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Abstract. This paper is concerned with the stability properties of Runge–Kutta methods for
the pantograph equation, a functional differential equation with a proportional delay. The focus is
on nonautonomous equations. Both linear and nonlinear cases are considered. Sufficient and neces-
sary conditions for the asymptotic stability of the numerical solution of general neutral pantograph
equations are given. An upper bound for the error growth is investigated for algebraically stable
methods applied to nonneutral equations. Finally, some stability results are extended to the case of
a more general class of equations.
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1. Introduction. Many real-world phenomena can be modelled by initial value
problems for functional differential equations of the form

y′(t) = f(t, y(t), y(t− τ(t)), y′(t− τ(t))).(1.1)

In recent years, the study of numerical solvers for this problem has attracted the at-
tention of many authors. The classical case where the term τ(t) is a constant can be
regarded as a representative of finite time delay and has been widely studied in the
literature (see, for example, Baker [1], Bellen and Zennaro [5] and the extensive bib-
liography therein). Another interesting case, which can be viewed as a representative
of infinite time delay, is that of the pantograph equation, where

τ(t) = (1 − q)t, q ∈ (0, 1).

For applications of this type of equation, we refer to Iserles [16].
In order to get insight into the stability of numerical methods for the pantograph

equation, the scalar linear autonomous equation

y′(t) = ay(t) + by(qt) + cy′(qt), t > 0,(1.2)

has been used as a test problem and many interesting results have been found (cf. [2,
6, 7, 8, 9, 17, 18, 22, 24, 25]). In the early work, a constant stepsize was consid-
ered. As pointed out in Liu [22, 24], however, this kind of stepsize precludes long
time integration due to computer memory restrictions. In order to overcome this
difficulty, Liu [22] transformed (1.2) into a differential equation with a constant delay
by a change of variable, suggested by Jackiewicz [20]. Later, Liu [24] and Bellen,
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Guglielmi, and Torelli [2] proposed nonconstant stepsize strategies where the step-
sizes are geometrically increasing and they investigated the stability of θ-methods.
Recently, Koto [21] further studied the stability of general Runge–Kutta methods for
the multidimensional system

u′(t) = etLu(t) + etMu(t + log q) + Nu′(t + log q), t > 0,(1.3)

which is obtained from the equation

y′(t) = Ly(t) + My(qt) + qNy′(qt), t > 0,(1.4)

by a change of the independent variable u(t) = y(et), where L, M , and N are con-
stant complex d× d matrices. In an abstract sense the geometrically increasing mesh
approach and the exponential transform method may be considered to be essentially
the same (cf. [21]). Relevant to the nonautonomous pantograph equation, however,
only few results on numerical stability have been published. Bellen, Guglielmi, and
Torelli [2], and Guglielmi and Zennaro [13] discussed the asymptotic stability of θ-
methods for scalar equations with variable coefficients. Bellen, Maset, and Torelli [4]
studied the “first step” integration of linear systems of neutral type and investigated
the contractivity of continuous Runge–Kutta methods. Zhang and Sun [28, 29] re-
cently obtained some stability results of Runge–Kutta methods for a class of nonlinear
equations of nonneutral type (see Theorem 6.1 of this paper).

In this paper, a new approach for proving numerical stability is introduced. Suf-
ficient and necessary conditions for asymptotic stability are derived for both linear
and nonlinear problems of neutral type. Also, upper bounds for the error growth are
studied for nonneutral systems and some sharper results than those published in the
literature are obtained.

This paper is organized as follows. In section 2, the discrete schemes based on
Runge–Kutta methods are introduced. In section 3, we focus on the asymptotic
stability of the schemes for linear systems of neutral type with variable coefficients.
In section 4, an upper bound for the error growth is given for a class of linear problems.
In section 5, we turn our attention to nonlinear equations and an asymptotic stability
result is derived. In section 6, we further investigate the error growth bound for a
class of nonlinear problems. In section 7, we generalize our stability analysis to the
case of a more general class of equations. Finally, in section 8, some conclusions are
drawn.

2. Adaptation of Runge–Kutta methods to functional-differential equa-
tions of pantograph type. In this section, we consider the adaptation of Runge–
Kutta methods to the pantograph equation{

y′(t) = f(t, y(t), y(qt), y′(qt)), t > 0,
y(0) = y0,

(2.1)

where f : [0,+∞) × C
d × C

d × C
d → C

d, is a given mapping and q is a constant
satisfying q ∈ (0, 1).

Let (A, b, c) denote a given Runge–Kutta method characterized by the s×s matrix
A = (aij) and vectors b = (b1, . . . , bs)

T , c = (c1, . . . , cs)
T . In this paper we always

assume that
∑s

j=1 bj = 1. Let tn, n = 0, 1, . . . , be grid points satisfying

0 = t0 < t1 < t2 < · · · < ∞, lim
n→∞

tn = ∞,
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and hn = tn+1 − tn, the corresponding stepsizes. Approximations yn+1 to y(tn+1) are
defined by the following equations:

Y
(n)
i = yn + hn

s∑
j=1

aijf(tn + cjhn, Y
(n)
j , Ȳ

(n−m)
j , Ŷ

(n−m)
j ), i = 1, . . . , s,(2.2)

yn+1 = yn + hn

s∑
j=1

bjf(tn + cjhn, Y
(n)
j , Ȳ

(n−m)
j , Ŷ

(n−m)
j ),(2.3)

where each Y
(n)
j is an approximation to y(tn + cjhn), the arguments Ȳ

(n−m)
j and

Ŷ
(n−m)
j denote approximations to y(q(tn + cjhn)) and y′(q(tn + cjhn)), respectively,

obtained by specific interpolation procedures at the point t = q(tn + cjhn), and m is
a positive integer that will be defined later.

In this paper, we consider a nonconstant stepsize strategy where the stepsizes
are geometrically increasing. This kind of grid was proposed by Liu [24], and by
Bellen, Guglielmi, and Torelli [2]. As pointed out in the above references, it has two
advantages. First, it can avoid the computer memory problems in the case of long-
time integration. Second, an interpolation procedure is not necessary if we choose the
grid such that every delayed point maps exactly onto a past grid point.

To formulate the grid, we partition the half-line [0,+∞) into a union of bounded
intervals as follows:

[0,+∞) = [0, h]
∞⋃
k=0

(q−kh, q−k−1h],

where h is an arbitrary but fixed positive number. Second, we further divide ev-
ery interval (q−kh, q−k−1h] into a fixed number m of subintervals whose length is

proportionally increasing with the factor p = q
−1
m , i.e.,

(q−kh, q−k−1h] =

m⋃
i=1

(q−kpi−1h, q−kpih].

The first interval [0, h] is divided as follows:

[0, h] = [0, qh]

m⋃
i=1

(qpi−1h, qpih].

