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Abstract. Nonlinear constraints over the real numbers appear in many
application domains, like chemistry, economics or computer graphics.
Their use in Constraint Logic Programming environments have thusfar
been quite limited, because of a combination of performance issues and
commercial considerations. This research aims at improving the practical
applicability of nonlinear constraints in a CLP environment. We focus
in particular on interval-based constraint solving techniques. This paper
presents our research goals, our current results and ideas for future work.

1 Introduction

Constraint (Logic) Programming is nowadays an established method for solving a
wide variety of combinatorial problems. These are problems in which the problem
variables take a value from a finite domain of possibilities. Solving constraints
over other constraint domains is much less common practice. This is in particular
true for constraints over the real numbers R. For linear constraints over R,
algorithms from the Operations Research community are often used.

Nonlinear constraints over R appear in many practical applications, amongst
others in chemical engineering [12, 8], economics [25] and computer graphics [16].
These constraints can be solved by methods like cylindrical algebraic decompo-
sition [15], homotopy continuation [17] and most notably using techniques from
interval analysis [1]. Only the latter is able to support the incremental nature of
Constraint Logic Programming well.

Although much progress has been made in this area over the past decades,
the constraint domain R has not reached the same general acceptance as do
finite domain constraints. Reasons include the unpredictable nature of constraint
solving in R (both with respect to time complexity and with respect to reachable
solution precision) as well as the closed source nature of established nonlinear
Constraint Programming systems like ILOG Solver [20] or ECLiPSe [26].

The aim of this research is to improve the usability of nonlinear constraints
over a continuous domain, both by improving the solving techniques and by im-
proving the public availability of nonlinear systems. We focus on the integration
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of nonlinear solving techniques in a Constraint Logic Programming environment,
in particular SWI-Prolog.

In Section 2 we present Constraint Handling Rules, a language designed for
implementing Constraint Logic Programming systems. In Section 3, we briefly
present interval-based techniques for nonlinear constraint solving. Section 4 gives
an overview of our current results and finally, Section 5 gives some directions for
future work.

2 Constraint Handling Rules

Constraint Handling Rules [7] is a rule-based language that was originally de-
signed for the implementation of Constraint Logic Programming systems. Over
the years, CHR has been used more and more as a general purpose programming
language, supported by the result that every algorithm can be implemented in
CHR in optimal time complexity [24]. CHR is now also available outside of its
original Prolog context, in languages like Haskell, Java [27] or Curry [10].

CHR is particularly suitable for symbolic constraint processing, as it al-
lows simplifying a conjunction of constraints and propagation of redundant con-
straints. The latter have proven useful in speeding up numerical constraint pro-
cessing techniques. CHR takes care of bookkeeping issues like constraint store
representation and marking which propagation rules have been tried already.
Finally, Constraint Handling Rules have been successfully used to combine dif-
ferent constraint solvers into a more powerful system.

Because of these advantages, we have chosen to focus our research on the
implementation of a nonlinear CLP system using CHR. This turns part of the
research into a strong proof of concept for CHR. We also take a look at how
certain disadvantages of CHR can be eliminated.

3 Interval-based Nonlinear Constraint Solving

In this section, we give a high level description of how interval arithmetic can be
used to solve nonlinear Constraint Programming problems. An interval x = [x, x]
is the closed set of reals {x ∈ R | x ≤ x ≤ x}. We denote the set of all intervals
by IR. In practice, we only consider intervals with floating point bounds.

3.1 Interval Extensions

An interval extension of a function f : R
n → R is an interval function F :

IR
n → IR satisfying ∀x ∈ x : f(x) ∈ F (x). In other words, it forms an outer

approximation of the function. An interval extension of a constraint c ⊆ R
n is

an interval constraint C ⊆ IR
n satisfying c(x) =⇒ C(x) for all real vectors x

and interval vectors x satisfying x ∈ x.
The most basic type of interval extensions is the natural interval extension.

It is formed by replacing each variable by its interval domain and replacing each
primitive operator or function by its interval arithmetic equivalent.



In general, different arithmetic expressions that denote the same real func-
tion, do not necessarily denote the same interval function. This is because interval
arithmetic does not have the same properties as real arithmetic. For instance,
although x − x = 0 for all real x, in interval arithmetic x − x = [0, 0] only if x
is an interval of zero width. Therefore, it is sometimes useful to rewrite a real
arithmetic expression into an equivalent one so as to get a more precise interval
extension. Often, so-called center forms are used for this. For example, using the
first order Taylor approximations gives us the Taylor interval extension.

Interval extensions are used to check constraint satisfaction for a whole range
of points. In this way, we can create a discretization of the continuous search
space into a finite number of intervals of a given precision. One can also use
interval extensions to create safe versions of iterative root-finding algorithms
like the Newton-Raphson method.

