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Abstract. Verifying termination is often considered as one of the most import-
ant aspects of program verification. In this paper we present Hasta-La-Vista—an
automatic tool for analysing termination of logic programs. To the best of our
knowledge, Hasta-La-Vista is unique in being able to prove termination of pro-
grams depending on integer computations.

1 Introduction

Proving termination is often considered as an important aspect of program veri-
fication. Logic programming languages, allowing us to program declaratively,
increase the danger of non-termination. Therefore, termination analysis received
considerable attention in logic programming (see, e.g., [8, 14, 27]). Unfortu-
nately, most work on termination analysis is restricted to pure logic programs
and thus many interesting real-world examples are left out of consideration. Ar-
itmetic is a case in the point: while almost every real-world program contains
a numerical part, most other works modelled it by 0 and the successor func-
tion. Therefore, in order to bridge the gap between programming practice and
existing termination analysers, real-world programming techniques should be
considered.

In this paper we present Hasta-La-Vista1 — a powerful tool for analysing
termination of logic programs with integer computations. While such programs
are very common in real-world programming, until recently they mostly re-
mained a terra incognita for the termination research community. In fact, none
of the existing termination analysers we are aware of (TermiLog [22], Termin-
Web [8], TALP [28], and cTI [26]) is powerful enough to prove termination even
of the simplest integer computations such as the following program:

Example 1.

p(X)← X < 7, X1 is X +1, p(X1).

1 Hasta la vista, baby! The Terminator in [6]
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Assuming the left-to-right selection rule of Prolog, this program terminates for
queries p(X), for all integer values of X . �

Our approach is based on transforming a program in a way that allows integ-
rating and extending techniques originally developed for analysis of numer-
ical computations in the framework of query-mapping pairs [15] with the well-
known framework of acceptability [14].

Furthermore, our approach is not limited to proving termination, but can
also infer termination. More precisely, we will be inferring conditions that, if
imposed on the queries, will ensure that the queries will terminate. Inference of
termination conditions was studied in [18, 26]. Unlike termination conditions in-
ferred by these approaches, stated in terms of groundness of arguments (calls to
append terminate if either the first or the third argument is ground), our tech-
nique produces conditions based on numerical domains of the arguments as
shown in Example 2. Combining the approaches to infer both kinds of con-
ditions is considered as a future work.

Example 2. Consider the following program.

q(X ,Y )← X > Y, Z is X−Y, q(Z,Y ).

Queries of the form q(arg1,arg2), where arg1 and arg2 are integers, terminate
with respect to this program if either arg1 ≤ arg2 or arg1 > arg2 and arg2 > 0.
This is exactly the termination condition we will infer. �

The rest of the paper is organised as follows. In the next section we present
a general overview of the system. The presentation is kept on the intuitive level,
more formal results can be found in [33]. Section 3 contains detailed discussion
of an experimental evaluation of the method. In Section 4 we discuss further
extensions, such as proving termination of programs depending on numerical
computations as well as symbolic ones. We summarise our contribution in Sec-
tion 5, review related work and conclude.

2 System architecture

In this section we present an overview of the system architecture and illustrate
the working of main components by analysing Example 2.

Conceptually, Hasta-La-Vista consists of three main parts: transformation,
constraint generation and constraint solving. As a preliminary step, given a pro-
gram and a set of atomic queries, type analysis of Janssens and Bruynooghe [20]
computes the call set. We opted for a very simple type inference technique that
provides us only with information whether an argument is integer or not. More
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refined analysis can be used. For instance, the technique presented in [21] would
have allowed us to know whether some numerical argument belongs to a certain
interval. Alternatively, the integer intervals domain of Cousot and Cousot [11]
might have been used. For our running example type analysis establishes that
all calls that will be generated are of the form q(int, int).

Based on the results of the type analysis the system approximates whether
termination of the given program can be dependent on the integer computation.
It should be noted that there are programs, such as quicksort, that use arithmetic
but whose termination behaviour is not dependent on their arithmetic part. This
is not the case, however, for Example 2, since the integer assignment operator
(is) is used to produce a value in the recursive call to q.

