in all above appliations of

nonmonotone indution that the intended sets are �xpoints of the operator of the

indutive de�nition.

Let us summarize this disussion. Whih form of nonmonotone indution has

an epistemologial foundation in mathematial pratie? In the ase of inationary

indution, while we do not exlude that it exists, we are not aware of it. For iterated

indution, we showed that suh a basis exists. However, the urrent logis of iterated

indution impose an awkward syntax whih makes them unsuitable for pratial

use. To their defene, we must say that IIDs were never intended for pratial

use but rather for onstrutive analysis of mathematis. But it is a natural and

modular priniple. As will be argued below, logi programming builds on the same

priniple and, from an epistemologial point of view, ontributes by o�ering a more

general and muh more elegant formalization of this priniple.

4. INDUCTIVE DEFINITIONS AS AN EPISTEMOLOGICAL FOUNDATION FOR

LOGIC PROGRAMMING

4.1 De�nite Programs | Monotone Indution

The relationship between logi programs and indutive de�nitions is already ap-

parent in many standard prototypial logi programming examples. Reall the

following programs:

list([℄).

list([X|Y℄) :- list(Y).

member(X,[X|T℄).

member(X,[Y|T℄):- member(X,T).

append([℄,T,T).

append([X|Y℄,T,[X|T1℄):-append(Y,T,T1).

sorted_list([℄).

sorted_list([X℄).

sorted_list([X,Y|Z℄):-X<Y,sorted_list([Y|Z℄).

ar(a,a).

ar(b,).

onneted(X,Y) :- ar(X,Y).
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onneted(X,Y) :- ar(X,Z), onneted(Z,Y).

These programs are natural representations of indutive de�nitions of the on-

epts. Interpreting them as indutive de�nitions provides a justi�ation for dedu-

ing that the atoms member(a,[b,℄), append([a,b℄,[,d℄,[a,d℄), as well as

sorted list([1,3,2℄) are false, fats whih ould not be justi�ed by interpreting

these programs as Horn theories. Indeed, only positive fats an be dedued from

a Horn theory.

At the syntatial level, there is a lose relationship between the way indutive

de�nitions are represented in logi programs and in mathematial logi. In parti-

ular, the mathematial logi form orresponds exatly to the right-hand side of the

ompleted de�nition of the prediate. For example, the ompleted de�nition [Clark

1978℄ of the member-program is

8x; y:member(x; y)$ 9z:y = [xjz℄ _ 9z; t:y = [zjt℄ ^member(x; t):

The right-hand side of the equivalene is the formula that indutively de�nes the

member relation. Thus, (�nite) de�nite logi programs orrespond to (a sublass

of) positive existential indutive de�nitions.

Also at the semantial level, there is ongruene between semantial methods in

mathematial logi and in logi programming. Azel [1977℄ gives an overview of

three equivalent mathematial priniples for desribing the semantis of a (positive)

indutive de�nition. They are equivalent with the way the least Herbrand model

semantis of de�nite logi programs an be de�ned:

|the least set or least Herbrand model de�nition.

|the least �xpoint haraterization.

|The model an be expressed also as the interpretation in whih eah atom has a

proof tree.

11

Also this formalization has been used in logi programming, e.g., in

Deneker and De Shreye [1993℄

The logi programming ommunity devoted onsiderable attention to the study

of the omplexity and expressivity issues of de�nite logi programs. Not surpris-

ingly, the results thus obtained resemble those found by Spetor. Andr�eka and

N�emeti [1978℄ found that de�nite (Horn) programs ompute the same sets as pos-

itive existential indutive de�nitions, i.e., reursively enumerable sets (for the ase

of Herbrand interpretations, this result has been established already by Smullyan

[1968℄). That is, for a given reursively enumerable set S there is a normal program

P

S

suh that the language of P

S

ontains a prediate sol=1 and a funtion symbol

s=1 and S = fn : sol(s

n

(0)) 2 M

P

g where M

P

is the least Herbrand model of P

S

.

In other words, the least �xpoint of the operator T

P

allows for the omputation of

all reursively enumerable sets. But the onverse is also true | sets omputed by

de�nite programs are reursively enumerable.

4.2 Strati�ed Programs | Iterated Indutive De�nitions

Consider now the following examples of strati�ed or loally strati�ed logi programs:

11

We will disuss those in detail below.
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% Using list/1, sorted_list/1

unsorted_list(L):-list(L), not sorted_list(L).

