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Abstract

We give a framework for formal orthogonal polynomials with respect to an arbitrary mo-
ment matrix. When the moment matrix is Hankel, this simplifies to the classical framework.
The relation with Padé approximation and with Krylov subspace methods is given.

1 Formal block orthogonal polynomials

We consider a linear functional defined on the space of polynomials in two variables, defined
by the moments µij = µ(wizj), i, j ∈ N. Let M = [µij ] be the (infinite) moment matrix,
then for two polynomials p(w) = wp and q(z) = zq (w = [1, w, w2, . . .] and z = [1, z, z2, . . .],
p,q ∈ C∞×1), we define a formal inner product by 〈p, q〉 = µ (p∗(w)q(z)) = p∗Mq. We call
g(ω, ζ) = µ (1/[(ω − w)(ζ − z)]) the generator for the matrix M , since at least formally:

g(ω, ζ) =
∑
i,j

µij

ωi+1ζj+1
=

∑
i

g[i](ζ)
ωi+1

with g[i](ζ) = µ
(
wi/(ζ − z)

)
=

∑
j µij/ζj+1, the generator for row i.

Any infinite matrix M can be factored as B∗MA = D where D = diag(D00, D11, . . .) is a
block diagonal matrix with Dii regular and of minimal size αi+1, while A and B are unit upper
triangular. The block sizes are determined by the fact that the ν × ν leading submatrices Mνν

of M are regular for ν = ν1, ν2, . . . exactly when νn =
∑n

k=1 αk, and they are singular for all
other values of ν. When M is strongly regular, then all leading submatrices of M are regular
and hence all the block sizes are equal to 1.

Let us define the monic polynomials

a(z) = [a0,a1, . . .] = zA and b(w) = [b0,b1, . . .] = wB.

The ai(z) is a 1×αi+1 polynomial vector whose elements are denoted as ai = [a1
i , . . . , a

αi+1

i ] and
similarly for bi. If 〈bi,aj〉 represents a matrix of size αi+1×αj+1 with (k, l) entry

〈
bk
i , a

l
j

〉
, then

the polynomials are block orthogonal in the sense that 〈bi,aj〉 = δijDii. Note that a1
n is uniquely

defined by the regularity of Mn−1 = Mνn,νn , but the “internal” polynomials ak
n for k > 0 are

not. The block orthogonal polynomials can be computed by a block two-sided Gram-Schmidt
procedure.

Obviously there must exist a unit upper Hessenberg matrix T such that za(z) = a(z)T . If Z
denotes the down-shift matrix, then this translates in the matrix relation ZA = AT . For similar
reasons, there also exists a unit upper Hessenberg matrix S such that ZB = BS.
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Let M< = MZ, that is the matrix M shifted one place to the left, then the matrix J
appearing in

B∗M<A = B∗MZA = B∗MAT = DT = J

will be a block upper Hessenberg matrix. Similarly, with Z∗M = M∧, we find that K appearing
in B∗M∧A = S∗D = K∗ will be block lower Hessenberg.

2 The Hankel case and approximation

When M is a real Hankel matrix, we find by symmetry considerations that it is possible to choose
A = B, hence, S = T while D = A∗MA is symmetric. Moreover A∗M<A = A∗M∧A = DT = J
implies that also J is symmetric, hence block tridiagonal. Also T will be block tridiagonal.
The relation ZA = AT or za(z) = a(z)T corresponds to a block version of the three-term
recurrence relation and T is the corresponding Jacobi matrix. This recurrence is obtained by
the Euclidean algorithm applied to the couple (1, g(ζ)) where g(ζ) =

∑
k µk/ζk+1, the generator

for the Hankel matrix M = [µi+j ]. The Euclidean algorithm generates a continued fraction
expansion g(z) =

∑
k

βk |
| πk(z) where the βk are constants and the πk are monic polynomials of

degree αk+1. The n-th convergent gn(z) is a Padé approximant for g(z) of type (νn+1 − 1/νn+1)
and it can be expressed as gn = cn+1/a1

n+1 where a1
n+1 is the first component of an+1 and cn+1 is

the polynomial of the second kind defined by cn+1(ζ) = µH

(
[a1

n+1(ζ)− a1
n+1(z)]/[ζ − z]

)
where

µH is the linear functional defined on the space of univariate polynomials by µH(zk) = µk.
For a general moment matrix M , these approximation properties can be generalized as follows

(see [2])
g[i](ζ)− g[i]

n (ζ) = O+(ζνn+1+1), for i = 0, 1, . . . , νn+1 − 1

where g[i] is the generator for row i of M and g[i] = c
[i]
n+1/a1

n+1 with a1
n+1 as above and

c
[i]
n+1(ζ) = µ

(
wi[a1

n+1(ζ)− a1
n+1(z)]/[ζ − z]

)
.

