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Consider for n = 0, 1, . . . the nested spaces Ln of rational func-
tions of degree n at most with given poles 1/αi, |αi| < 1, i = 1, . . . , n.
Let L = ∪∞0 Ln. Given a finite positive measure µ on the unit circle,
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fgdµ. Sup-

pose kn(z, w) is the reproducing kernel for Ln, i.e., 〈f(z), kn(z, w)〉 =
f(w), for all f ∈ Ln, |w| < 1, then it is known that they satisfy a
coupled recurrence relation.

In this report we shall prove a Favard type theorem which says
that if you have a sequence of kernel functions kn(z, w) which are
generated by such a recurrence, then there will be a measure µ sup-
ported on the unit circle so that kn is the reproducing kernel for Ln.
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αi.

Keywords : reproducing kernels, Pick-Nevanlinna interpolation, recurrence
relations.
MSC : Primary : 42C05 Secondary : 30D50



Favard theorem for reproducing kernels

Adhemar Bultheel ∗

Pablo González-Vera †
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Abstract
Consider for n = 0, 1, . . . the nested spaces Ln of rational functions of degree n

at most with given poles 1/αi, |αi| < 1, i = 1, . . . , n. Let L = ∪∞0 Ln. Given a
finite positive measure µ on the unit circle, we associate with it an inner product
on L by 〈f, g〉 =

∫
fgdµ. Suppose kn(z, w) is the reproducing kernel for Ln, i.e.,

〈f(z), kn(z, w)〉 = f(w), for all f ∈ Ln, |w| < 1, then it is known that they satisfy a
coupled recurrence relation.

In this report we shall prove a Favard type theorem which says that if you have a
sequence of kernel functions kn(z, w) which are generated by such a recurrence, then
there will be a measure µ supported on the unit circle so that kn is the reproducing
kernel for Ln. The measure is unique under certain extra conditions on the points αi.

1 Introduction

We shall be concerned with nested spaces Ln for n = 0, 1, . . . which consist of rational
functions spanned by a basis of partial Blaschke products {Bk}n

k=0 where B0 = 1, Bn =
Bn−1ζn for n = 1, 2, . . . and the Blaschke factors ζn are defined by

ζn(z) =
αn

|αn|
αn − z

1− αnz
, |αn| < 1.

By convention, we set αn/|αn| = −1 for αn = 0. Note that when αk = 0 for all k, then
Bn(z) = zn and Ln is the space Πn of polynomials of degree at most n. These spaces have
been studied in connection with the Pick-Nevanlinna problem [26-28, 21-24] and in many
applications [1-4, 6, 5-15, 17, 25, 30].

Consider next a finite positive measure µ (all measures in this paper will be finite and
positive) on the unit circle T = {z ∈ C : |z| = 1}, normalized by

∫
dµ = 1, and define the

inner product

〈f, g〉µ =

∫ π

−π

f(eiθ)g(eiθ)dµ(θ) =

∫
f(t)g(t)dµ(t).
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Let us denote the orthonormal system for Ln w.r.t. this inner product by {φk}n
k=0 with

φ0 ∈ L0 and φk ∈ Lk \ Lk−1, k = 1, 2, . . . , n.
The kernel function

kn(z, w) =
n∑

k=0

φn(z)φn(w)

is reproducing in the sense that for any f ∈ Ln and for any w ∈ D = {z ∈ C : |z| < 1}

〈f(t), kn(t, w)〉µ = f(w).

It is well known [6] that the orthogonal functions φn satisfy some recurrence relation
that generalizes the Szegő recurrence for polynomials orthogonal on the unit circle. In [7] we
proved a Favard theorem for these φn. This means that if we are given a set of functions φn,
generated by a recurrence relation of the type alluded to, then they are orthonormal with
respect to a certain measure that can actually be constructed.

On the other hand, it is also known [4] that the kernels kn(z, w) satisfy a typical recurrence
relation and in this paper we shall prove a Favard type theorem for the kernels, which says
that if we are given a sequence of functions {kj(z, w)}n

j=0, w ∈ D, which satisfy this particular
type of recurrence relation, then they will be reproducing kernels for Ln with respect to some
measure that will be constructed in the proof.