% Using onneted/2

disonneted(X,Y):-node(X), node(Y), not onneted(X,Y).

% Using person/1, man/1

woman(X):-person(X),not man(X).

even(0).

even(s(X)):- not even(X).

These are learly examples of iterated de�nitions. There is an obvious orres-

pondene between (loally) strati�ed logi programs under perfet model semantis

[Apt et al. 1988; Van Gelder 1988; Przymusinski 1988℄ and Iterated Indutive De�n-

itions.

Let P be a strati�ed (or loally strati�ed) program with strati�ation (P

i

)

0�i<n

P

.

Let D

i

be the set of all symbols that are de�ned in P

i

. Then the perfet model of

P is the union M

n

P

of the sequene of Herbrand models (M

i

)

1�i�n

P

:

|M

1

is the least Herbrand model of P

0

;

|M

n+1

is the least Herbrand model of P

n

suh that the restrition ofM

n+1

to the

symbols in

S

i�n

D

n

is M

n

.

|In ase when n

P

is in�nite, for a limit ordinal �,M

�

is the union of the inreasing

sequene (M

i

)

1�i<�

.

Though at the intuitive and semantial level, (loally) strati�ed logi program-

ming and iterated indutive de�nition formalisms are analogous, there are substan-

tial di�erenes at the level of the syntatial sugar (and thus in their availability for

programming). In the IID formalisms, a possibly trans�nite sequene of positive in-

dutive de�nitions is enoded in one (often quite omplex) �nite iterated indution

formula. As the above examples illustrate, in partiular the even program, (loally)

strati�ed logi programs o�er a muh more simple and elegant syntax to represent

indutive de�nitions. Yet, as will be argued in the next setion, this formalism also

imposes severe disadvantages.

The expressivity of the lass of strati�ed programs has been studied by Apt

and Blair [1990℄. Spei�ally, they have shown that the Andr�eka-N�emeti-Smullyan

result an be lifted in a very natural way. Namely, the strati�ed programs with n

strata, n � 1 ompute preisely all �

0

n+1

sets in the Kleene-Mostowski hierarhy.

12

Thus the programs with n strata are omplete for �

0

n+1

sets of integers, and

strati�ed programs ompute preisely arithmeti sets. This result was signi�ant for

the following reasons. On one hand it pinpointed the expressive power of a natural

12

The formulas of the form 9k

1

8k

2

9k

3

:::R (with n � 1 alternations of quanti�ers), where R has

no quanti�ers, are alled �

0

n

formulas. Sets with the de�nition of the form fn : '(n)g where, ' is

a �

0

n

formula, are alled �

0

n

sets of natural numbers. Notie that in �

1

1

de�nitions de�ned above

the quanti�er over f was a funtion-theoreti quanti�er. Here there are only number quanti�ers.

The lassi�ation of sets of natural numbers de�ned by �

0

n

formulas and, dually, by �

0

n

formulas

is alled the Kleene-Mostowski hierarhy.

ACM Transations on Computational Logi, Vol. TBD, No. TBD, TBD TBD.



Logi Programs as Indutive De�nitions � 19

lass of programs. On the other hand it demonstrated that normal programs go

beyond the generally aepted lass of omputable sets.

13

Remark 4.1. It is interesting to note that the inationary �xpoint onstru-

tion resurfaed in the ontext of logi programming, more preisely in the ontext

of database investigations of logi programs with negation. Kolaitis and Papadi-

mitriou [1991℄ advoate the use of the inationary �xpoint as the semantis of

normal programs. It is easy to see that in none of the above programs with nega-

tion, the inationary �xpoint orresponds to the perfet model and with what most

logi programmers would onsider as the intended interpretation. For example, the

inationary �xpoint of even is the set of natural numbers; that of disonneted

the total binary relation of nodes, that of unsorted list the set of all lists, et.

4.3 A Critique of Syntati Strati�ation

A problem with strati�ation is that strati�ability of a program or de�nition is

broken even by the most innoent syntati hanges. The following variant of the

even program illustrates this. Assume that we introdue the prediate suessor/2

to represent the suessor relation. In what is essentially an innoent linguisti

variant of the even program de�ned in the previous setion, we an write down the

following de�nitions for suessor/2 and even/1:

suessor(s(X),X).

even(0).

even(Y):- suessor(Y,X),not even(X).