When the index n for a matrix indicates that the leading sub-matrix of size νn+1 is taken, then
we may also express these approximants as

g[i]
n (ζ) = e∗i Mn(ζMn −M<

n )−1Mne0 = e∗i B
−∗
n Dn(ζIn − Tn)−1e0

where ei denotes the ith column of the unit matrix In. We also have

a1
n+1(ζ) = det[M−1

n (ζMn −M<
n )] = det(ζIn − Tn).

3 Krylov subspace methods

Consider the Krylov matrices

X = [x0|x1| · · ·], xk = P kx0 and Y = [y0|y1| · · ·], yk = Q∗ky0

where the x0 and y0 are arbitrary vectors and P and Q some operators. We set M = Y ∗X = [µij ]
where µij = y∗0Q

iP jx0. Associate with M the quantities we introduced in the previous sections,
then X̂ = XA and Ŷ = Y B are matrices whose columns form a set of block bi-orthogonal
vectors since Ŷ ∗Ŵ = B∗MA = D while

Ŷ ∗PX̂ = B∗M<A = DT = J and Ŷ ∗QX = B∗M∧A = S∗D = K∗.

In the special case that P = Q, M will be a Hankel matrix and the Euclidean algorithm will
correspond to the Lanczos method for nonsymmetric matrices [3]. Note that the generator for
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M is g(ω, ζ) = y∗0(ωI−Q)−1(ζI−P )−1x0, which is rational and of finite degree in ζ and ω when
the vector space is finite dimensional.

Set rx = rank X, ry = rank Y and r = rank M ≤ m = min{rx, ry}. Then the Krylov
method will break down when νn+1 = r. When r = m = rx, then it is guaranteed that
σ(Tn) ⊂ σ(P ), that the range of Xn is P -invariant and if v̂ is an eigenvector of Tn i.e., Tnv̂ = λv̂,
then v = X̂v̂ is an eigenvector of P : Pv = λv. The eigenvalues λ are the zeros of the polynomial
a1

n+1. Similar results hold for r = m = ry. When r < m, however, then it may happen that we
do not find any eigenvalue not of P and not of Q.

4 Toeplitz and other cases

For a Toeplitz moment matrix, the fast versions of the orthogonalization procedure are often
formulated as generalizations of the Levinson or Schur algorithm. However also generalizations
of the three term recurrence relation can be obtained. This is sometimes referred to as a row
recurrence, since one then moves in a Padé table along a row. The series approximated can
be written as a formal Laurent series g(ζ) =

∑∞
−∞ µkζ

k, when M = [µi−j ]. So one gets a
Laurent-Padé approximant or, when the series g is split as g = g +−− g−, with g+ having the
nonnegative and −g− the negative powers, then one may reformulate it as a two-point Padé
approximant.

In general, the row recurrence will require some Hessenberg matrix T with a special structure
which is rather complicated to describe. However by bringing a part of the right hand side in
za = aT to the left hand side, we obtain a much simpler description [2]. In matrix terms,
this means that we write T = V U−1, which produces zaU = aV , where U is upper block
bidiagonal and V is lower block bidiagonal, with very simple blocks. With respect to the Krylov
subspace interpretation, this means that in order to have a Toeplitz matrix M , we should have
Q = P−1. The eigenvalue problem for P is then reduced to a generalized eigenvalue problem
since a1

n+1(ζ) = det(ζUn − Vn).
The gap between a general M and Toeplitz or Hankel, can be filled by matrices of low

displacement rank as introduced by Kailath and his coworkers. More recently, Brezinski and
coworkers introduced a general concept of orthogonality [1], which is similar to ours. Their
concept of vector orthogonal polynomials of dimension d corresponds to M being block Hankel
(d > 0) or Toeplitz (d < 0) with |d| × 1 blocks. For d = ±1, one gets the classical Hankel and
Toeplitz cases. See e.g., [4].
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