We treat the general case for arbitrary, not necessarily distinct, αk in the unit disk D.
Note that if we choose all αk = 0, then Ln = Πn are polynomial spaces. Also for the
polynomial case this type of Favard theorem is new.

2 Definitions and notations

We shall consider several measures on the unit circle. For example, the normalized Lebesgue
measure will be denoted by

dλ(θ) =
dθ

2π
= dλ(t) =

dt

2πit
, t ∈ T.

The space L2(µ) of square integrable functions (on T, w.r.t. µ) will be denoted as L2 instead
of L2(λ) when the measure is the Lebesgue measure. The Hardy subspace of all L2 functions
with analytic extension to the open unit disc D is denoted by H2. The other function classes
Lp and Hp, 0 < p ≤ ∞ are also classical (see [16, 19, 20, 29]). In particular, the Nevanlinna
class N is the set of ratios g/h with g, h ∈ H∞. This class N contains all Hp, 0 < p ≤ ∞.

The substar conjugate of a function is defined by

f∗(z) = f(1/z).

The (generalized) Poisson kernel is

P (z, w) =
1− |w|2

(z − w)(z − w)∗
, w ∈ D.

Note that when z ∈ T, this reduces to the usual definition

P (z, w) =
1− |w|2

|z − w|2
, z ∈ T, w ∈ D.
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For fn ∈ Ln, we also define a superstar conjugate to mean

f ∗n(z) = Bn(z)fn∗(z) ∈ Ln.

By H(D) we mean the set of functions holomorphic in D ⊂ C.
The class of bounded analytic functions (Schur functions) is denoted by

B = {f ∈ H(D) : f(D) ⊂ D}

and the class of positive real functions (Carathéodory functions) is denoted by

P = {f ∈ H(D) : <f(D) > 0}.

Recall that the Cayley transform c(f) = (1− f)/(1 + f) is a one-to-one map of P onto B.
Let J be the 2 × 2 signature matrix J = 1 ⊕ −1. A matrix θ = [θij] ∈ N2×2 is called

J-unitary if θ∗Jθ = J a.e., where the substar for a matrix is defined by[
θ11 θ12

θ21 θ22

]
=

[
θ11∗ θ21∗
θ12∗ θ22∗

]
.

A matrix θ ∈ N2×2 is called J-contractive (in D) if

θHJθ ≤ J, a.e. in D

where H denotes the complex conjugate transpose and the inequality sign means that J −
θHJθ is positive semi definite.

Following Dym [17], we shall call matrices that are J-contractive in D and J-unitary
on T simply J-inner matrices, since they naturally generalize the notion of a complex inner
function. One can easily check that the class of J-inner functions is closed under multiplica-
tion. These matrices will play an essential role in this paper. We quote the following result
from [12] to illustrate how very specific the properties of J-inner matrices are.

Theorem 2.1 Let θ = [θij] be a J-inner matrix. Set a = θ11−θ12, b = θ11+θ12, c = θ22−θ21

and d = θ22 + θ21. Then

1. | det θ| = 1,

2. θ−1 = Jθ∗J ,

3. θJθ∗ = J ,

4. 1
2
[a
b

+ a∗
b∗

] = 1
bb∗

= 1
2
[ c
d

+ c∗
d∗

] = 1
dd∗

,

5. θH is J-inner,

6. b−1, d−1 ∈ H2,

7. b−1a, d−1c ∈ P,

8. b−1d is inner.
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An example of a constant J-inner matrix is

θ =
1√

1− |ρ|2

[
1 ρ
ρ 1

]
, ρ ∈ D and θ−1 =

1√
1− |ρ|2

[
1 −ρ
−ρ 1

]
.

The Blaschke-Potapov factor[
ζn(z) 0

0 1

]
, with ζn(z) a Blaschke factor

is an example of a J-inner matrix of degree 1.
If kn(z, w) is the reproducing kernel for Ln, then the normalized kernel Kn(z, w) is defined

as

Kn(z, w) =
kn(z, w)√
kn(w, w)

⇔ kn(z, w) = Kn(z, w)Kn(w, w)

(note that kn(w, w) =
∑n

0 |φn(w)|2 > 0).
The kernels satisfy the following properties.