If Hasta-La-Vista suspects that termination depends on arithmetic, the ad-
orning transformation [33] is applied. The aim of the transformation is to split
the domain of calls in order to allow each one of the cases to be analysed separ-
ately. In this way we discover bounded integer arguments and make the bounds
explicit. Intuitively, we are interested in bounded arguments, since if, for ex-
ample, a variable x is known to be bounded from above by n, then n−x is always
positive and thus, it can be used as a basis for a definition of a level-mapping
(a function from the set of atoms to the naturals). Similarly, if a variable x is
bounded from below by n, x− n is always positive and thus, can be used as a
basis for a definition of a level-mapping. To illustrate the transformation con-
sider the following example.

Example 3. We are interested in proving termination of the set of queries {p(n) |
n is an integer} with respect to the following program:

p(X)← X > 1, X < 100, X1 is −X2, p(X1).
p(X)← X <−1, X >−100, X1 is X2, p(X1).

Let arg1 denote the first argument. The first clause is applicable, i.e., the
clause is selected and the test is passed, if the constraint c1 ≡ 1 < arg1 < 100
holds for p(X). Similarly, the second clause is applicable if c2≡−100< arg1 <
−1 holds for p(X). Thus, termination of p(X) for c3 ≡ (arg1 ≤ −100∨−1 ≤
arg1 ≤ 1∨ arg1 ≥ 100) is trivial. We call c1,c2 and c3 adornments and denote
the set of adornments Ap. In general, adornments are constructed as (disjunc-
tions of) conjunctions of comparisons appearing in the bodies of the clauses.
Formally, Ap, computed by Hasta-La-Vista, is the set of all conjunctions ∧n

i=1di,
where di is either a conjunction of comparisons appearing in the body of a clause
or its negation.

It should be noted that if c1 holds and the first clause is applied, then either
c2 or c3 hold for the recursive call. We use this observation and specialise the
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program with respect to c1,c2 and c3 (cf. [39]). The following program is ob-
tained:

pc1(X)← X > 1, X < 100, X1 is −X2, −100 < X1, X1 <−1, pc2(X1).
pc1(X)← X > 1, X < 100, X1 is −X2,

(X1≤−100;(−1≤ X1, X1≤ 1);X1≥ 100), pc3(X1).
pc2(X)← X <−1, X >−100, X1 is X2, 1 < X1, X1 < 100, pc1(X1).
pc2(X)← X <−1, X >−100, X1 is X2,

(X1≤−100;(−1≤ X1, X1≤ 1);X1≥ 100), pc3(X1).

Observe that in our example there are no clauses defining pc3 in the specialised
program since c3 is not consistent with tests in the clauses.

For the specialised program the following holds. In case c1, arg1 is bounded
by 1 and 100, in case c2, it is bounded by −100 and −1. This information is
essential for proving termination. �

Similarly, Hasta-La-Vista discovers that there are two adornments relevant
for q in Example 2: arg1 ≤ arg2 and arg1 > arg2. In the former case the pro-
gram clause is not applicable and termination is trivially established. In the lat-
ter case termination has to be proved. Observe that the second argument of q is
bounded from above by its first argument, and thus arg1−arg2 is a natural num-
ber. Extending the constraints-based approach of Decorte et al. [14] we define a
level-mapping for q(t1, t2) asWq1>q2 · (t1− t2) if t1 > t2 and as zero, otherwise,
whereWq1>q2 is a parameter ranging over a finite domain of natural numbers. In
general, a level mapping is a linear combination of differences corresponding to
inequalities appearing in adornments.

In order to prove termination, the acceptability condition requires the level-
mapping to decrease from the call unified with the head of the clause to the cor-
responding call to the recursive body subgoal. This condition can be translated
into a set of constraints over two kinds of variables: parameters and numerical
variables. For our example the following constraint is obtained:

Wq1>q2 · (X−Y ) >Wq1>q2 · ((X−Y )−Y ),

that is, Wq1>q2 ·Y > 0 should hold. In [14] variables such as X and Y above
should be interpreted as sizes of terms ranging over the naturals. In our case,
they correspond to the integer variables of the program, so we do not know a
priori that they are natural numbers.