Therefore, we obtain the global grid defined by

tn = pn−m−1h, n = 1, 2, . . . ,

which gives

hn = tn+1 − tn = pn−m−1(p− 1)h, n = 1, 2, . . . ,

and h0 = qh. Hence, for n = m + 1,m + 2, . . . ,

qtn = tn−m and qhn = hn−m,

which shows the delayed point is just on the past grid point and

q(tn + cjhn) = tn−m + cjhn−m.
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Therefore, we can set

Ȳ
(n−m)
j = Y

(n−m)
j ,

Ŷ
(n−m)
j = f(tn−m + cjhn−m, Y

(n−m)
j , Y

(n−2m)
j , Ŷ

(n−2m)
j ),

which on substitution into (2.2)–(2.3) gives

Y
(n)
i = yn + hn

s∑
j=1

aij Ŷ
(n)
j , i = 1, . . . , s,(2.4)

Ŷ
(n)
j = f(tn + cjhn, Y

(n)
j , Y

(n−m)
j , Ŷ

(n−m)
j ), j = 1, . . . , s,(2.5)

yn+1 = yn + hn

s∑
j=1

bj Ŷ
(n)
j .(2.6)

Remark 2.1. In Liu [24], this kind of stepsize was used in the numerical exam-
ples although a slightly more general assumption on the grid was considered in the
theoretical analysis. In Bellen, Guglielmi, and Torelli [2], the stepsize strategy in the
theoretical analysis is that every interval (q−kh, q−k−1h] is divided into m intervals of
the same size. The strategy of proportionally increasing stepsizes was also suggested
in Remark 5.1 of their paper where it is pointed out that this choice can simplify the
implementation of the method considerably and leads to a more regular behavior of
the error.

Remark 2.2. Because we are interested in the stability of the numerical so-

lution, we assume that the initial values Y
(n−1)
j , Ŷ

(n−1)
j , and yn are available for

n = 1, 2, . . . ,m. For the integration of the first steps, i.e., the initializing methods,
we refer to the paper by Bellen, Maset, and Torelli [4].

Now we introduce some concepts which will be used later.
Definition 2.3 (see [14]). The stability function of a Runge–Kutta method

(A, b, c) is defined by

R(z) = 1 + zbT (Is − zA)−1e,

where e = [1, . . . , 1]T and Is stands for the s× s identity matrix.
Definition 2.4. When A is nonsingular, the method is called strictly stable at

infinity if

|R(∞)| = |1 − bTA−1e| < 1.

Definition 2.5 (see [10]). A Runge–Kutta method (A, b, c) is called algebraically
stable if the following matrix M = [Mij ] is nonnegative definite:

M = BA + ATB − bbT ,

where B = diag(b1, b2, . . . , bs).

3. Linear stability. In this section, we discuss the stability of Runge–Kutta
methods for linear systems of the form

y′(t) = L(t)y(t) + M(t)y(qt) + N(t)y′(qt), t > 0,(3.1)

where L(t), M(t), and N(t) are complex d× d matrices whose entries are continuous
functions. First, we recall some results on the stability of the analytical solution. For
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the autonomous case (1.4) of (3.1), a result obtained by Liu [23] (see also [16]) implies
the following proposition.

Proposition 3.1. The zero solution of (1.4) is asymptotically stable if L, M
satisfy

σ[L] ⊂ C
−, ρ[L−1M ] < 1,(3.2)

where C
− = {z ∈ C : Re z < 0}, and σ[·] and ρ[·] denote the spectrum and spectral

radius of a matrix, respectively.
For the asymptotic stability of the nonautonomous neutral system (3.1), a result

obtained by Iserles and Terjeki [19] implies the following proposition.
Proposition 3.2. The zero solution of (3.1) is asymptotically stable if there

exists a vector norm ‖ · ‖∗ on C
d, with induced matrix norm and the corresponding

logarithmic norm µ[·] such that for all t ≥ 0 the following statements hold:

µ[L(t)] ≤ 0, ‖N(t)‖∗ ≤ ξ0 < 1,

∫ ∞

0

µ[L(t)]dt = −∞,(3.3)

max
x∈[0,t]

‖M(x) + N(x)L(qx)‖∗ + k0µ[L(t)](1 − ξ0) ≤ 0 for some k0 ∈ (0, 1).(3.4)

Now we analyze the conditions of Proposition 3.2 in order to motivate our as-
sumptions for the numerical stability analysis. We consider the nonneutral case, i.e.,
N(t) = 0. If lim supt→∞ µ[L(t)] = 0, from (3.4) it follows that M(t) = 0, t ∈ [0,∞),
which leads to a trivial case. Therefore, we assume that for sufficiently large t,
µ[L(t)] ≤ L0 < 0, which implies that the matrix L(t) is nonsingular. Hence, from the
properties of the logarithmic norm (cf. [12]), it follows that

‖L−1(t)‖∗ ≤ 1

−µ(L(t))
≤ 1

−L0
.

In addition, for every u ∈ C
d,

−µ[L(t)]‖u‖∗ ≤ ‖L(t)u‖∗,

which guarantees that, for every v ∈ C
d,

−µ[L(t)]‖L−1(t)M(t)v‖∗ ≤ ‖M(t)v‖∗.

Therefore, we have

−µ[L(t)]‖L−1(t)M(t)‖∗ ≤ ‖M(t)‖∗,

which, combined with (3.4), implies

‖L−1(t)M(t)‖∗ ≤ k0 < 1.

In our analysis of the asymptotic stability of numerical methods, we will make use
of the following assumption, which is a natural extension of the conditions for scalar
equations given by Guglielmi and Zennaro [13], and which can also cover condition
(3.2) in the autonomous case.

Assumption A: There exist a vector norm ‖ · ‖∗ on C
d and induced matrix norm

such that the matrices L(t), M(t), and N(t) satisfy for all t > 0

‖L−1(t)‖∗ ≤ C0, ‖L−1(t)N(t)‖∗ ≤ Ĉ0, ‖L−1(t)M(t)‖∗ ≤ k0 < 1,
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where C0, Ĉ0 and k0 are constants.
The application of method (2.4–2.6) to (3.1) leads to the following difference

equation:

Y
(n)
i = yn + hn

s∑
j=1

aij Ŷ
(n)
j , i = 1, . . . , s,(3.5)

Ŷ
(n)
j = L(tn + cjhn)Y

(n)
j + M(tn + cjhn)Y

(n−m)
j(3.6)

+N(tn + cjhn)Ŷ
(n−m)
j , j = 1, . . . , s,

yn+1 = yn + hn

s∑
j=1

bj Ŷ
(n)
j .(3.7)

Now we present a preliminary result that will be used further on. For the differ-
ence equation

un = λ1un−m + λ2vn + λ3vn−m,(3.8)

vn+1 = λ4vn + λ5un,(3.9)

with λi ∈ C, we have the asymptotic stability result stated in the following lemma.
Lemma 3.3. The difference equation (3.8)–(3.9) is asymptotically stable if

|λ1| < 1, |λ4| < 1, (|λ2| + |λ3|)|λ5| < (1 − |λ1|)(1 − |λ4|).(3.10)

Proof. It is easy to see that the characteristic equation of (3.8)–(3.9) is given by

det

[
1 − λ1z

−m −λ2 − λ3z
−m

−λ5 z − λ4

]
= 0,

which gives

λ5(λ2 + λ3z
−m) = z(1 − λ4z

−1)(1 − λ1z
−m).(3.11)

Suppose |λ1| < 1, |λ4| < 1, and there exists z ∈ C satisfying (3.11) with |z| ≥ 1. Then

|λ5|(|λ2| + |λ3|) ≥ (1 − |λ4|)(1 − |λ1|),

which contradicts the third inequality of (3.10). This completes the proof.
Now we state and prove the main result of this section.
Theorem 3.4. Let Assumption A hold and the matrix A be nonsingular. Then

the difference equation (3.5–3.7) is asymptotically stable if the underlying Runge–Kutta
method is strictly stable at infinity.