Property 2.2 Let Kn be the normalized and kn the nonnormalized reproducing kernel for
Ln, then

1. kn(w, w) > 0, Kn(w,w) > 0,

2. kn(w, z) = kn(z, w), Kn(w, z) = Kn(z, w), , (sesqui-analytic)

3. kn(z, w) = Bn(z)Bn(w)kn(1/w, 1/z), i.e., k∗n(z, w) = k∗n(w, z),

4. kn(z, αn) = φ∗n(αn)φ∗n(z).

Proof. Properties 1 and 2 are obvious from

kn(z, w) =
n∑

k=0

φk(z)φk(w)

while property 3 and 4 were proved in [4]. �

For these kernels, the following recurrence has been derived [3, 12, 4]

Theorem 2.3 Let Kn(z, w) be the normalized (reproducing) kernel for Ln. Then (superstar
w.r.t. the first argument)[

K∗
n(z, w)

Kn(z, w)

]
= θn(z, w)

[
K∗

n−1(z, w)
Kn−1(z, w)

]
,

[
K∗

0(z, w)
K0(z, w)

]
=

[
1
1

]
(2.1)

with

θn(z, w) = c

[
1 ρn

ρn 1

] [
ζn(z) 0

0 1

]
d

[
1 γn

γn 1

]
c = (1− |ρn|2)−1/2 d = (1− |γn|2)−1/2

ρn = ρn(w) = φn(w)/φ∗n(w) = K∗
n(w, αn)/Kn(w,αn)

= K∗
n(αn, w)/Kn(αn, w)

γn = γn(w) = −ζn(w)ρn(w).

The coefficients ρn and γn belong to D for w ∈ D.
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Proof. The proof can be found in the cited references where ρn was shown to be given by
ρn = φn(w)/φ∗n(w). This expression can be transformed with the properties given before

ρn(w) =
φn(w)

φ∗n(w)
=

kn(w,αn)

kn(w,αn)
=

k∗n(αn, w)

kn(αn, w)
=

K∗
n(αn, w)

Kn(αn, w)

which are the given expressions. �

If we introduce the kernels of the second kind Ln(z, w) by[
L∗n(z, w)

−Ln(z, w)

]
= θn(z, w)

[
L∗n−1(z, w)

−Ln−1(z, w)

]
,

[
L∗0(z, w)

−L0(z, w)

]
=

[
1

−1

]
then clearly [

K∗
n L∗n

Kn −Ln

]
= θnθn−1 · · · θ1

[
1 1
1 −1

]
.

Thus, if we set Θn = θnθn−1 · · · θ1, we get

Θn =
1

2

[
K∗

n + L∗n K∗
n − L∗n

Kn − Ln Kn + Ln

]
. (2.2)

The form of the recurrence relation implies the following property.

Corollary 2.4 The normalized kernels Kn and Ln satisfy

Ln(w, w) = Kn(w,w) =
n∏

k=1

√
1− |γk|2
1− |ρk|2

.

Proof. Using γn = −ζnρn, we can derive from the definition of θn(z, w) that

θn(w,w) =

[
ζn(1− |ρn|2) ρn(1− |ζn|2)

0 1− |γn|2
]

1√
1− |ρn|2

√
1− |γn|2

.

This implies that [
Kn(w,w)
−Ln(w,w)

]
=

√
1− |γn(w)|2
1− |ρn(w)|2

[
Kn−1(w,w)
−Ln−1(w,w)

]
and because K0(w, w) = 1 = L0(w, w), we get

Ln(w,w) = Kn(w, w) =
n∏

k=1

√
1− |γk(w)|2
1− |ρn(w)|2

> 0

This proves the corollary. �

The nonnormalized kernels satisfy a similar recurrence viz.[
k∗n(z, w)
kn(z, w)

]
= tn(z, w)

[
k∗n−1(z, w)
kn−1(z, w)

]
,

[
k∗0(z, w)
k0(z, w)

]
=

[
1
1

]
(2.3)
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with

tn(z, w) =

√
1− |γn(w)|2
1− |ρn(w)|2

θn(z, w)

which follows easily from the previous corollary. As a consequence we also find that

kn(w, w) = [Kn(w,w)]2 =
n∏

k=1

1− |γk(w)|2

1− |ρk(w)|2

Corollary 2.5 If Kn is the normalized reproducing kernel for Ln w.r.t., some measure µ,
then all the normalized reproducing kernels Kk for k = 1, 2, . . . , n − 1 are defined uniquely
in terms of Kn.