This variant program is not longer loally strati�ed due to the presene of rule

instanes of the form:

even(m) :- suessor(m,m), not even(m).

This simple example is just one out of a broad lass of simple transformations that

transform a strati�ed logi program into an unstrati�ed logi program. A detailed

study of semantis-preserving transformations has been onduted by Brass and

Dix [1999℄ who showed that several lasses of semantis an be haraterized in

these terms.

Another familiar example is the vanilla meta-interpreter [Bowen and Kowalski

1982℄ whih onsists of the following rules:

demo(true).

demo((P,Q)):-demo(P),demo(Q).

demo(P):-atomi(P),lause(P:-Q),demo(Q).

demo(not P):- not demo(P).

13

Blair et al. [1995℄ generalized the Apt-Blair result for the ase of loally strati�ed programs

and the hyperarithmetial hierarhy. Further, Shlipf [1995b℄ proved that a omplete �

1

1

set

an be de�ned using the well-founded model (this result generalizes the Blair et al. [1995℄ result

mentioned above). A further relationship between the set of all stable models of a normal program

and e�etively losed subsets of the Baire spae has been established by Marek et al. [1994℄.

Finally, Ferry [1994℄ haraterized the family of stable models of a normal program in terms of

the inverse-Sott topology of Cantor spae.
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This program indues a transformation of a normal program to the vanilla meta-

program onsisting of the above de�nition of demo augmented with the lause

representation of the program. This transformation transforms any normal program

into a nonstrati�able program [Martens and De Shreye 1995℄. For example, for

any atom p, the grounding ontains the following unstrati�able rules:

demo(p):- atomi(p),lause(p:-not p), demo(not p).

demo(not p):- not demo(p).

Consequently, syntatial restritions suh as strati�ation or loal strati�ation

are untenable in the sense that they annot lead to robust formalisms for the rep-

resentation of indutive de�nitions. At the same time, the above examples show

that also general, syntatially unstrati�able logi programs an still be interpreted

as indutive de�nitions.

However, dropping the strati�ability onstraint introdues several problems at

the semantial level. In IID and strati�ed logi programming, the onstrution of

the formal semantis of a de�nition is strongly based on the expliit strati�ation.

Suh a base longer exists in the unstrati�ed ase. Consequently, alternative se-

manti tehniques are needed to haraterize the model of a generalized indutive

de�nition. A seond problem is that for some logi programs, in partiular those

with reursion through negation, the interpretation as indutive de�nitions breaks

down. This problem is onsidered in Setion 5.1.

4.4 Normal Programs | General Nonmonotone Indutive De�nitions

This setion presents and argues the main thesis of this paper, that the well-founded

semantis of logi programming [Van Gelder et al. 1991℄ provides a more general

and more robust formalization of the priniple of iterated indutive de�nition that

applies beyond the strati�ed ase. Under this semantis, logi programming an be

naturally seen as a generalized nonmonotone indutive de�nition logi not su�er-

ing from the aforementioned limitations imposed by syntati strati�ation. The

arguments below are based on and extend the disussion in Deneker [1998℄.

First, the well-founded semantis is a onservative extension of the perfet model

semantis; the well-founded model of a (loally) strati�ed program is its perfet

model. Seond, many transformations of the type illustrated in the previous setion

whih may transform strati�ed into unstrati�ed programs preserve the well-founded

model|see Brass and Dix [1999℄.

The third argument is based on the analogy between the well-founded semantis

and the semanti priniple used in IID and strati�ed logi programming. Przymus-

inski [1989a℄ showed that eah logi program P has a dynami strati�ation (P

i

)

0�i<n

P

suh that the well-founded model an be obtained by an iterated least model on-

strution. In partiular, P

i

onsists of all rules p :- B of P suh that i is the

least ordinal for whih p is not unde�ned in the level i+ 1 of GL

P

. Then the well-

founded �xpoint an be obtained by an iterated proess of extending a 3-valued

interpretation de�ning the atoms of level < i by extending it with the least model

of P

i

.

Below is an alternative attempt to show the deep strutural similarities in the way

the perfet model and the well-founded model are onstruted. The well-founded

semantis formalizes the same intuition of iterated indution but implements them
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in a superior, more robust and syntax-independent way. To illustrate this, let us

ompare the formalizations. A strati�ed program P an be split up in a (possibly

trans�nite) sequene (P

i

)

0�i<n

P

of de�nitions P

i

of a subset D

i

of the atoms. If

we �x the meaning of the already de�ned atoms, eah P

i

is a monotone de�nition.