Proof. It follows from (3.6) that

L−1(tn + cihn)Ŷ
(n)
i = Y

(n)
i + L−1(tn + cihn)M(tn + cihn)Y

(n−m)
i

+L−1(tn + cihn)N(tn + cihn)Ŷ
(n−m)
i , i = 1, . . . , s,

which in combination with Assumption A gives

‖Y (n)
i ‖∗ ≤ k0‖Y (n−m)

i ‖∗ + C0‖Ŷ (n)
i ‖∗ + Ĉ0‖Ŷ (n−m)

i ‖∗.(3.12)
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On the other hand, (3.5) plus the nonsingularity of A implies

Ŷ
(n)
i = h−1

n

s∑
j=1

Dij(Y
(n)
j − yn),(3.13)

where D = [Dij ] = A−1. Substituting (3.13) into (3.7) yields

yn+1 = R(∞)yn +

s∑
i=1

s∑
j=1

biDijY
(n)
j .(3.14)

Hence, there exists a constant C1 > 0 such that

‖yn+1‖∗ ≤ |R(∞)|‖yn‖∗ + C1

s∑
i=1

‖Y (n)
i ‖∗.(3.15)

A combination of (3.12) and (3.13) leads to

(3.16)
s∑

i=1

‖Y (n)
i ‖∗ ≤ k0

s∑
i=1

‖Y (n−m)
i ‖∗

+

s∑
i=1

s∑
j=1

|Dij |(h−1
n C0‖Y (n)

j − yn‖∗ + h−1
n−mĈ0‖Y (n−m)

j − yn−m‖∗),

which shows that there exists a constant Ĉ1 > 0 such that

s∑
i=1

‖Y (n)
i ‖∗ ≤ k0

s∑
i=1

‖Y (n−m)
i ‖∗

+ Ĉ1

⎡
⎣h−1

n

⎛
⎝ s∑

j=1

‖Y (n)
j ‖∗ + ‖yn‖∗

⎞
⎠ + h−1

n−m

⎛
⎝ s∑

j=1

‖Y (n−m)
j ‖∗ + ‖yn−m‖∗

⎞
⎠
⎤
⎦ .

Considering hn → ∞, there exist positive numbers N0, k1 < 1, and C2 < (1− k1)(1−
|R(∞)|)/(2C1) such that for every n > N0,

s∑
i=1

‖Y (n)
i ‖∗ ≤ k1

s∑
i=1

‖Y (n−m)
i ‖∗ + C2(‖yn‖∗ + ‖yn−m‖∗).(3.17)

An application of Lemma 3.3 to (3.15) and (3.17) gives

lim
n→∞

‖yn‖∗ = 0 and lim
n→∞

s∑
i=1

‖Y (n)
i ‖∗ = 0.

Considering (3.13), we have

lim
n→∞

s∑
i=1

hn‖Ŷ (n)
i ‖∗ = 0.

Therefore, the difference equation (3.5–3.7) is asymptotically stable. This completes
the proof.
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Remark 3.5. In the case of constant coefficients, it is well known that the condi-
tion ρ[L−1M ] < 1 is equivalent to the condition that there exists a norm ‖ · ‖∗ such
that ‖L−1M‖∗ < 1. Therefore, specializing Theorem 3.4 to the case of autonomous
equations, the obtained result is in accordance with that by Koto [21]. Here we have
given a new approach to the proof which allowed us to study the variable coefficient
case.

Remark 3.6. In the proof we only use the fact that hn → ∞. Hence, our result
is also valid for the other grid types proposed in [2, 24]. In addition, it is easily seen
from the proof that, if the condition ‖L−1(t)M(t)‖∗ ≤ k0 < 1 in Assumption A is
replaced by limt→∞ ‖L−1(t)M(t)‖∗ ≤ k0 < 1, Theorem 3.4 still holds. In the one-
dimensional case, the latter has been assumed for the stability analysis of θ-methods
in [2]. Finally, specializing Theorem 3.4 to the nonneutral case, the induced result is
also new.

Next, we show that the assumption of strict stability at infinity is also necessary
for the asymptotic stability of the difference equation.

Lemma 3.7. Suppose the matrix A is nonsingular. Then there exists a constant
N1 > 0 such that

|R(z)| ≥ |R(∞)| − 2|z−1||bTA−2e|, |z| ≥ N1, z ∈ C.(3.18)

Proof. Considering the nonsingularity of A and the fact

(A− z−1Is)
−1 = A−1 + z−1A−1(A− z−1Is)

−1,

we have

R(z) = R(∞) − z−1bTA−1(A− z−1Is)
−1e,

which gives

|R(z)| ≥ |R(∞)| − |z−1||bTA−1(A− z−1Is)
−1e|.(3.19)

Considering

lim
z→∞

|bTA−1(A− z−1Is)
−1e| = |bTA−2e|,

there exists a constant N1 such that for every z ∈ C with |z| ≥ N1,

|bTA−1(A− z−1Is)
−1e| ≤ 2|bTA−2e|,

which, together with (3.19), implies the conclusion.
The application of method (2.4–2.6) to the scalar equation

y′(t) = λy(t), λ ∈ R,(3.20)

leads to the difference equation

yn+1 = R(hnλ)yn.(3.21)

Theorem 3.8. Suppose the matrix A is nonsingular and there exists a constant λ0

such that the difference equation (3.21) is asymptotically stable for every λ satisfying
λλ0 > λ2

0. Then the underlying Runge–Kutta method is strictly stable at infinity.
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Proof. Suppose |R(∞)| ≥ 1. By the assumptions of the theorem we can choose λ
such that

λλ0 > λ2
0, |hiλ| ≥ N1, and |hiλ| > 4|bTA−2e|, i = 0, 1,

which gives

|hnλ| ≥ N1 and |hnλ| > 4|bTA−2e|, n = 0, 1, 2, . . . .

Considering Lemma 3.7, we have

|R(hnλ)| ≥ |R(∞)| − 2|hnλ|−1|bTA−2e|
≥ |R(∞)| exp(−4|hnλ|−1|bTA−2e|/|R(∞)|)
= |R(∞)| exp(−4p−n+1|h1λ|−1|bTA−2e|/|R(∞)|),

where we have used the fact that the function 1 − x − exp(−2x) is positive for x ∈
(0, 1/2). Therefore,

n∏
i=1

|R(hiλ)| ≥
n∏

i=1

|R(∞)| exp(−4p−i+1|h1λ|−1|bTA−2e|/|R(∞)|)

= |R(∞)|n exp

(
−1 − p−n

1 − p−1
4|h1λ|−1|bTA−2e|/|R(∞)|

)
,

which shows that the difference equation (3.21) is not asymptotically stable. This
completes the proof.

Corollary 3.9. Suppose the matrix A is nonsingular and there exists a constant
λ0 < 0 such that (3.21) is asymptotically stable for every λ ∈ (−∞, λ0]. Then the
underlying Runge–Kutta method is strictly stable at infinity.

4. An upper bound of error growth for linear problems. Asymptotic
stability implies that the initial error will eventually vanish for sufficiently large time
points. From the viewpoint of a practical computation, it is also important to give
an upper bound of error growth. This subject was studied in Koto [21], where the
nonneutral pantograph equation{

y′(t) = Ly(t) + My(qt), t > 0,
y(0) = y0,

(4.1)

was used as a test problem and algebraically stable methods were considered. In this
section we follow Koto’s practice and pursue a sharper result for (4.1), which can be
regarded as an error equation of a linear problem.