Proof. Because ρk is uniquely defined by Kk, we can invert the previous recurrence relation,
which, by induction, is uniquely defined by Kn. �

Of course the same result holds also for the ordinary (nonnormalized) kernels.
There is one more property about the reproducing kernels for Ln that we shall use later.

Property 2.6 Given some measure, let kn(z, w) be the reproducing kernel for Ln. Then
there exists a sequence ωj, j = 0, 1, . . . in D such that the functions kj(z, ωj), j = 0, 1, . . . , n
forms a basis for Ln, n = 0, 1, . . ..

Proof. Let us write the function kn(z, w) in terms of the basis of the finite Blaschke products

kn(z, w) = a0(w) + a1(w)B1(z) + · · ·+ an(w)Bn(z).

The function kn(z, ωn) will be in Ln \ Ln−1 if an(ωn) 6= 0. Now clearly an(w) = k∗n(αn, w)
and because the latter is, considered as a function of w, an element from Ln. It can therefore
have at most n zeros. Thus it is always possible to select some ωn such that k∗n(αn, ωn) 6= 0,
hence also an(ωn) 6= 0. �

3 Measures and interpolation

Let us define the kernel

D(z, w) =
z + w

z − w
.

Note the following relation with the Poisson kernel:

P (z, w) =
1

2
[D(z, w) + D(z, w)∗]

(substar w.r.t. the first argument), so that for z ∈ T, D(z, w) = <D(z, w).
With a measure µ on T, we associate Ω ∈ P by

Ω(z) =

∫
D(t, z)dµ(t) + ic, c ∈ R (3.1)

which belongs to Hp for all p < 1 [16, p. 34] and

<Ω(z) =

∫
P (t, z)dµ(t)
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has a nontangential limit to the unit circle a.e.,

lim
r→1−

<Ω(reiθ) = µ′(eiθ) a.e. , µ′(eiθ) = lim
h→0

µ((θ − h, θ + h))

2h

Note that if
∫

dµ = 1, we get Ω(0) = 1 + ic. In fact, every Ω ∈ P can be represented by
an integral of this form, which is known as the Riesz-Herglotz representation. The relation
between Ω and µ is one-to-one except for the real constant c, which is c = =Ω(0). Thus if∫

dµ = c0 = 1 and c = 0, then Ω(0) = 1. In general, c can be chosen to make Ω(w) > 0 for
some w ∈ D. With this particular choice of c (i.e., for w = 0 and c = 0), we shall denote
the integral (3.1) by

Ω(z) = T 0(µ), Ω(0) = 1 > 0.

Let Ln be defined by the set of points

An = {α1, α2, . . . , αn}.

Suppose we reorder them such that repeated points are brought together:

An = {β0, . . . , β0︸ ︷︷ ︸
ν0

, β1, . . . , β1︸ ︷︷ ︸
ν1

, . . . , βm, . . . , βm︸ ︷︷ ︸
νm

}.

with β0 = 0 and ν0 ≥ 0, while ν1, . . . , νm are all positive integers and
∑m

k=0 νk = n. It is
clear that a basis for Ln is given by

{ek}n
k=0 = {1, z, . . . , zν0 , (1− β1z)−1, . . . , (1− β1z)−ν1 , . . . ,

(1− βmz)−1, . . . , (1− βmz)−νm}.

Among other forms, a typical element in the Gram matrix for the latter basis has the form

〈(1− αt)−k, (1− βt)−l〉µ =

∫
1

(1− αt)k

tl

(t− β)l
dµ(t). (3.2)

You can easily check that

dk

dwk
D(t, w) = 2(k!)t(t− w)−(k+1), k ≥ 1

and hence [
dk

dwk
D(t, w)

]
∗

= 2(k!)tk(1− wt)−(k+1), k ≥ 1

(substar w.r.t. t), then you can derive that

dk

dwk
Ω(w) =

∫
dk

dwk
D(t, w) = 2(k!)

∫
t

(t− w)k+1
dµ(t)

and
dk

dwk
Ω(w) =

∫ [
dk

dwk
D(t, w)

]
∗
dµ(t).