The perfet model is the limit M

P

of the sequene (M

i

)

0<i�n

P

where eahM

i+1

is

obtained by applying the positive indutive de�nition P

i

on M

i

. Eah M

i

approx-

imates M

P

and gives the orret truth values on all atoms of

S

j<i

D

i

. The role of

the strati�ation in this proess is to delay the use of some part of the de�nition

until enough information is available to safely apply the positive indution priniple

on that part of the de�nition.

The same idea ould be implemented in a di�erent way, without relying on an

expliit syntatial partitioning of the de�nition. As in perfet model semantis,

the model ould be obtained as the limit of a sequene of gradually more re�ned

interpretations (monotonially inreasing with respet to the knowledge ordering�

k

de�ned in Setion 2). But rather than approximating by 2-valued interpretations

of subalphabets, partial interpretations an be used; they also de�ne the truth

value of a subset of the atoms. Rather than extending at eah level i the given

interpretationM

i

by applying the positive de�nition P

i

,M

i

is extended by applying

an operator that implements the positive indution priniple. This operator takes

as input a partial interpretation I representing well-de�ned truth values for a subset

of atoms, and derives an extended partial interpretation de�ning the truth values

of other atoms that an be derived by positive indution. De�nition of truth values

of atoms for whih not enough information is available is delayed.

The key hallenge in the above enterprise is to de�ne an operator that embodies

the priniple of positive indution in the ontext of de�nitions with negation. In

Deneker [1998℄, it is argued that the multivalued Gelfond-Lifshitz operator GL

P

(�)

of Setion 2 is an answer to this problem. Below we give an alternative de�nition

for this operator based on proof-trees; this formalization shows very learly the

orrespondene with positive indution. The de�nition is restrited to the three-

valued ase; this suÆes for our purposes: the approximations of the well-founded

model omputed during �xpoint omputation are three-valued.

Let P be a ground program. We assume that eah atom ours as the head of

a rule, and that eah rule has a nonempty body. To obtain this, it suÆes to add

to the program the rule p:-f for eah atom p with the empty de�nition and to

transform every atomi rule p. to the rule p:-t. This preproessing allows for a

more uniform treatment.

Definition 4.2. A proof-tree T for an atom p in a normal program P is a tree

labeled with literals suh that

� p is the root of T ;

� eah nonleaf node is an atom q; its diret desendants are the literals in the

body B of some rule q:- B of P ;

� eah leaf is either t; f, or a negative literal.

� there are no in�nite branhes.

This de�nition formalizes the notion of a andidate proof. Note that the leaves

of proof-trees of a de�nite program P are all t or f. The least model of a de�nite

program an be haraterized as the set of all atoms that have a proof-tree without
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f among the leaves.

The intuition of the positive indution operator an be expressed as follows.

Assume that we have onstruted a partial interpretation I whih assigns orret

truth values to a subset of atoms as de�ned by P . We an extend I in the following

way. Assume that an atom p has a proof-tree with only true leaves w.r.t. I : either

t or negative literals not q where I(q) = f. In that ase, it is justi�ed to extend I

by assigning t to p. On the other hand if eah proof-tree for p ontains a false leaf

(either f or a negative literal not q where I(q) = t), then it is impossible to prove

p no matter how I is further extended; onsequently, it is justi�ed to extend I by

assigning f to p. All other atoms have at least one proof-tree without false leaves

and at least one unde�ned leaf not q and no proof-tree with only true leaves; the

omputation of the truth value of suh an atom must be delayed until all leaves of

one of its proof trees are known to be true or all proof-trees are known to ontain

at least one false leaf.

The above intuition is formalized as follows:

Definition 4.3. The Positive Indution Operator PI

P

maps partial interpret-

ations I to I

0

suh that for eah atom p

|I

0

(p) = t if p has a proof-tree with all leaves true in I.

|I

0

(p) = f if eah proof-tree of p has a false leaf in I;

|I

0

(p) = u otherwise, i.e., if no proof-tree of p has only true leaves but there exists

at least one without false leaves.

It is straightforward to see that PI

P

is monotone (w.r.t. �

k

): indeed, if I �

k

J ,

eah proof tree with only true leafs in I has only true leaves in J ; eah proof tree

with a false leaf in I has a false leaf in J . Consequently, if p is true or false in

PI

P

(I), then it has the same truth value in PI

P

(J).