3.2 Consistency Techniques

Nonlinear constraint programming systems make use of local consistency tech-
niques, similar to the well known arc consistency or bounds consistency for finite
domain constraints. Constraint solving then consists of checking whether all con-
straints are consistent and if this is not the case, narrowing the domains of the
constraint variables until consistency is reached. Two often used consistencies
are box consistency and hull consistency [4]. They are described below.

Hull Consistency An n-ary constraint c is hull consistent with respect to variable
xi ∈ xi if its domain xi is the interval hull of the set

{xi ∈ xi | ∃x1, . . . , ∃xi−1, ∃xi+1, . . . , ∃xnc(x1, . . . , xn)}

Hull consistency can only be computed for constraints in which each variable
occurs only once. Other constraints are first decomposed by introducing new
variables for every variable occurrence and linking them by other constraints.
This weakens the strength of hull consistency because it is a local consistency
technique. We can use constraint inversion with respect to a variable that occurs
only once in a constraint to create a weaker form of hull consistency that is more
precise than using the decomposition [3].

Box consistency An n-ary constraint c is box consistent with respect to variable
xi ∈ xi if its domain xi = [x

i
, xi] satisfies the interval constraints

C(x1, . . . ,xi−1, xi
,xi+1, . . . ,xn)

and

C(x1, . . . ,xi−1, xi,xi+1, . . . ,xn)

Box consistency is equivalent to hull consistency for constraints in which each
variable occurs only once. It is stronger than hull consistency on the decomposi-
tion of constraints in which variables occur more than once. On the other hand,
domain narrowing is considerably more expensive for box consistency compared
to hull consistency.



4 Current Results and Work in Progress

In this section, we give an overview of our results so far and of the topics that
we are currently working on.

4.1 INCLP(R)

Our first achievement is a new nonlinear CLP system called INCLP(R) [14],
available at [13] and which will soon be incorporated into the popular open
source Prolog distribution SWI-Prolog [28]. The main ideas on which the system
is based, with amongst others box consistency and the Taylor interval extension,
come from the Newton system [11] which also forms the basis for the nonlinear
solver of ILOG.

The INCLP(R) system combines box consistency with a form of hull consis-
tency based on constraint inversion, similar to the approach taken in [2]. De-
velopment versions offer different interval extensions. The system is the first
nonlinear CLP system built using Constraint Handling Rules. The system scales
well on typical benchmarks from the interval analysis community and improves
on ECLiPSe on benchmarks for which the constraint decomposition created by
hull consistency causes too little domain reduction.

4.2 Practical Implementation of Interval Extensions

There are many interval extensions which have nice theoretical properties, but
are very expensive to compute. An example is the slope interval extension [22, 21,
18]. Its implementation by Rump [22] uses intersections with the natural interval
extension of subterms to create an interval extension that is at least as good as
the natural interval extension and often better. The main disadvantage is that
it is computationally very expensive to calculate both forms for each subterm
and this decreases its practical usability considerably.

We can already reduce the computational cost by using the natural interval
extension alone for terms in which each variable occurs only once. In those
terms the so-called dependency problem does not occur and the natural interval
extension is optimal.1 We currently investigate how we can reduce the number
of interval evaluations even more without knowing the domains of the involved
variables and without reducing the precision of the interval extension.

4.3 Search Strategies in CHR

Another aspect that we work on is the implementation of different search strate-
gies using a Prolog CHR implementation. Prolog imposes its left to right depth
first search order on CHR implementations based on it. We have designed a

1 The dependency problem denotes the effect of overly wide interval extensions that
is caused by treating dependent terms as independent



source to source transformation to create a different execution order, in partic-
ular breadth first. In this transformation, we use the nonbacktrackable global
variables facility of SWI-Prolog to store changes to the CHR execution state so
that expensive computations do not have to be redone when changing between
branches. We have also extended the Refined Operational Semantics so that
different search strategies are supported.

5 Future Work

We plan to investigate further improvements on amongst others interval exten-
sions, other representations connected to interval arithmetic like affine arithmetic
[5], scheduling algorithms and search heuristics. We have already started to work
on the two aspects described below.

The INCLP(R) system uses an interval as the domain for its variables. An
alternative is to use unions of intervals. This allows us to store the effects of
domain splitting caused by division and even root extraction. The main difficulty
here is to avoid an exponential increase in the number of intervals. It has been
shown that this increase is not that drastic in practice because the constraint
that all intervals should be mutually exclusive becomes more difficult to satisfy
as the number of intervals increases [23].

Local consistency techniques like box consistency and hull consistency are of-
ten not able to do much domain pruning because they only look at one constraint
at a time. Higher order consistencies like bound consistency [4] can overcome this
problem, but are often computationally too expensive to be used in practice. We
are working on a consistency technique whose strength lies in between box con-
sistency and bound consistency and that can be made stronger or weaker by
using a technique similar to weak box consistency [9].
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