By partial fraction decomposition, one can see that integrals like (3.2), and hence the Gram
matrix, will only depend upon values of

dk

dwk
Ω(w)

∣∣∣∣
w=βs

.

After checking all the details, one will have proved that the following is true
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Lemma 3.1 Let µ and ν be two measures on T and

Ωµ(z) = T 0(µ) and Ων(z) = T 0(ν).

Then the inner product on Ln w.r.t. µ and w.r.t. ν is the same if and only if Ωµ in-
terpolates Ων (in Hermite sense, taking repetition of points into account) in the point set
A0

n = {0, α1, . . . , αn}, which defines the space Ln. Thus

〈·, ·〉µ = 〈·, ·〉ν on Ln ⇔
Ωµ(z)− Ων(z)

zBn(z)
= g(z) ∈ H(D).

The next lemma was proved by P. Dewilde and H. Dym in [12, p. 458]

Lemma 3.2 Let µ be a measure on T and let Ωµ = T 0(µ). Define the positive real function

Ωw
µ (z) = T w(µ) :=

∫
D(t, z)

P (t, w)
dµ(t) + ic (3.3)

where P is the Poisson kernel and c is a real constant which normalizes Ωw
µ by Ωw

µ (w) > 0.
Then

Ωw
µ (z) =

Ωµ(z)

P (z, w)
+

1

1− |w|2
(
w

z
− zw)c0, c0 =

∫
dµ

Note 1: The choice of c which makes Ωw
µ (w) > 0 is

ic =
1

1− |w|2
(wc1 − wc−1)

with ck =
∫

tkdµ(t), the moments of µ.
Note 2: One can verify that Ωw

µ (w) = Ωµ(0). Thus if
∫

dµ = c0 = 1 = Ωµ(0), then
Ωw

µ (w) = 1 too.
Note 3: Taking the limit for z → 0 the formula becomes

Ωw
µ (0) =

1

1− |w|2
[(1 + |w|2)c0 − 2wc−1].

The previous lemma has the following simple consequence which is a generalization of
Lemma 3.1.

Corollary 3.3 Let µ and ν be two measures on T and let

Ωw
µ (z) = T w(µ) and Ωw

ν (z) = T w(ν)

with T w defined as in the previous lemma. Then the inner product on Ln with respect
to µ and with respect to ν is the same if and only if Ωw

µ interpolates Ωw
ν in the point set

Aw
n = {w, α1, . . . , αn} in Hermite sense. I.e.,

〈·, ·〉µ = 〈·, ·〉ν on Ln ⇔
Ωw

µ (z)− Ωw
ν (z)

(z − w)Bn(z)
= g(z) ∈ H(D).

Proof. With Ωµ = T 0(µ) and Ων = T 0(ν), we get from the previous lemma

Ωw
µ (z)− Ωw

ν (z)

(z − w)Bn(z)
=

Ωµ(z)− Ων(z)

(z − w)Bn(z)P (z, w)

=
1− wz

1− |w|2
Ωµ(z)− Ων(z)

zBn(z)

which will be in H(D) if and only if Ωµ interpolates Ων in A0
n = {0, α1, . . . , αn}. By Lemma

3.1, this is true if and only if 〈·, ·〉µ = 〈·, ·〉ν on Ln. �
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4 The Pick-Nevanlinna algorithm

Like the Szegő polynomials are related to the Schur coefficient problem [9], the rational
functions of this paper are related to the Pick-Nevanlinna interpolation problem. When the
Pick-Nevanlinna algorithm (sometimes called generalized Schur algorithm) is brought into
a particular form, it will be clear from our derivation below that when we run it backward,
we get in fact the recursion for reproducing kernels.

Let S0(z, w) ∈ B be a given Schur function, which depends on some fixed parameter
w ∈ D and for which S0(w, w) = 0. We are also given a sequence of interpolation points
α1, α2, . . ., all in D, and not necessarily distinct. For simplicity, we suppose that S0 is not
a finite Blaschke product with zeros α1, α2, . . . (otherwise the algorithm would end after a
finite number of steps).

We describe the first step of the algorithm. It consists of a three stage transformation
performed on S0 to give S1 ∈ B.