Given a partial interpretation I , PI

P

omputes the truth value of all atoms that

an be obtained by applying monotone indution starting from I ; PI

P

delays the

omputation of the truth value of all other atoms. Thus, iterating the operator

PI

P

orresponds to the proess of iterating monotone indution.

Proposition 4.4. PI

P

oinides with GL

P

on 3-valued interpretations.

Proof. We begin by showing that our proposition is true for 2-valued interpret-

ations.

Let I be an arbitrary 2-valued interpretation. First, we show that if an atom p

is true in PI

P

(I), then p is true in GL

P

(I).

Consider the set S of all proof-trees of the program P with only true leaves

in I , with a root false in GL

P

(I). We must show that this set is empty. It is

straightforward to see that the olletion of proof-trees of P is a well-founded order

under the subtree relation. That is, eah nonempty set of proof-trees ontains a

minimal element. Consequently, S ontains a minimal element T with a root p

false in GL

P

(I). At the top level of T , some rule p :- B of P is used suh that

(1) T omprises a strit subtree without false leaves for eah atom q in B and (2)

all negative literals in B are true in I . From (1) and the minimality of T it follows

that eah q is true in GL

P

(I). From (2) it follows that P

I

ontains the rule p :-

B' where B' is obtained from B by eliminating all negative literals. Consequently,
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applying T

P

I on GL

P

(I) yields p. This is a ontradition, beause GL

P

(I) is a

�xpoint of T

P

I . This proves the ).

For the opposite diretion, assume that atom p is true in GL

P

(I). We onstrut

a proof-tree for p by indution on the levels of the operator T

P

I . Assume that for

some ordinal �, eah atom of level � < � has a proof-tree without false leaves.

Let p be an atom of level �. Then for some rule p :- B of P

I

, eah atom in B

belongs to a level � < �, and by the indution hypothesis, it has a proof-tree. By

onstrution of P

I

, there exists a rule p :- B' of P suh that B' extends B with

negative literals that are true in I . Obviously, this rule and the proof-trees of the

atoms in B an be used to onstrut a proof-tree for p.

Finally, we extend the argument to the general 3-valued interpretations. Given an

arbitrary 3-valued interpretation I = hI

1

; I

2

i (i.e., I

1

�

k

I

2

). Reall that GL

P

(I) =

hGL

P

(I

2

);GL

P

(I

1

)i, and let PI

P

(I) = hJ

1

; J

2

i.

Note that an atom p is true (resp. false) in PI

P

(I) i� it is true in J

1

(resp. false

in J

2

). Vie versa a literal not q is true (resp. false) in I i� it is true in I

2

(resp.

false in I

1

). Therefore, a proof-tree of P has only true leaves in I i� it has only

true leaves in I

2

, and has a false leaf in I i� it has a false leaf in I

1

. Consequently,

J

1

= PI

P

(I

2

) and J

2

= PI

P

(I

1

). Sine PI

P

and GL

P

oinide on the 2-valued

interpretations, the argument is omplete.

This proposition shows that GL

P

is an operator performing monotone indution,

and that the well-founded model is the model obtained by iterating monotone

indution. This, together with our disussion of Iterated Indutive De�nitions,

shows that the well-founded semantis is an alternative formalization of iterated

indution.

4.5 Conlusions

The well-founded model of a strati�ed program oinides with the perfet model and

is preserved by transformations that destroy syntati strati�ation. Beyond the

lass of strati�ed programs, we have pointed to the strong strutural resemblanes

between IID and perfet model onstrution and the way the well-founded model

is onstruted. We �nd essentially the same ingredients:

|Computation by �

k

-monotonially inreasing sequene of approximating partial

interpretations.

|Delaying omputation of truth values of atoms for whih no suÆient information

is available.

|Deriving truth values by monotone indution.

The superiority of the well-founded model onstrution lies in the fat that there

is no need for an a priori splitting of the program in di�erent levels. The Positive

Indution Operator PI

P

looks at the omplete program and derives truth values

whenever suÆient information is available.