This set of constraints is solved with respect to the parameters. If one can
find the parameter values such that the set of constraints is satisfied for all pos-
sible values of the numerical variables, termination is reported for all queries.
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If for some parameter values one can find additional constraints on the numer-
ical variables corresponding to the query arguments such that the original set
of constraints is satisfied, we infer termination for queries satisfying these addi-
tional constraints. Finally, if none of the previous cases is applicable possibility
of non-termination is suspected. In our case, to conclude the proof we observe
that sinceWq1>q2 ≥ 0, then we have Y > 0 andWq1>q2 > 0. Variable Y appears
in the head of the clause, i.e., Y > 0 can be viewed as a constraint on the query.
This completes the analysis for the case arg1 > arg2. Recalling our earlier ob-
servations we report termination for (arg1 ≤ arg2)∨ (arg1 > arg2 ∧ arg2 > 0).
Formally, the algorithm is sketched in Figure 1.

Let P be a homogeneous program, let S be a single predicate set of atomic queries and let q be
rel(S).

1. For each p� q construct a guard-tuned set Ap.
2. Adorn P with respect to q and

�
p�q Ap.

3. Let A= {c | c∈Aq, for all p such that qc � p: p is not recursive in Pa}. Let cond1 =
�
c∈A c.

Let cond2 =
�
c∈Aq,c�∈A c.

4. Let S� be {c(Q)∧Qc | c ∈ Aq,c �∈ A,c(Q)∧Qc ∈ Sa}.
5. Define the symbolic counterparts of level mappings and interargument relations.
6. Let Σ be a set of constraints on the symbolic variables, following from rigid acceptability of

S� with respect to Pa and the validity of interargument relations.
7. Solve Σ with respect to the symbolic variables.

(a) Solution of Σ doesn’t produce extra constraints on variables.
Report termination for true.

(b) Solution of Σ produces extra constraints on integer variables, appearing in the heads of
the clauses.

Conjunct these constraints to termination condition cond2.
Report termination for cond1∨ cond2.

(c) There are no solutions or integer variables, constrained by the solution of Σ, do not
appear in the heads of the clauses

Report termination for cond1.

Fig. 1. The Termination Inference Algorithm

One can show that for our running example the termination condition in-
ferred is optimal, i.e., if it is not satisfied the computation will proceed infin-
itely. However, the undecidability of the termination problem implies that no
automatic tool can always guarantee optimality.

Example 4. Consider the following program.

q(X ,Y )← X > Y, Z is X−Y, Y1 is Y +1, q(Z,Y1).
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We would like to study termination of this program with respect to {q(z1,z2) |
z1,z2 are integers}. Our algorithm infers the following termination condition:
arg1 ≤ arg2∨ (arg1 > arg2∧arg2 ≥ 0). This is a correct termination condition,
but it is not optimal as q(z1,z2) terminates, in fact, for all values of z1 and z2,
i.e., the optimal termination condition is true. �

3 Experimental evaluation

We have tested our system on a number of examples. First of all, we considered
integer examples from two textbooks’ chapters dedicated to programming with
arithmetic, namely, Chapter 8 of Sterling and Shapiro [37] and Chapter 9 of
Apt [1]. These results are summarised in Table 1. We can prove termination of
all the examples presented for all possible values of the integer arguments, that
is, the termination condition inferred is true. Next, we’ve collected a number of
programs from different sources: mostly from textbooks and benchmark collec-
tions. Table 2 presents timings and results for these programs. Again, termina-
tion of almost all programs can be shown for all possible values of the integer
arguments. We believe that the reason for this is that most textbooks authors aim
to teach how to write good software and always keep termination in mind. Fi-
nally, Table 3 demonstrates some of the termination conditions inferred by our
system. We can summarise our results by saying that the system turns out to be
powerful enough to analyse correctly a broad spectrum of programs, while the
time spent on the analysis never exceeds 0.30 seconds. In fact, for almost 90%
of the integer programs results were obtained in less than 0.10 seconds. Observe
that for some examples the time needed to perform the analysis was too small
to be measured exactly. These cases are indicated by 0.00 in the Time column.