S1(z, w) = τ31 ◦ τ21 ◦ τ11(S0(z, w)) = τ1(S0(z, w))

where

τ11 : S0 7→ S ′1 =
S0 − γ1

1− γ1S0

, γ1 = γ1(w) = S0(α1, w)

τ21 : S ′1 7→ S ′′1 = S ′1/ζ1, ζ1(z) =
α1

|α1|
z − α1

1− α1z

τ31 : S ′′1 7→ S1 =
S ′′1 − ρ1

1− ρ1S
′′
1

, ρ1 = ρ1(w) = S ′′1 (w, w)

S1 will again be in B and it is zero for z = w. The first step is a bijection of B onto B which
makes S ′1 zero in z = α1. The second step divides out this zero in such a way that the result
S ′′1 is again in B and the third step “normalizes” S1 so that it is zero in z = w. The last step
is not really necessary, but we shall see later that it gives the recurrence we need.

The Pick-Nevanlinna algorithm now continues to do a similar transformation on S1, using
the interpolation point α2 (which may be the same as α1) etc.

Sk = τk(Sk−1) = τ1k ◦ τ2k ◦ τ3k(Sk−1)

= τ1k ◦ τ2k(S
′
k)

= τ1k(S
′′
k ), k ≥ 1.

If S0 is in B and not rational, then this will continue indefinitely and all ρk and γk will be
in D. One easily sees that

S ′k(w,w) =
Sk−1(w,w)− γk

1− γkSk−1(w,w)
= −γk = ζk(w)S ′′k (w,w) = ζk(w)ρk.

Conversely, given τk, k = 1, 2, . . . , n, we may choose Γ0 ∈ B such that Γ0(w) = 0 and
generate

Γk+1 = τ−1
n−k(Γk), k = 0, 1, . . . , n− 1

and in this way generate Γn ∈ B. This Γn will be equal to S0 if Γ0 = Sn, but in general, Γn will
interpolate S0 in the point set Aw

n = {w, α1, . . . , αn}. More generally, Γn−k will be a partial
solution to this interpolation problem since it will interpolate Sk in {w, αn, αn−1, . . . , αk+1}.
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As in Dewilde-Dym [12], we now give a homogeneous form of the same algorithm. Let
S0 = ∆01/∆02 ∈ B with ∆01, ∆02 ∈ H(D) and ∆02 zerofree in D. We place numerator and
denominator in a row vector ∆0 = [∆01 ∆02]. Such a matrix function is called admissible.
The set of admissible matrices is

A = {∆ = [∆1 ∆2] : ∆1, ∆2 ∈ H(D), ∆2(z) 6= 0 for z ∈ D, ∆1/∆2 ∈ B}.

Note that ∆ ∈ A implies ∆J∆H < 0 (J = 1⊕−1) in D. The transformation Sn−1 = τ−1
n (Sn)

of the Pick-Nevanlinna algorithm can now be formulated as ∆n−1 = ∆nθn, (Sk = ∆k1/∆k2)
with

θn(z, w) = c

[
1 ρn

ρn 1

] [
ζn(z) 0

0 1

]
d

[
1 γn

γn 1

]
c = (1− |ρn|2)−1/2, d = (1− |γn|2)−1/2

γn = γn(w) = ∆n−1,1(αn, w)/∆n−1,2(αn, w)

ρn = ρn(w) = − lim
z→w

γn(z)/ζn(z).

The normalization constants c and d are not necessary, but they turn θn into a J-inner
matrix (if w ∈ D), and thus also the product Θn(z, w) = θn · · · θ1 will be J-inner. As we
showed in Section 2, Θn can be written in the form (2.2) with Kn(z, w) and Ln(z, w) in Ln

for fixed w ∈ D. Now we use Θ−1
n = JΘn∗J = Bn∗JΘ∗

nJ , and Bn∗ = 1/Bn to get

Θ−1
n =

1

2

[
Kn + Ln −K∗

n + L∗n
−Kn + Ln K∗

n + L∗n

]
B−1

n .

If we plug this into ∆0Θ
−1
n = ∆n, with ∆0 = [1 − Ω(z, w) 1 + Ω(z, w)], where Ω(z, w) =

(1− S0(z, w))/(1 + S0(z, w)) ∈ P for w ∈ D, or equivalently

S0(z, w) =
1− Ω(z, w)

1 + Ω(z, w)
∈ B, Ω(w,w) = 1,

then we get

1

2
[1− Ω(z, w) 1 + Ω(z, w)]

[
Kn + Ln −K∗

n + L∗n
−Kn + Ln K∗

n + L∗n

]
= Bn∆n.