The application of method (2.4–2.6) to (4.1) yields

Y (n) = (e⊗ Id)yn + hn(A⊗ Id)Ŷ
(n),(4.2)

Ŷ (n) = (Is ⊗ L)Y (n) + (Is ⊗M)Y (n−m),(4.3)

yn+1 = yn + hn(bT ⊗ Id)Ŷ
(n),(4.4)

where ⊗ denotes the Kronecker product and

Y (n) =
(
Y

(n)T

1 , Y
(n)T

2 , . . . , Y (n)T

s

)T

, Ŷ (n) =
(
Ŷ

(n)T

1 , Ŷ
(n)T

2 , . . . , Ŷ (n)T

s

)T

.
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The following notation is a generalization of that in [21]:

H(σ) = −
[
L∗G + GL + E GM

M∗G −σE

]
,(4.5)

where G and E are Hermitian positive definite matrices and the superscript ∗ stands
for the Hermitian adjoint. It is also seen that H(σ2) is necessarily nonnegative definite
if H(σ1) is nonnegative definite and σ2 > σ1. In the scalar case, if the complex
numbers L, M satisfy

√
σ(ReL) + |M | < 0,

then H(σ) is nonnegative definite.
Throughout this section, we assume that the notations are the same as those in

section 3.
Lemma 4.1. Suppose that the method (A, b, c) is algebraically stable and there

exist a constant σ and matrices G and E such that H(σ) is nonnegative definite.
Then the following inequality holds true:

y∗n+1Gyn+1 ≤ y∗nGyn − hnY
(n)∗(B ⊗ E)Y (n) + σhnY

(n−m)∗(B ⊗ E)Y (n−m).(4.6)

Proof. As in Burrage and Butcher [10], where it is proved that algebraic stability
implies B-stability, we can obtain

y∗n+1Gyn+1 − y∗nGyn − hnY
(n)∗(B ⊗G)Ŷ (n) − hnŶ

(n)∗(B ⊗G)Y (n)

= −h2
nŶ

(n)∗(M⊗G)Ŷ (n).

By using the algebraic stability of the method, we have

y∗n+1Gyn+1 ≤ y∗nGyn + hnY
(n)∗(B ⊗G)Ŷ (n) + hnŶ

(n)∗(B ⊗G)Y (n)

= y∗nGyn − hnY
(n)∗(B ⊗ E)Y (n) + σhnY

(n−m)∗(B ⊗ E)Y (n−m)

−hn

s∑
i=1

bi(Y
(n)∗

i , Y
(n−m)∗

i )H(σ)(Y
(n)T

i , Y
(n−m)T

i )T

which by the nonnegative definiteness of H(σ) gives (4.6).
Theorem 4.2. Suppose that the method (A, b, c) is algebraically stable and there

exist matrices G and E such that H(q) is nonnegative definite. Then we have that for
every n ≥ m,

y∗n+1Gyn+1 +

n∑
i=n−m+1

hiY
(i)∗(B ⊗ E)Y (i) ≤ y∗nGyn +

n−1∑
i=n−m

hiY
(i)∗(B ⊗ E)Y (i).

(4.7)

Proof. Inequality (4.7) immediately follows from Lemma 4.1 and the fact qhn =
hn−m.

Remark 4.3. By the same argument as in section 5 of Koto [21], it is seen that
the functional

V (y(t)) = y(t)∗Gy(t) +

∫ t

qt

y(x)∗Ey(x)dx
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is a Liapunov functional for equation (4.1) if H(q) is nonnegative definite. Inequality
(4.7) can be regarded as a discrete analogue.

Remark 4.4. The proof of Lemma 4.1 is closely related to its counterpart in [21].
There, (4.1) was studied through an investigation of the corresponding constant delay
system transformed by a change of independent variable.

In the following, we derive a result which can be applied to the more general case
where H(σ) is nonnegative definite for some σ ∈ [q, 1). Except for certain special
statements, the following results remain valid for σ ≥ 1 although they may not result
in stability when σ ≥ 1.

Lemma 4.5. Suppose that the method (A, b, c) is algebraically stable and there
exist a constant σ ≥ q and matrices G and E such that H(σ) is nonnegative definite.
Then we have that for every k ≥ 0,

m∑
i=1

p−iY ((k+2)m−i)∗(B ⊗ E)Y ((k+2)m−i) ≤ q2σkδ,(4.8)

where

δ = ph−1
1 y∗mGym + q−1σ

m−1∑
i=0

piY (i)∗(B ⊗ E)Y (i).(4.9)

Proof. It follows from Lemma 4.1 that

y∗n+1Gyn+1 ≤ y∗nGyn − h1p
n−1Y (n)∗(B ⊗ E)Y (n)

+σq−1h1p
n−m−1Y (n−m)∗(B ⊗ E)Y (n−m).

By induction, one arrives at

y∗n+1Gyn+1 ≤ y∗mGym − h1

n∑
i=n−m+1

pi−1Y (i)∗(B ⊗ E)Y (i)

+ (−1 + σq−1)h1

n−m∑
i=m

pi−1Y (i)∗(B ⊗ E)Y (i)

+σq−1h1

m−1∑
i=0

pi−1Y (i)∗(B ⊗ E)Y (i).

Therefore,

n∑
i=n−m+1

piY (i)∗(B ⊗ E)Y (i) ≤ δ + (−1 + σq−1)

n−m∑
i=m

piY (i)∗(B ⊗ E)Y (i).

Let n = (k + 2)m− 1 for k ≥ 0. We have

p(k+2)m
m∑
i=1

p−iY ((k+2)m−i)∗(B ⊗ E)Y ((k+2)m−i)

≤ δ + (−1 + σq−1)

k−1∑
l=0

p(l+2)m
m∑
i=1

p−iY ((l+2)m−i)∗(B ⊗ E)Y ((l+2)m−i),
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which gives

m∑
i=1

p−iY ((k+2)m−i)∗(B ⊗ E)Y ((k+2)m−i)

≤ qk+2δ + (−1 + σq−1)

k∑
l=1

ql
m∑
i=1

p−iY ((k+2−l)m−i)∗(B ⊗ E)Y ((k+2−l)m−i).

We prove (4.8) by induction. When k = 0, (4.8) follows directly from the above
inequality. Now we assume that (4.8) holds for every k < j and show that it then
also holds for k = j. It follows from the above inequality that

m∑
i=1

p−iY ((j+2)m−i)∗(B ⊗ E)Y ((j+2)m−i)

≤ qj+2δ + (−1 + σq−1)

j∑
l=1

ql
m∑
i=1

p−iY ((j+2−l)m−i)∗(B ⊗ E)Y ((j+2−l)m−i)

≤ qj+2δ + (−1 + σq−1)

j∑
l=1

ql+2σj−lδ

= q2σjδ.

Therefore, (4.8) holds for every k ≥ 0. This completes the proof.
Corollary 4.6. Under the assumptions of Lemma 4.5, (4.8) implies that,

Y (n)∗(B ⊗ E)Y (n) ≤ σn/mδ, for every n ≥ m.(4.10)

Proof. It follows from (4.8) that for every k ≥ 0, i ∈ {1, . . . ,m},

Y ((k+2)m−i)∗(B ⊗ E)Y ((k+2)m−i) ≤ piq2σkδ = q2−i/mσkδ ≤ σk+2−i/mδ,

(4.11)

which gives (4.10).
Theorem 4.7. Suppose that the method (A, b, c) with a nonsingular matrix A is

algebraically stable, bi > 0 for all i and there exist a constant σ ≥ q and matrices G
and E such that H(σ) is nonnegative definite. Then there exists a constant C̄ such
that for every n ≥ m,

‖yn+1‖∗ ≤ |R(∞)|n+1−m‖ym‖∗ + C̄σ1/2δ1/2ψn+1−m(|R(∞)|, σ1/2m),(4.12)

where ‖ · ‖∗ denotes a norm on C
d, and

ψn(x, y) =

⎧⎨
⎩

xn − yn

x− y
, x �= y,

nxn−1, x = y.
(4.13)

Proof. Since bi > 0 for all i, it follows from Corollary 4.6 that there exists a
constant C̄1 such that for every n ≥ m

s∑
j=1

‖Y (n)
j ‖∗ ≤ C̄1σ

n/2mδ1/2.
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Considering (3.14) and the assumptions from the statement of the theorem, there
exists a constant C̄2 such that

‖yn+1‖∗ ≤ |R(∞)|‖yn‖∗ + C̄2

s∑
j=1

‖Y (n)
j ‖∗.