Consequently, we postulate the thesis that the well-founded semantis formalizes

the priniple of nonmonotone iterated indution. This thesis is about the relation

between a mathematial theory and an empirial reality, in partiular the notion

of (general) indutive de�nition as found in mathematis. Suh a thesis of ourse

annot be formally proven; it is a thesis of a similar nature, e.g., as Churh's thesis.
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5. DISCUSSION

5.1 Total de�nitions

An aspet that we have ignored so far is that for some programs, the well-founded

model is partial. Consider for example the following program whih is a formaliz-

ation of the barber's paradox.

shaves(b,X) :- itizen(X), not shaves(X,X).

itizen(a).

itizen(b).

...

The well-founded model of this program is partial and does not de�ne the truth

value of the atom shaves(b,b). The reason is the reursion through negation. If

shaves(b,b) is false then the rule body is true, and one an infer that shaves(b,b)

is true; however, the rule by whih that atom is inferred is then no more appliable,

and the support for its truth is lost.

A natural quality riterion for de�nitions is that they de�ne the truth values of

all atoms of the de�ned prediates. This riterion boils down to the requirement

that good de�nitions should have a two-valued well-founded model. We all suh

de�nitions total de�nitions. When the requirement of strati�ability is dropped, the

formalism allows de�nitions for whih this quality riterion does not hold. Partial

models point to bugs in the de�nition. The set of unde�ned atoms identi�es exatly

the atoms that are ill-de�ned. For programs with a partial well-founded model, the

interpretation as indutive de�nitions breaks down to some extent.

There seem to be two sensible treatments for de�nitions that are not total. A

rigorous treatment would be to simply onsider them as inonsistent. In this strit

view, we would de�ne that the model of a normal program is the well-founded

model if it is total; otherwise the program has no model. The result is a 2-valued

logi in whih de�nitions that are not total have no models and entail everything.

The approah to rejet partial models and thus to treat nontotal programs as

inonsistent logial theories an be questioned. The problem of suh a rigorous

position is that it seriously ompliates the design of query-answering systems whih

then not only should ompute answers to a query but also hek the onsisteny

of the program, i.e., the fat that the well-founded model is total. The latter is in

general an undeidable problem [Shlipf 1995a℄.

14

Even for programs for whih it

is feasible to prove that they are total, the ost of doing so ould be prohibitive.

15

Moreover, in some omplex appliations, partial models simply annot be avoided.

An illustration is the theory of truth presented in Fitting [1997℄. Fitting uses the

well-founded semantis to de�ne the truth prediate and obtains one in whih the

liar paradox (\I am a liar") is unde�ned (?) but the truth sayer (\I am true") is

false.

Hene a more reasonable position is to aept de�nitions with partial well-founded

models. The result is a kind of paraonsistent de�nition logi, i.e., a logi in whih

14

Shlipf showed that the set of indies of �nite programs for whih the well-founded semantis is

2-valued forms a �

1

1

-omplete set.

15

But note that showing totality of the program should be done only one, not for every query.
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de�nitions with loal inonsistenies do not entail every formula. In the ontext

of logis for de�nitions, 3-valued well-founded semantis o�ers an answer to an old

ritique on lassial logi, namely that it ollapses totally in the ase of inonsist-

eny.

5.2 Computational Aspets

As disussed in Apt and Blair [1990℄, the perfet model and hene the well-founded

model are not reursively enumerable for all programs, and no e�etive proof

proedure is possible for the general ase. However, omputation is e�etive for

funtion-free logi programs (Datalog). As proven in Van Gelder [1993℄, the data

omplexity of Datalog

16

under the well-founded semantis is polynomial time; this

is better than the omputational omplexity of the stable model semantis [Gelf-

ond and Lifshitz 1988℄. For instane the existene problem for stable models of

Datalog programs is NP-omplete. Similarly, \membership-in-some" problem for

suh programs is also NP-omplete, while the \membership-in-all" problem is o-

NP-omplete [Marek and Truszzy�nski 1991℄.

With the introdution of tabling [Tamaki and Sato 1986℄ and the development

of the SLG resolution proedure [Chen and Warren 1996℄, more powerful top down

proof proedures beame available. It is proven in Chen and Warren [1996℄ that

SLG is sound and searh spae omplete with respet to the well-founded partial

model and is polynomial time in ase of funtion-free programs.