This implies that
[Ln −KnΩ L∗n + K∗

nΩ] = Bn∆n,

with first component

Ln(z, w)−Kn(z, w)Ω(z, w) = Bn(z)∆n1(z, w).

Now, since Θn is J-inner and since

Kn = (Θn)21 + (Θn)22 and Ln = (Θn)22 − (Θn)21,

we know by Theorem 2.1 that 1/Kn ∈ H2 and Ln/Kn ∈ P for w ∈ D. Hence, setting
Ωn = Ln/Kn, we get

Ωn(z, w)− Ω(z, w) = Bngw(z)

10



with gw = ∆n1/Kn. Because ∆n ∈ H(D), and ∆n1(w,w) = 0, we may conclude that
gw ∈ H(D) and gw(w) = 0. This means that Ωn interpolates Ω in the point set Aw

n =
{w, α1, . . . , αn}.

Note that when choosing ∆n = [0 2], then ∆0 = ∆nΘn will give

Ωn(z, w) =
Kn

Ln

=
∆02 −∆01

∆02 + ∆01

.

One can choose more generally any ∆̃n ∈ A with ∆̃n1(w) = 0 and generate ∆̃0 = ∆̃nΘn

which will also give some

Ω̃n(z, w) =
∆̃02 − ∆̃01

∆̃02 + ∆̃01

which will also interpolate Ω in Aw
n .

Thus instead of working with Schur functions S0 and interpolating Schur functions Γn,
we work with a positive real function Ω ∈ P and find interpolating positive real functions
Ωn ∈ P .

With the Riesz-Herglotz representation theorem which relates positive real functions to
positive measures on T, we can derive from the previous results a statement about the
approximation of measures.

Theorem 4.1 Let µ be a measure on T, normalized by
∫

dµ = 1 and define Ω = Ω(z, w) =
T w(µ)(z) with T w as in (3.3). Furthermore, define the absolutely continuous measure µn,
depending on w by

dµn(t, w) =
P (t, w)dλ(t)

|Kn(t, w)|2
(4.1)

where P is the Poisson kernel and Kn is obtained by the Pick-Nevanlinna algorithm applied
to ∆0 = [1 − Ω 1 + Ω]. Then on Ln, the inner products 〈·, ·〉µ and 〈·, ·〉µn are the same.
Consequently, if µ does not depend on w, then 〈·, ·〉µn will not depend on w for functions in
Ln.

Proof. We only have to show that

Ωn(z, w) =
Ln(z, w)

Kn(z, w)
= T w(µn)

because, by construction with the Pick-Nevanlinna algorithm, we know that Ωn interpolates
Ω in Aw

n = {w,α1, . . . , αn}. By Corollary 3.3 we then find equality of the inner products on
Ln.

Because the matrix Θn generated by the Pick-Nevanlinna algorithm is J-inner, we know
that

1

2

[
Ln

Kn

+
Ln∗

Kn∗

]
=

1

KnKn∗
=

1

2
[Ωn + Ωn∗]

which for z ∈ T reduces to

<(Ωn(z, w)) = <
(

Ln(z, w)

Kn(z, w)

)
=

1

|Kn(z, w)|2
.

11



We only have to check the normalization Ωn(w, w) = 1 > 0 (recall
∫

dµ = 1). But exacty as
in Corollary 2.4, we can derive that

Ln(w, w) = Kn(w,w) =
n∏

k=1

√
1− |γk|2
1− |ρk|2

.

The proof did not depend on Kn being normalized kernels but only on the structure of the
J-inner matrix. Therefore, we may conclude that

Ωn(w,w) =
Ln(w, w)

Kn(w,w)
= 1.

Thus, the normalization required by T w(µn) is fulfilled and hence Ωn = T w(µn). This proves
the theorem. �

It is not difficult to identify Kn(z, w) now as the normalized reproducing kernel for Ln with
respect to µ, and thus also with respect to µn.