By induction, we have

‖yn+1‖∗ ≤ |R(∞)|‖yn‖∗ + C̄1C̄2σ
n/2mδ1/2

≤ |R(∞)|n+1−m‖ym‖∗ + C̄1C̄2σ
1/2δ1/2

n−m∑
i=0

|R(∞)|iσ(n−m−i)/2m.

This implies inequality (4.12).
Using the fact that R(∞) = 0 for the Radau IA, Radau IIA, and Lobatto IIIC

methods, and the fact that |R(∞)| = 1 for the Gauss methods, we can state the
following corollaries.

Corollary 4.8. Suppose that there exist a constant σ ≥ q and matrices G and
E such that H(σ) is nonnegative definite. Then for any Radau IA, Radau IIA, or
Lobatto IIIC method, there exists a constant C̄ such that for every n ≥ m,

‖yn+1‖∗ ≤ C̄σn/2mδ1/2.(4.14)

Corollary 4.9. Suppose that there exist a constant σ ∈ [q, 1) and matrices G
and E such that H(σ) is nonnegative definite. Then for any Gauss method, there
exists a constant C̄ such that for every n ≥ m,

‖yn+1‖∗ ≤ ‖ym‖∗ +
C̄σ1/2δ1/2

1 − σ1/2m
.(4.15)

Remark 4.10. The Assumption (L) in Koto [21] is equivalent to the condition
that there exist matrices G and E such that H(q) is nonnegative definite. Our result
can be applied to the more general case σ ≥ q.

5. Nonlinear stability. In this section, we derive conditions which guarantee
the asymptotic stability of the numerical solution of nonlinear equations. First, we
recall a result on the asymptotic stability of the analytical solution. Consider a system
defined by the same function f as in (2.1) but with a different initial value,{

z′(t) = f(t, z(t), z(qt), z′(qt)), t > 0,
z(0) = z0.

(5.1)

Let 〈·, ·〉 be an inner product on C
d, let ‖ · ‖ be the corresponding norm, and let the

function f satisfy the conditions

Re〈u1 − u2, f(t, u1, v, ν) − f(t, u2, v, ν)〉 ≤ α(t)‖u1 − u2‖2,
(5.2)

for t > 0, u1, u2, v, ν ∈ C
d,

‖f(t, u, v1, ν1) − f(t, u, v2, ν2)‖ ≤ β(t)‖v1 − v2‖ + γ(t)‖ν1 − ν2‖,
(5.3)

for t > 0, u, v1, v2, ν1, ν2 ∈ C
d,

where α(t), β(t), and γ(t) are continuous functions. An application of Theorem 2.1
in Zennaro [27] (see also [5]) gives the following proposition.
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Proposition 5.1. Suppose γ(t) = 0 and the functions α(t) and β(t) satisfy

α(t) ≤ α0 < 0, t > 0,(5.4)

and, for some nonnegative real number k0 < 1,

k0α(t) + β(t) ≤ 0, t > 0.(5.5)

Then, for the solutions y(t) and z(t) of (2.1) and (5.1), it holds that

lim
t→∞

‖y(t) − z(t)‖ = 0.(5.6)

Remark 5.2. In the literature, we have not found any stability results on general
nonlinear neutral equations. Some results on equations of special form, such as sepa-
rable systems and equations of Hale’s form, can be found in [3, 19, 26]. We do not give
the details of those results because they cannot directly be applied to equations of the
form (2.1). Here, we will only use conditions (5.4) and (5.5) plus the boundedness of
γ(t) to analyze the asymptotic stability of numerical methods for nonlinear neutral
equations of the form (2.1). Stability results for nonneutral equations are given in [5]
(Theorem 9.7.1).

The Runge–Kutta method (A, b, c) applied to problem (5.1) leads to the following
process:

Z
(n)
i = zn + hn

s∑
j=1

aijẐ
(n)
j , i = 1, . . . , s,(5.7)

Ẑ
(n)
j = f(tn + cjhn, Z

(n)
j , Z

(n−m)
j , Ẑ

(n−m)
j ), j = 1, . . . , s,(5.8)

zn+1 = zn + hn

s∑
j=1

bjẐ
(n)
j .(5.9)

Let

wn = yn − zn, W
(n)
j = Y

(n)
j − Z

(n)
j , j = 1, . . . , s.

It follows from (2.4–2.6) and (5.7–5.9) that

W
(n)
i = wn + hn

s∑
j=1

aij(Ŷ
(n)
j − Ẑ

(n)
j ), i = 1, . . . , s,(5.10)

wn+1 = wn + hn

s∑
j=1

bj(Ŷ
(n)
j − Ẑ

(n)
j ).(5.11)

Now we are in the position to state and prove the main result of this section.
Theorem 5.3. Suppose that the method (A, b, c) with a nonsingular matrix A is

strictly stable at infinity and that there exist positive constants C3, C4, and k2 such
that

0 < −α−1(t) ≤ C3, |α−1(t)γ(t)| ≤ C4, |α−1(t)β(t)| ≤ k2 < 1.(5.12)

Then, the following results hold:

lim
n→∞

‖wn‖ = 0, lim
n→∞

s∑
j=1

‖W (n)
j ‖ = 0,(5.13)

lim
n→∞

hn

s∑
j=1

‖Ŷ (n)
j − Ẑ

(n)
j ‖ = 0.(5.14)
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Proof. From (5.10) and the nonsingularity of A it follows that

Ŷ
(n)
i − Ẑ

(n)
i = h−1

n

s∑
j=1

Dij(W
(n)
j − wn), i = 1, . . . , s,(5.15)

where D = [Dij ] = A−1. Substituting (5.15) into (5.11) yields

wn+1 = R(∞)wn +

s∑
i=1

s∑
j=1

biDijW
(n)
j .(5.16)

Hence, there exists a constant C5 > 0 such that

‖wn+1‖ ≤ |R(∞)|‖wn‖ + C5

s∑
i=1

‖W (n)
i ‖.(5.17)

On the other hand, conditions (5.2) and (5.3) imply that Re〈W (n)
j , Ŷ

(n)
j − Ẑ

(n)
j 〉 can

be rewritten and bounded as follows:

Re〈W (n)
j , f(tn+cjhn, Y

(n)
j , Y

(n−m)
j , Ŷ

(n−m)
j )−f(tn+cjhn, Z

(n)
j , Y

(n−m)
j , Ŷ

(n−m)
j )〉

+ Re〈W (n)
j , f(tn+cjhn, Z

(n)
j , Y

(n−m)
j , Ŷ

(n−m)
j )−f(tn+ cjhn, Z

(n)
j , Z

(n−m)
j , Ẑ

(n−m)
j )〉

≤ α(tn+cjhn)‖W (n)
j ‖2 + β(tn+cjhn)‖W (n)

j ‖‖W (n−m)
j ‖

+ γ(tn+cjhn)‖W (n)
j ‖‖Ŷ (n−m)

j −Ẑ
(n−m)
j ‖.