The impossibility of a omplete proof proedure ould be onsidered a drawbak

with respet to the ompletion semantis. Indeed, the SLDNF proof proedure

[Lloyd 1987℄ is known to be omplete for ertain lasses of programs under the

ompletion semantis|see Apt and Bol [1994℄ for an overview. First, we believe

it is more important to use a semantis that orresponds to the intuitive mean-

ing of a program than one for whih omplete proof proedures exist. Seond,

despite ompleteness results for SLDNF, in pratie the ompleteness of SLD(NF)

is lost anyway due to the use of the depth-�rst searh strategy of Prolog imple-

mentations. So, Prolog programmers are used to (sound but) inomplete proof

proedures. In the urrent systems, inompleteness is aused either by nontermin-

ation or by oundering. Users know that they have to reason about this and have

developed methodologies to avoid these problems. To some extent, reasoning about

the deidability of a lass of queries of interest an even be automated. Indeed, as

mentioned, deidability of a query is losely related to nonoundering termination

of the query. Tehniques for analysis of termination of SLD [De Shreye and De-

orte 1994℄ and of SLG [Verbaeten et al. 2001℄ exist. Floundering an be analyzed

by means of abstrat interpretation [Cousot and Cousot 1977℄, more spei�ally

by groundness analysis [Marriott and S�ndergaard 1993℄. Of ourse, due to the

undeidability results, these tehniques annot be omplete.

5.3 Indutive De�nitions in the Absene of Complete Knowledge

A logi program, whih expresses a orret indutive de�nition, has a unique well-

founded total model. This presupposes that the programmer, when writing the

16

As de�ned in Vardi [1982℄.
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program, has omplete knowledge of the problem domain and an de�ne eah pre-

diate of the program.

In reent years, several logi programming extensions apable of representing

inomplete knowledge have been proposed. One is Abdutive Logi Programming

[Kakas et al. 1992; Deneker 1995℄, an extension of logi programming by means of

abdutive reasoning. An abdutive logi program is a triple hA;P; ICi onsisting

of a set A of abduible (or open) prediates, a logi program P de�ning the set

of nonabduible prediates, and a set IC of lassial logi onstraints. Another

new paradigm is Answer Set Programming [Marek and Truszzy�nski 1999; Lifshitz

1999; Niemel�a 1999℄. This approah is based on the stable model semantis [Gelfond

and Lifshitz 1988℄ and is fundamentally di�erent from the view we have developed

so far. Under the stable model semantis, a normal program is viewed not as a set

of de�nitions but as a set of rules expressing onstraints on the problem domain.

Stable models are \possible sets of beliefs that a rational agent might hold" given

the rules of the program [Gelfond and Lifshitz 1988℄.

There are more possibilities, in fat. For instane, the interpretation of a normal

program as an indutive de�nition an and has been adapted to ope with missing

knowledge at the prediate level. The approah onsists of distinguishing between

de�ned prediates and open prediates. The latter are prediates for whih the

program ontains no de�nition (to be distinguished from prediates with empty

de�nition). We illustrate it with an example for �nding the Hamiltonian yles

in a �nite direted graph.

17

The unknown Hamiltonian yle an be expressed by

a binary prediate in/2; the property that all nodes have to be reahable from a

partiular node (say node 1) an be de�ned by a prediate reahable/1 This gives

the following piee of ode:

open in/2

node(1).

...

edge(1,2).

...

reahable(U) :- in(1,U).

reahable(V) :- reahable(U), in(U,V).

Note that the reahable/1 prediate depends on the open prediate in/2. Given

a de�nition for in/2, it is a orret indutive de�nition and determines a unique

model. However not every model (in the language of the program) of in/2 is a

Hamiltonian yle. As in Answer Set Programming, the set of andidate models

has to be onstrained. For this task, �rst-order logi is an exellent tool. The

onstraints that the yle must pass over the edges and must visit all nodes exatly

one an be expressed as the following set of onstraints

18

edge(U,V) <- in(U,V).

V=W <- in(U,V), in(U,W).

U=V <- in(U,W), in(V,W).

17

The interested reader an �nd a solution by means of the Answer Set Programming paradigm

in [Lifshitz 1999℄.

18

We use  to stress that these are FOL integrity onstraints and not program rules or queries.
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reahable(U) <- node(U).

Under these onstraints, models of in/2 are restrited to be Hamiltonian yles.

Note that the last onstraint does not involve diretly the open prediate (but

reahable/ depends on it).

The distintion between de�nitions and partial knowledge is similar to the dis-

tintion in the literature of knowledge representation between assertional knowledge

and de�nitional knowledge [Reihgelt 1991℄.