The core part of the implementation was done in SICStus Prolog (version
3.10.0), using its CLP(FD) and CLP(Q) libraries. The type inference of Janssens
and Bruynooghe [20] was implemented in MasterProLog (release 4.1i). Tests
were performed on Intel R�Pentium R�4 with 1.60GHz CPU and 260Mbmemory,
running 2.4.20-pre11 Linux.

In Tables 1–3, the following abbreviations are used:

– Ref: reference to the program;
– Name: name of the program;
– Queries: atomic queries of interest, where the arguments are denoted

• c, if the argument is a character;
• i, if the argument is an integer;
• li, if the argument is a list of integers;
• lp, if the argument is a list of pairs of integers;
• t, if the argument is a binary tree, containing integers;
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Table 1. Examples from [37, 1]

Ref Queries Time Ref Queries Time
Examples of Sterling and Shapiro [37] Examples of Apt [1]

8.1 greatest common divisor(i, i, v) 0.01 between between(i, i, v) 0.02
8.2 factorial(i, v) 0.01 delete delete (i, i, v) 0.03
8.3 factorial(i, v) 0.02 factorial fact(i, v) 0.01
8.4 factorial(i, v) 0.02 in tree in tree(i, t) 0.00
8.5 between(i, i, v) 0.02 insert insert(i, t, v) 0.01
8.6a sumlist(li, v) 0.00 length1 length(li, v) 0.00
8.6b sumlist(li, v) 0.01 maximum maximum(li, v) 0.00
8.7a inner product(li, li, v) 0.00 ordered ordered(li) 0.01
8.7b inner product(li, li, v) 0.01 quicksort qs(li, v) 0.06
8.8 area(lp, v) 0.02 quicksort acc qs acc(li, v) 0.05
8.9 maxlist(li, v) 0.02 quicksort dl qs dl(li, v) 0.08
8.10 length(v, li) 0.01 search tree is search tree(t) 0.03
8.11 length(li, v) 0.01 tree minimum minimum(t, v) 0.01
8.12 range(i, i, v) 0.02

• v, if the argument is a variable;
– Time: time (in seconds) needed to analyse the example;
– T (in Table 2): termination behaviour:

• T means that the termination condition inferred is true, i.e., computa-
tion of any query from the specified set with respect to a given program
terminates;

• N+ means that the termination condition inferred is false and indeed
computation of a query from the specified set with respect to a given
program does not necessarily terminate;

• T∗ means that the termination condition inferred is true, but a transform-
ation was required as a preliminary step (see further);

– Condition (in Table 3): termination condition (other than true and false) in-
ferred by the system.

A surprising result was the discovery of non-terminating examples in Prolog
textbooks. The first one, by Coelho and Cotta [9], should compute an nth power
of a number.

exp(X ,0,1).
exp(X ,Y,Z)← even(Y ), R is Y/2, P is X ∗X , exp(P,R,Z).
exp(X ,Y,Z)← T is Y −1, exp(X ,T,Z1), Z is Z1∗X .

even(Y )← R is Y mod 2, R = 0.

The termination condition inferred by our system is false. Indeed, this is the
only termination condition possible, since, for any query exp(arg1,arg2,arg3)
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Table 2. Various examples

Name Ref Queries Time T
dldf [3] depthfirst2(c, v, i) 0.03 T
exp [9] exp(i, i, v) 0.05 N+
fib [5] fib(i, v) 0.12 T
fib [12] fib(i, v) 0.27 T
fib [29] fib(i, v) 0.03 T∗

forwardfib [3] fib3(i, v) 0.02 T
hanoi [16] hanoi(i,v,v,v) 0.18 T
interval [35] interval(i,i,v) 0.02 T
money [5] money(v, v, v, v,v, v, v, v) 0.13 T
mortgage [24] mortgage(i,i,i,i,v) 0.02 T∗

oscillate Example 3 p(i) 0.15 T
p [15] p(i) 0.01 T
p32 [19] gcd(i, i, v) 0.03 T
p33 [19] coprime(i, i) 0.04 T
p34 [19] totient phi(i, v) 0.08 T
primes [7] primes(i, v) 0.03 T
pythag [7] pythag(v, v, v) 0.03 N+
r [15] r(i, v) 0.01 T
triangle [25] triangle(i, v) 0.02 N+