Considering the inequality

Re〈W (n)
j , Ŷ

(n)
j − Ẑ

(n)
j 〉 ≥ −‖W (n)

j ‖‖Ŷ (n)
j − Ẑ

(n)
j ‖,

we have that

‖W (n)
j ‖ ≤ k2‖W (n−m)

j ‖ + C4‖Ŷ (n−m)
j − Ẑ

(n−m)
j ‖ + C3‖Ŷ (n)

j − Ẑ
(n)
j ‖,(5.18)

where we have used Assumption (5.12). Using (5.15), we further obtain

s∑
i=1

‖W (n)
i ‖ ≤ k2

s∑
i=1

‖W (n−m)
i ‖ + h−1

n−mC4

s∑
i=1

s∑
j=1

|Dij |‖W (n−m)
j − wn−m‖

(5.19)

+h−1
n C3

s∑
i=1

s∑
j=1

|Dij |‖W (n)
j − wn‖.

Considering hn → ∞, there exist positive numbers N2, k3 < 1 and C6 < (1 − k3)(1 −
|R(∞)|)/(2C5) such that for every n > N2,

s∑
i=1

‖W (n)
i ‖ ≤ k3

s∑
i=1

‖W (n−m)
i ‖ + C6(‖wn‖ + ‖wn−m‖).(5.20)

An application of Lemma 3.3 to (5.17) and (5.20) gives (5.13). Then (5.14) follows
from (5.15). This completes the proof.

Remark 5.4. In the proof, we only use hn → ∞. Hence, the result is also valid
for the other grid types proposed in [2, 24]. From Corollary 3.9 we can see that the
assumption of strict stability at infinity is also necessary to the result.
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Remark 5.5. Theorem 5.3 is different from the asymptotic stability result ob-
tained by Zhang and Sun [28] (see Theorem 6.1 of this paper). Therefore, specializing
Theorem 5.3 to the case of nonneutral equations, our result is also new. In addition,
our proof is completely different from that in [28].

Remark 5.6. It should be pointed out that Theorem 5.3 cannot cover the asymp-
totic stability results of section 3. In fact, specializing the Assumption (5.12) in
Theorem 5.3 to the case of (3.1), the induced assumptions are stronger than Assump-
tion A.

6. An upper bound of error growth for nonlinear problems. In this
section, we investigate error growth bounds of numerical methods for nonneutral,
nonlinear problems of the form{

y′(t) = f(t, y(t), y(qt)), t > 0,
y(0) = y0,

(6.1)

where the function f satisfies the conditions

Re〈u1 − u2, f(t, u1, v) − f(t, u2, v)〉 ≤ α‖u1 − u2‖2, t > 0, u1, u2, v ∈ C
d,(6.2)

‖f(t, u, v1) − f(t, u, v2)‖ ≤ β‖v1 − v2‖, t > 0, u, v1, v2 ∈ C
d,(6.3)

where α and β are constants. Throughout this section, we assume that the other
notations are the same as those in section 5.

For problems (6.1–6.3), Zhang and Sun (cf. [28]) have considered a stepsize strat-
egy where every interval (q−ih, q−i−1h] is divided into m subintervals of the same
size, and obtained the following global and asymptotic stability results for (k, l)−
algebraically stable Runge–Kutta methods. Here, a method (A, b, c) is said to be
(k, l)-algebraically stable if there exists a nonnegative diagonal matrix D such that
the matrix [

k − 1 − 2leTDe eTD − bT − 2leTDA
De− b− 2lATDe DA + ATD − bbT − 2lATDA

]

is nonnegative definite (cf. [11]).
Theorem 6.1 (see [28]). Suppose that the method (A, b, c) is (k, l)-algebraically

stable for a nonnegative diagonal matrix D = diag(d1, d2, . . . , ds), where 0 < k ≤ 1
and the following condition holds:

qα + β ≤ 0, (1 − q)(qα + β)h ≤ mq2l,(6.4)

then

‖wn+1‖ ≤
[
1 +

√
(q−1 − 1)βh

]
max

⎧⎨
⎩‖wm‖,

s∑
j=1

(√
bj max

−m≤i≤−1
‖W (m+i)

j ‖
)⎫⎬
⎭ .

(6.5)

If it is further assumed that k < 1, then

lim
n→∞

‖yn − zn‖ = 0.

Here we obtain the following results.
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Theorem 6.2. Suppose that the method (A, b, c) is algebraically stable and that
the following condition holds:

α + q−1/2β ≤ 0.(6.6)

Then we have that for every n ≥ 2m− 1,

‖wn+1‖2 − h1(2α + q−1/2β)

n∑
i=n−m+1

s∑
j=1

bjp
i−1‖W (i)

j ‖2

(6.7)

≤ ‖wm‖2 + h1q
−1/2β

m−1∑
i=0

s∑
j=1

bjp
i−1‖W (i)

j ‖2.

Proof. It is known (see [10]) that

‖wn+1‖2 − ‖wn‖2 − 2hn

s∑
j=1

bj Re〈W (n)
j , Ŷ

(n)
j − Ẑ

(n)
j 〉

= −h2
n

s∑
i=1

s∑
j=1

Mij〈Ŷ (n)
i − Ẑ

(n)
i , Ŷ

(n)
j − Ẑ

(n)
j 〉.

By means of the algebraic stability of the method and by (6.2) and (6.3), we have

‖wn+1‖2 ≤ ‖wn‖2 + 2hn

s∑
j=1

bj Re〈W (n)
j , Ŷ

(n)
j − Ẑ

(n)
j 〉

= ‖wn‖2 + 2hn

s∑
j=1

bj Re〈W (n)
j , f(tn + cjhn, Y

(n)
j , Y

(n−m)
j )

− f(tn + cjhn, Z
(n)
j , Y

(n−m)
j )〉

+ 2hn

s∑
j=1

bj Re〈W (n)
j , f(tn + cjhn, Z

(n)
j , Y

(n−m)
j )

− f(tn + cjhn, Z
(n)
j , Z

(n−m)
j )〉

≤ ‖wn‖2 + hn

s∑
j=1

bj [(2α + q−1/2β)‖W (n)
j ‖2 + q1/2β‖W (n−m)

j ‖2],

where we have used

2‖W (n)
j ‖‖W (n−m)

j ‖ ≤ q−1/2‖W (n)
j ‖2 + q1/2‖W (n−m)

j ‖2.(6.8)

By induction, one arrives at

‖wn+1‖2 ≤ ‖wm‖2 + h1

s∑
j=1

bj

[
n∑

i=n−m+1

pi−1(2α + q−1/2β)‖W (i)
j ‖2

+ 2

n−m∑
i=m

pi−1(α + q−1/2β)‖W (i)
j ‖2(6.9)

+

m−1∑
i=0

pi−1q−1/2β‖W (i)
j ‖2

]
,
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which, combined with (6.6), gives (6.7). This completes the proof.
Corollary 6.3. Under the assumptions of Theorem 6.2, we have that for every

n ≥ 2m− 1,

‖wn+1‖2 ≤ ‖wm‖2 + hp−1q−1/2(1 − q)β max
0≤i≤m−1

1≤j≤s

‖W (i)
j ‖2.(6.10)

Proof. The conclusion follows from the fact that

m−1∑
i=0

pi‖W i
j‖2 ≤ pm − 1

p− 1
max

0≤i≤m−1
‖W (i)

j ‖2.

Remark 6.4. The above proof procedure is closely related to its counterpart in
the case of a constant delay (cf. [15]) and in the case of a proportional delay (cf. [28]).
Compared to Theorem 6.1 in the case of algebraically stable methods, our result is
slightly sharper because Assumption (6.4) is stronger than (6.6).