As the example shows, ombining indutive de�nitions of de�ned prediates in

terms of open prediates with FOL formulas gives an expressive language failitat-

ing the delarative formulation of problems. The idea is elaborated in the indutive

de�nition logi presented in Deneker [2000℄. A theory of this logi, alled ID-logi,

onsists of a set of FOL formulas and a set of de�nitions. In models of suh theor-

ies, the de�ned prediates of a de�nition are interpreted by the well-founded model

of the de�nition extending some interpretation of the open prediates. The FOL

assertions �lter away those well-founded models in whih these assertions do not

hold. This logi is losely related to and provides the epistemologial foundation for

abdutive logi programming [Kakas et al. 1992℄ (under extended well-founded se-

mantis [Pereira et al. 1991℄), whih in turn an be viewed as the study of abdutive

reasoning in the ontext of ID-logi.

5.4 Herbrand Interpretations versus General Interpretations

The use of the grounding of a program as a basis for de�ning semantis boils down

to the use of Herbrand interpretations. The restrition to Herbrand interpretations

imposes two assumptions at the knowledge level:

|Domain Closure: every element of the domain of disourse is named by at least

one ground term.

|Unique Names: two di�erent ground terms denote di�erent objets.

These two restritions imply that there is an isomorphism between the Herbrand

Universe and the objets in the problem domain, i.e., that one knows all objets

of interest and an distinguish among them. These axioms express omplete know-

ledge of the domain of disourse. However as stated in Deneker [2000℄, these

restritions are independent of eah other and of the view of logi programs as in-

dutive de�nitions. The indutive de�nition logi ID-logi introdued in Deneker

[2000℄ is based on general interpretations rather than Herbrand interpretations and

omprises neither domain losure nor unique names axioms (but both an be ex-

pressed in ID-logi).

5.5 Closing the Cirle: A Fixpoint Theory for Nonmonotone Operators

Throughout this paper we have argued that the theory of indutive de�nitions in

mathematial logi provides an epistemologial foundation for logi programming.

Vie versa, logi programming an ontribute to the study of nonmonotone indu-

tion in two ways. First, as argued above, the well-founded semantis an be seen as

a more general and more robust formalization of the priniple of iterated indution.

Seond, logi programming an also ontribute to the algebrai theory of indution,

namely the �xpoint theory of generalized operators.
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Until reently, no �xpoint theory for general (monotone or nonmonotone) oper-

ators was known that was modeling the priniple of iterated indution. Building

on Fitting's work [Fitting 1993℄ on semantis of logi programming in bilatties,

Deneker et al. [2000℄ developed Approximation Theory, an algebrai �xpoint the-

ory for general (monotone and nonmonotone) operators in a lattie. This theory

de�nes for eah operator O a set of stable �xpoints and a unique well-founded �x-

point whih is a pair (x; y) of lattie elements suh that (x; y) approximates eah

stable �xpoint z (i.e., x � z � y). This theory has two key properties: (1) it

extends Tarski's �xpoint theory in the sense that if the operator O is monotone,

then its well-founded �xpoint is the pair (x; x) where x is the least �xpoint of O

(in this ase, x is also the unique stable �xpoint of O), and (2), the well-founded

�xpoint of the immediate onsequene operator T

P

of a normal program is exatly

the well-founded model of P .

In ombination with the arguments in Setion 5.1 that well-founded semantis

is the generalized priniple of iterated indution, we put forward the thesis that

Approximation Theory is the natural �xpoint theory of nonmonotone iterated in-

dution.

6. CONCLUSIONS

We have revisited the semantis of logi programming. We have developed the

thesis that logi programs an be understood as indutive de�nitions. Elaborating

on ideas originally proposed by one of the authors [Deneker 1998℄, we have argued

that their interpretation as indutive de�nition gives a more solid epistemologial

foundation for their anonial models than a referene to ommonsense. Moreover,

this interpretation orresponds to the well-founded semantis. Next, we have shown

that this reading of logi programs extends the notion of iterated indutive de�ni-

tions as studied so far in mathematial logi. Finally, we have elaborated on some

of the onsequenes of this thesis.

We believe that logi programs as de�nitions o�er a simple, elegant, and general

oneptualization of logi programming, within reah of omprehension for a broad

audiene not versed in the literature on semantis of negation and moreover, that

it reoniles the semantis of logi programs with the intuitions and expetations

of programmers inspired by Kowalski's vision of logi as a programming language.
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