Table 3. Examples of inferring termination conditions

Name Ref Queries Time Condition
q Example 2 q(i, i) 0.01 q1 ≤ q2∨ (q1 > q2∧q2 > 0)
q Example 4 q(i, i) 0.02 q1 ≤ q2∨ (q1 > q2∧q2 ≥ 0)
gcd [3] gcd(i,i,v) 0.05 gcd1 = gcd2∨ (gcd1 > gcd2∧gcd2 ≥ 1)
loop [35] loop(i,i,i,i,i) 0.03 loop1 > 0

such that arg1 and arg2 are integers, the LD-tree of this program and this query
is infinite due to the infinite traversal of the third clause.

In their book [25] McDonald and Yazdani suggest an exercise that can be
seen as computing ∑n

i=1 i for a given parameter n. The next program is the solu-
tion provided by the authors:

triangle(1,1).
triangle(N,S)←M is N−1, triangle(M,R), S is M+R.

Once more, the termination condition inferred by our system is false, and it
is the only possible one. This example and the previous one demonstrate that
Hasta-La-Vista can be used for error detection.

Unlike these examples, non-termination of pythag [7] is intentional. This
program is supposed to compute all Pythagorean triples, i.e., triples of positive
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integers a, b and c, such that a2 + b2 = c2 holds. Since it is well-known that
there are infinitely many different Pythagorean triples, computation necessarily
will produce infinitely many answers, i.e., it will be infinite.

Marriott and Stuckey [24] proposed the following CLP program, serving
since then as a benchmark for different CLP-analyses.

mortgage(P,T, I,R,B)← T = 0, B = P.

mortgage(P,T, I,R,B)← T ≥ 1, NT = T −1,

NP = P+P∗ I−R, mortgage(NP,NT, I,R,B).

As a preprocessing step, we transform this program into the non-CLP form by
replacing the two equality constraints in the second clause with is-assignments:

mortgage(P,T, I,R,B)← T = 0, B = P.

mortgage(P,T, I,R,B)← T ≥ 1, NT is T −1,

NP is P+P∗ I−R, mortgage(NP,NT, I,R,B).

Such a replacement can be performed automatically, provided that variables
T,P, I,R are ground and variables NT and NP are free prior to constraints ap-
plication. Termination of the transformed program can be shown by our system.

Finally, O’Keefe [29] suggested a more efficient way to calculate Fibonacci
numbers, by performing O(n) work each time it is called, unlike the versions
of [5] and [12] which perform an exponential amount of work each time.

fib(1,X)←!, X = 1.
fib(2,X)←!, X = 1.
fib(N,X)← N > 2, fib(2,N,1,1,X).

fib(N,N,X2, ,X)←!, X = X2.
fib(N0,N,X2,X1,X)← N1 is N0+1,

X3 is X2+X1, fib(N1,N,X3,X2,X).

Termination of goals of the form fib(i,v) with respect to this example depends
on the cut in the first clause of fib/5. If it is replaced with N0 �= N in the second
clause termination can be proved. This fact is denoted T∗ in Table 2. Note that
this replacement does not affect the complexity of the computation.

Clearly, since the halting problem is undecidable we cannot expect our al-
gorithm to compute precise termination condition for any given example in a
finite time. Termination proofs of many contrived examples, like Takeuchi’s
function, require sophisticated argumentation. Moreover, termination of certain
numerical computations, such as the 3n+1 problem attributed to L. Collatz, is
still an open problem in mathematics.
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4 Further extensions

In this section we review briefly possible extensions of the Hasta-La-Vista sys-
tem. First of all, as suggested in [32], an adapted version of the technique
proposed can be applied to infer termination of programs using floating point
numbers. The major difference with the basic Hasta-La-Vista algorithm is that
rounding functions, specified in IEEE standard 754, should be taken into ac-
count. For instance, “X1 is −X2” can no longer be understood as x1 = −x2 as
in the integer case, but should be interpreted as x1 = round(−(round(x2))).