Remark 6.5. In the case of time-dependent Lipschitz constants, if (6.6) is replaced
by

2α(t) + q−1/2(β(t) + β(t/q)) ≤ 0,(6.11)

we can similarly obtain that for every n ≥ 2m− 1,

‖wn+1‖2 − h1

n∑
i=n−m+1

s∑
j=1

bjp
i−1(2α(ti + cjhi) + q−1/2β(ti + cjhi))‖W (i)

j ‖2

(6.12)
≤ ‖wm‖2 + hp−1q−1/2(1 − q) max

0≤i≤m−1
1≤j≤s

β(ti+m + cjhi+m)‖W (i)
j ‖2.

Next, we derive some results which can be applied to the more general case
α + β < 0. We define the following two constants

r =

⎧⎨
⎩

0, when 2α + (1 + q−1)β ≤ 0,
2α + (1 + q−1)β

−(2α + β)
, when 2α + (1 + q−1)β > 0,

(6.13)

∆ =
‖wm‖2p/h1 + q−1β

∑s
j=1 bj

∑m−1
i=0 pi‖W (i)

j ‖2

−(2α + β)
.(6.14)

Theorem 6.6. Suppose that the method (A, b, c) is algebraically stable and that
the following condition holds:

α + β < 0.(6.15)

Then we have that for every k ≥ 0,

s∑
j=1

bj

m∑
i=1

p−i‖W ((k+2)m−i)
j ‖2 ≤ q2(q + qr)k∆.(6.16)

Proof. If we replace (6.8) by the inequality

2‖W (n)
j ‖‖W (n−m)

j ‖ ≤ ‖W (n)
j ‖2 + ‖W (n−m)

j ‖2,
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we obtain

‖wn+1‖2 ≤ ‖wn‖2 + hn

s∑
j=1

bj [(2α + β)‖W (n)
j ‖2 + β‖W (n−m)

j ‖2].

By induction, one arrives at

‖wn+1‖2 ≤ ‖wm‖2 + h1p
−1

s∑
j=1

bj

[
n∑

i=n−m+1

pi(2α + β)‖W (i)
j ‖2

+

n−m∑
i=m

pi(2α+(1+q−1)β)‖W (i)
j ‖2 +

m−1∑
i=0

piq−1β‖W (i)
j ‖2

]
.

Therefore,

s∑
j=1

bj

n∑
i=n−m+1

pi‖W (i)
j ‖2 ≤ r

s∑
j=1

bj

n−m∑
i=m

pi‖W (i)
j ‖2 + ∆.

Let n = (k + 2)m− 1 for k ≥ 0. We then have

s∑
j=1

bj

m∑
i=1

p−i‖W ((k+2)m−i)
j ‖2 ≤ r

k∑
l=1

ql
s∑

j=1

bj

m∑
i=1

p−i‖W ((k−l+2)m−i)
j ‖2 + qk+2∆.

By induction we can prove from the above inequality that (6.16) holds for every k ≥ 0.
This completes the proof.

Remark 6.7. It is easy to verify the following inequality,

0 < q + qr ≤ max

(
q,

β

−(2α + β)

)
.

Hence, q + qr < 1 if α + β < 0 and the right-hand side of (6.16) goes to zero for
increasing k.

Remark 6.8. If condition (6.15) is replaced by the weaker condition

2α + β < 0,(6.17)

then Theorem 6.6 is still valid. Then, however, it is not guaranteed that q + qr < 1.
Corollary 6.9. Under the assumptions of Theorem 6.6, inequality (6.16) im-

plies that for every n ≥ m

s∑
j=1

bj‖W (n)
j ‖2 ≤ (q + qr)n/m∆.(6.18)

Proof. It follows from (6.16) that for every k ≥ 0, i ∈ {1, . . . ,m},
s∑

j=1

bj‖W ((k+2)m−i)
j ‖2 ≤ piq2(q + qr)k∆ = q2−i/m(q + qr)k∆ ≤ (q + qr)k+2−i/m∆,

which gives (6.18).
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Theorem 6.10. Suppose that the method (A, b, c) with a nonsingular matrix A
is algebraically stable, bi > 0 for all i and (6.15) holds. Then there exists a constant
C7, depending only on the coefficients of the method, such that for every n ≥ m,

‖wn+1‖ ≤ |R(∞)|n+1−m‖wm‖ + C7(q + qr)1/2∆1/2ψn+1−m(|R(∞)|, (q + qr)1/2m),

where the function ψn(x, y) is defined by (4.13).
Proof. Considering (5.16) and the assumptions of the theorem, there exists a

constant C7, depending only on the coefficients, such that

‖wn+1‖ ≤ |R(∞)|‖wn‖ + C7

⎛
⎝ s∑

j=1

bj‖W (n)
j ‖2

⎞
⎠

1/2

,

which in combination with (6.18) gives

‖wn+1‖ ≤ |R(∞)|‖wn‖ + C7(q + qr)n/2m∆1/2

≤ |R(∞)|n+1−m‖wm‖

+C7(q + qr)1/2∆1/2
n−m∑
i=0

|R(∞)|i(q + qr)(n−m−i)/2m.

This implies the result of the theorem.
Corollary 6.11. Suppose (6.15) holds. Then for any Radau IA, Radau IIA, or

Lobatto IIIC method, there exists a constant C7 depending only on the coefficients of
the method, such that for every n ≥ m,

‖wn+1‖ ≤ C7(q + qr)n/2m∆1/2.

Corollary 6.12. Suppose (6.15) holds. Then for any Gauss method there exists
a constant C7, depending only on the coefficients of the method, such that for every
n ≥ m,

‖wn+1‖ ≤ ‖wm‖ +
C7(q + qr)1/2∆1/2

1 − (q + qr)1/2m
.

Remark 6.13. It is easy to extend the results of this section to the case of (k, l)-
algebraically stable methods if we impose some restrictions on stepsize similar to those
in [15].

7. Extension to a more general class of equations. In this section, we
generalize some stability results to the more general equations{

y′(t) = L(t)y(t) + M(t)y(t− τ(t)) + N(t)y′(t− τ(t)), t ≥ t0,
y(t) = g(t), t ≤ t0,

(7.1)

and {
y′(t) = f(t, y(t), y(t− τ(t)), y′(t− τ(t))), t ≥ t0,
y(t) = g(t), t ≤ t0.

(7.2)

The ideas are related to those in [13]. We assume that there exists a constrained mesh
in the interval [t0,+∞) such that

tn − τ(tn) = tn−m, n ≥ m,(7.3)



2040 C. HUANG AND S. VANDEWALLE

for some integer m. The corresponding discretized schemes for (7.1) and (7.2) are
(3.5–3.7) and (2.4–2.6), respectively. Then, a similar analysis leads to the following
general results.

Theorem 7.1. Suppose that the method (A, b, c) with a nonsingular matrix A is
strictly stable at infinity and that the coefficient matrices of (7.1) satisfy

lim
n→∞

h−1
n ‖L−1(tn + cihn)‖ = 0, lim

n→∞
h−1
n−m‖L−1(tn + cihn)N(tn + cihn)‖ = 0,

(7.4)

and

lim sup
n→∞

‖L−1(tn + cihn)M(tn + cihn)‖ = k0 < 1,(7.5)

for i = 1, 2, . . . , s. Then, the scheme (3.5–3.7) is asymptotically stable for (7.1).
Theorem 7.2. Suppose that the method (A, b, c) with a nonsingular matrix A

is strictly stable at infinity and that the function f of (7.2) satisfies conditions (5.2)
and (5.3) with

lim
n→∞

hnα(tn + cihn) = −∞, lim
n→∞

γ(tn + cihn)

hn−mα(tn + cihn)
= 0,(7.6)

and

lim sup
n→∞

β(tn + cihn)

|α(tn + cihn)| = k2 < 1,(7.7)

for i = 1, 2, . . . , s. Then, the scheme (2.4–2.6) is asymptotically stable for (7.2), i.e.,
(5.13) and (5.14) hold.