Next, while Hasta-La-Vista was originally developed for definite programs,
i.e., programs without negation, it can be extended to analyse normal programs,
i.e., programs that contain negation in bodies of their clauses. The simplest way
to do is to require that the size of a negative literal measured by a given level
mapping should be equal to the size of the corresponding positive literal. This
approach would allow us to prove termination of a number of examples, such as
primes [7] and Goldbach’s conjecture [19].

We also can use the ideas of adornment to prove termination of symbolical
computations, i.e., computations on terms. Two possible directions seem to be
promising. First, a number of modern approaches to termination analysis of
logic programs [8, 27] abstract a program to CLP(N) and then infer termination
of the original program from the corresponding property of the abstract one.
Unfortunately, techniques used to prove termination of numerical programs are
often restricted to the use of the identity function as the only level-mapping,
which results in failure to prove termination in many interesting examples. In
some cases a CLP(N) program can be seen as a Prolog program with numerical
computation. For these programs our technique can be applied to improve the
precision of the analysis. Alternatively, one can try and avoid transformation by
using the ideas of adorning directly on the symbolical program [34].

Finally, observe that in real-world programs, numerical computations are
sometimes interleaved with symbolical ones, as illustrated by the following ex-
ample. This example collects leaves of a tree with a variable branching factor,
which is a common data structure in natural language processing [30].

Example 5.

collect(X , [X |L],L)← atomic(X).
collect(T,L0,L)← compound(T ), functor(T, ,A), (1)

process(T,0,A,L0,L).
process( ,A,A,L,L).
process(T, I,A,L0,L2)← I < A, I1 is I+1, arg(I1,T,Arg), (2)

collect(Arg,L0,L1), process(T, I1,A,L1,L2).
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To prove termination of {collect(t,v, [])}, where t is a tree and v is a variable,
three decreases should be shown: between a call to collect and a call to process
in (1), between a call to process and a call to collect in (2) and between two calls
to process in (2) . The first two can be shown only by a symbolic level mapping,
the third one—only by the numerical approach. �
Thus, our goal is to combine the existing symbolic approaches with the numer-
ical one presented so far. One of the possible ways to do so is to combine two
level mappings, | · |1 and | · |2, by mapping each atom A ∈ BE

P either to a natural
number |A |1 or to a pair of natural numbers (|A |1, |A |2). Then we prove ter-
mination by showing decreases via orderings on (N∪N2) as suggested in [13].

Example 6. Example 5, continued. Define ϕ : BE
P → (N∪N2) as: ϕ(collect(t, l0,

l)) = �t� and ϕ(process(t, i,a, l0, l)) = (�t�,a− i), where � · � is a term-size
norm. The decreases are satisfied with respect to>, such that A1 >A2 if and only
if ϕ(A1)� ϕ(A2), where � is defined as follows: n�m if n >N m; n� (n,m) if
true; (n,m1)� (n,m2) if m1 >N m2; (n1,m)� n2 if n1 >N n2, where >N is the
usual order on the naturals.

Indeed, collect(t, l0, l)> process(t,0,a, l0, l), since ϕ(process(t,0,a, l0, l))=
(�t�,a), ϕ(collect(t, l0, l)) = �t�, and �t� � (�t�,a) by definition of �. Simil-
arly, process(t, i,a, l0, l2) > collect(arg, l0, l1), since ϕ(process(t, i,a, l0, l2)) =
(�t�,a− i),ϕ(collect(arg, l0, l1)) = �arg�, �t� >N �arg� by the predefined se-
mantics of the built-in predicate arg and (�t�,a− i)� �arg� by definition of �.
Finally, process(t, i,a, l0, l2) > process(t, i1,a, l1, l2), since ϕ(process(t, i,a, l0,
l2)) = (�t�, a− i),ϕ(process(t, i1,a, l1, l2)) = (�t�,a− i1), a− i>N a− i1 (since
i1 = i+1) and (�t�,a− i)� (�t�,a− i1) by definition of �. �

This integrated approach allows one to analyse correctly examples such as
ground, unify, numbervars [37] and Example 6.12 in [15].