Remark 7.3. For the constant delay system (1.3), we can consider a constant step-
size strategy, i.e., hn = − log q/m, such that (7.3), (7.4), and (7.5) hold if ρ[L−1M ]<1.

Remark 7.4. If the delay τ(t) satisfies the conditions

0 < τ0 ≤ τ(t) < t, t ≥ t0,(7.8)

0 < q∗ ≤ 1 − τ ′(t) ≤ q∗ < 1, t ≥ t0,(7.9)

then t − τ(t) is strictly increasing and limt→∞ t − τ(t) = +∞, which guarantees the
existence of a constrained mesh (cf. [5, 13]) and

hn−m = hn − (τ(tn+1) − τ(tn)) ≤ q∗hn.

Hence,

lim
n→∞

hn = +∞,

which implies (7.4) if L−1(t) and N(t) are bounded. In the case of vanishing delays,
i.e., τ(0) = 0, we can choose an appropriate point t0 > 0 and assume we know an
approximate solution in [0, t0] such that (7.8) hold.

Remark 7.5. If ci ∈ {0, 1} or τ(t) is of the form qt + d, we can appropriately
choose stepsize such that (7.3) implies

tn + cihn − τ(tn + cihn) = tn−m + cihn−m,

see [5, section 6.3]. In the other case, however, the above equality may no longer
hold, an interpolation for the delay argument is possibly necessary and a rigorous
theoretical analysis is missing (and outside the scope of the present paper).
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8. Concluding remarks. In this work the stability of Runge–Kutta methods
for both linear and nonlinear nonautonomous pantograph equations has been ana-
lyzed. A new approach has been introduced to derive the asymptotic stability of
numerical methods and some sufficient and necessary conditions have been found. By
further exploiting the special structure of the stepsize, we have also obtained some
upper bounds for the error growth.

The techniques of this paper can be applied to investigate the stability of numer-
ical methods for the constant delay system derived from the pantograph equation.
They could also possess a potential applicability to integro-differential equations with
proportional delays.
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ner for suggesting the extension of the study to a more general class of equations.

REFERENCES

[1] C. T. H. Baker, Retarded differential equations, J. Comput. Appl. Math., 125 (2000), pp. 309–
335.

[2] A. Bellen, N. Guglielmi, and L. Torelli, Asymptotic stability properties of θ-methods for
the pantograph equation, Appl. Numer. Math., 24 (1997), pp. 279–293.

[3] A. Bellen, N. Guglielmi, and M. Zennaro, Numerical stability of nonlinear delay differential
equations of neutral type, J. Comput. Appl. Math., 125 (2000), pp. 251–263.

[4] A. Bellen, S. Maset, and L. Torelli, Contractive initializing methods for the pantograph
equation of neutral type, Recent Trends in Numerical Analysis, 3 (2000), pp. 35–41.

[5] A. Bellen and M. Zennaro, Numerical Methods for Delay Differential Equations, Oxford
University Press, Oxford, UK, 2003.

[6] M. D. Buhmann and A. Iserles, Numerical analysis of functional equations with a variable
delay, in Numerical Analysis 1991 (Dundee, 1991), D. F. Griffiths and G. A. Watson, eds.,
Longman, Sci. Tech., Harlow, UK, 1992, pp. 17–33.

[7] M. D. Buhmann and A. Iserles, On the dynamics of a discretized neutral equation, IMA J.
Numer. Anal., 12 (1992), pp. 339–363.

[8] M. D. Buhmann and A. Iserles, Stability of the discretized pantograph differential equation,
Math. Comp., 60 (1993), pp. 575–589.

[9] M. D. Buhmann, A. Iserles, and S. P. Norsett, Runge-Kutta methods for neutral differential
equations, in Contributions in Numerical Mathematics, World Sci. Ser. Appl. Anal. 2,
World Scientific, River Edge, NJ, 1993, pp. 85–98.

[10] K. Burrage and J. C. Butcher, Stability criteria for implicit Runge–Kutta methods, SIAM
J. Numer. Anal., 16 (1979), pp. 46–57.

[11] K. Burrage and J. C. Butcher, Nonlinear stability of a general class of differential equation
methods, BIT, 20 (1980), pp. 185–203.

[12] K. Dekker and J. G. Verwer, Stability of Runge-Kutta Methods for Stiff Nonlinear Differ-
ential Equations, CWI Monographs 2, North–Holland, Amsterdam, 1984.

[13] N. Guglielmi and M. Zennaro, Stability of one-leg Θ-methods for the variable coefficient pan-
tograph equation on the quasi-geometric mesh, IMA J. Numer. Anal., 23 (2003), pp. 421–
438.

[14] E. Hairer and G. Wanner, Solving Ordinary Differential Equations. Stiff and Differential-
Algebraic Problems II, Springer-Verlag, Berlin, 1991.

[15] C. Huang, H. Fu, S. Li, and G. Chen, Stability analysis of Runge-Kutta methods for non-
linear delay differential equations, BIT, 39 (1999), pp. 270–280.

[16] A. Iserles, On the generalized pantograph functional-differential equations, European J. Appl.
Math., 4 (1993), pp. 1–38.

[17] A. Iserles, Numerical analysis of delay differential equations with variable delays, Ann. Nu-
mer. Math., 1 (1994), pp. 133–152.

[18] A. Iserles, Exact and discretized stability of the pantograph equation, Appl. Numer. Math., 24
(1997), pp. 295–308.

[19] A. Iserles and J. Terjeki, Stability and asymptotic stability of functional-differential equa-
tions, J. London Math. Soc. (2), 51 (1995), pp. 559–572.



2042 C. HUANG AND S. VANDEWALLE

[20] Z. Jackiewicz, Asymptotic stability analysis of θ-methods for functional differential equations,
Numer. Math., 43 (1984), pp. 389–396.

[21] T. Koto, Stability of Runge-Kutta methods for the generalized pantograph equation, Numer.
Math., 84 (1999), pp. 233–247.

[22] Y. Liu, Stability analysis of θ-methods for neutral functional-differential equations, Numer.
Math., 70 (1995), pp. 473–485.

[23] Y. Liu, Asymptotic behaviour of functional-differential equations with proportional time delay,
European J. Appl. Math., 7 (1996), pp. 11–30.

[24] Y. Liu, On the θ-methods for delay differential equations with infinite lag, J. Comput. Appl.
Math., 71 (1996), pp. 177–190.

[25] Y. Liu, Numerical investigation of the pantograph equation, Appl. Numer. Math., 24 (1997),
pp. 309–317.

[26] R. Vermiglio and L. Torelli, A stable numerical approach for implicit non-linear neutral
delay differential equations, BIT, 43 (2003), pp. 195–C215.

[27] M. Zennaro, Asymptotic stability analysis of Runge-Kutta methods for nonlinear systems of
delay differential equations, Numer. Math., 77 (1997), pp. 549–563.

[28] C. J. Zhang and G. Sun, Nonlinear stability of variable stepsize Runge-Kutta methods applied
to infinite delay-differential equations, Math. Comput. Modelling, 39 (2004), pp. 495–503.

[29] C. J. Zhang and G. Sun, The discrete dynamics of nonlinear infinite-delay-differential equa-
tions, Appl. Math. Lett., 15 (2002), pp. 521–526.