5 Conclusion

We have presented Hasta-La-Vista, a termination analyser for logic programs
with integer computations. This functionality is lacking in currently available
termination analysers for Prolog, such as TerminWeb [8], cTI [26], TALP [28],
and TermiLog [22]. The main contribution of this work is in integrating termin-
ation analysis for numerical computations in the automatic termination analyser
of [14]. It was shown that our approach is robust enough to prove termination
for a wide range of numerical examples. To the best of our knowledge, Hasta-
La-Vista is unique in being able to prove termination of programs depending on
integer computations. This work plays a complementary role with respect to [33]
as it highlights the implementation aspects of the system and provides detailed
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discussion of experimental evaluation. In the subsequent papers [32, 34] we in-
vestigate how the adornment technique can be applied to domains other than
the domain of the integers, namely, the floating point numbers and the Herbrand
domain.

Termination of numerical computations was studied by a number of au-
thors [1, 2, 15]. In [1] it was suggested that arithmetic computations should be
simply ignored. Apt et al. [2] provided an important theoretical characterisa-
tion of strong termination, but it seems to be difficult to integrate the approach
with automatic tools. Moreover, there are programs that terminate only for some
queries, such as Example 2. Alternatively, Dershowitz et al. [15] extended the
query-mapping pairs formalism of [22] to deal with numerical computations.
However, this approach inherited the disadvantages of [22], such as a high com-
putational price, which is inherent to this approach due to the repetitive fixpoint
computations. In contrast to their work which was restricted to the verification
of termination, Hasta-La-Vista can infer termination conditions. It is not clear
whether and how [15] can be extended to infer such conditions.

More research has been done on termination analysis for constraint logic
programs. Since numerical computations in Prolog should be written in a way
that allows a system to verify their satisfiability we can see numerical computa-
tions of Prolog as an ideal constraint system. Thus, all the results obtained for
ideal constraint systems can be applied. Unfortunately, the research was either
oriented towards theoretical characterisations [31] or restricted to domains iso-
morphic to N [26], such as trees and terms. Recently, in the journal revision [27]
of [26] and [31], a possibility is mentioned of using abstraction functions other
than combinations of term-size norm, list-length norm, identity function and
null-function. However, the question of how these functions should be inferred
automatically is not considered, and the cTI implementation is restricted to the
term-size norm as an abstraction function.

Numerical computations have also been analysed in the early works on
termination analysis for imperative languages [17]. However, our approach to
automation differs significantly from these works. Traditionally, the verifica-
tion community considered automatic generation of invariants, while automatic
generation of ranking functions (level mappings, in the logic programming par-
lance) just started to emerge [10]. The inherent restriction of automatically gen-
erated ranking functions is that they have to be linear. Moreover, in order to per-
form the analysis of larger programs, such as mergesort, in a reasonable amount
of time, the ranking functions were further restricted so that they depend on one
variable only. Our approach doesn’t suffer from such limitations.

The idea of splitting a predicate into cases was first mentioned by Ullman
and Van Gelder [38]. However, neither in this paper, nor in the subsequent
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one [36] was the proposed methodology presented formally. To the best of our
knowledge, the first formal presentation of splitting in the framework of ter-
mination analysis is due to Lindenstrauss et al. [23]. Unlike in their work, a
numerical and not a symbolic domain was considered in the current paper. Dis-
tinguishing different subsets of values for variables, and deriving norms and
level mappings based on these subsets, links our approach to the ideas of using
type information in termination analysis for symbolic computations [4]. Indeed,
adornments can be seen as types, refining the predefined type integers. Unlike
these works, our work does not start with a given set of types, but for each
program derives a collection of types relevant to this program.

Acknowledgement. We are very grateful to Gerda Janssens for making her
type analysis system available to us.
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