Corollary 4.2 With the notation of the previous theorem, it holds that Kn(z, w) is the nor-
malized reproducing kernel for the space Ln with respect to the measure µ, which is supposed
not to depend on w. I.e., kn(z, w) ∈ Ln as a function of z and

〈f(t), kn(t, w)〉µ = f(w), w ∈ D, f ∈ Ln,

where kn(t, w) = Kn(w, w)Kn(t, w).

Proof. Note that Kn(w,w) > 0 and 1/Kn(t, w) ∈ H2, so that

〈f(t), kn(t, w)〉µ = 〈f(t), kn(t, w)〉µn

=

∫
f(t)

Kn(t, w)Kn(w, w)P (t, w)

Kn(t, w)Kn∗(t, w)
dλ(t)

=

∫
f(t)Kn(t, w)

Kn(t, w)
P (t, w)dλ(t)

= f(w)

by the Poisson integral of an H2 function.
Since for fixed w ∈ D, the function kn(z, w) ∈ Ln by construction, kn(z, w) is the

reproducing kernel for Ln. �

As a conclusion, we can say that, when the Pick-Nevanlinna algorithm is applied to

∆0 = [1− T w(µ) 1 + T w(µ)]

then the resulting Θn(z, w) matrix will give us the normalized reproducing kernels Kn(z, w)
for Ln with respect to µ as well as the associated kernels Ln(z, w).

Note that Θn depends only on the values of Ω(z) for z ∈ Aw
n (possibly using derivatives

if points are repeated in Aw
n ) where we have supposed that Ω(w) = 1. Thus we obtain the

same Θn if we replace Ω by any other Ω̃ which interpolates Ω in Aw
n . It will hold on Ln that

12



〈·, ·〉µ = 〈·, ·〉µ̃ where Ω̃ = T w(µ̃). Such an arbitrary Ω̃ can be obtained from ∆̃0 = ∆̃nΘn

with arbitrary ∆̃n ∈ A, ∆̃n1(w) = 0, by

Ω̃ =
∆̃02 − ∆̃01

∆̃02 + ∆̃01

.

So we could choose µ̃(t) = P (t, w)µ̃′(t)dλ(t) with

µ̃′(z) =
1

2
[Ω̃(z) + Ω̃∗(z)],

since

T w(µ̃) =

∫
D(t, z)

P (t, w)
dµ̃(t)

=
1

2

∫
D(t, z)[Ω̃(t) + Ω̃∗(t)]dλ(t)

= Ω̃(z).

5 Favard theorem

Now we shall try to reverse the process. Suppose, we are given some numbers αn, n = 1, 2, . . .
all in D and some numbers ρn which are also in D for n = 1, 2, . . .. These ρn may depend
upon the complex parameter w. The dependence is for the moment unspecified. Then we
generate some functions kn(z, w) by a recurrence relation that is formally the same as the
recurrence relation for the reproducing kernels. As a function of z, these functions kn(z, w)
will be in Ln by construction. What can we say about these functions without further
specifying what the dependence is on w? Eventually, we shall of course want them to be
reproducing kernels for Ln with respect to some measure. We shall start however with some
simple lemma’s where the dependence upon w is irrelevant.

Lemma 5.1 Suppose kn(z, w) are functions in Ln depending on some parameter w ∈ D
satisfying the recurrence relation

k0(z, w) = 1

kn(z, w) = en(w)[λn(z, w)k∗n−1(z, w) + λ̂n(z, w)kn−1(z, w)], n = 1, 2, . . .

γn(w) = −ζn(w)ρn(w), ρn(w) ∈ D

en(w) = (1− |ρn(w)|2)−1

λn(z, w) = ρn(w)ζn(z) + γn(w) = ρn(w)[ζn(z)− ζn(w)] ∈ L1

λ̂n(z, w) = ρn(w)ζn(z)γn(w) + 1 = 1− |ρn(w)|2ζn(z)ζn(w) ∈ L1.

Then k∗n(z, w) satisfies (the superstar is with respect to the first argument)

k∗0(z, w) = 1

k∗n(z, w) = en(w)[σn(z, w)k∗n−1(z, w) + σ̂n(z, w)kn−1(z, w)], n = 1, 2, . . .

σn(z, w) = ζn(z) + γn(w)ρn(w) = ζn(z)− ζn(w)|ρn(w)|2 = λ̂∗n(z, w)

σ̂n(z, w) = ζn(z)γn(w) + ρn(w) = ρn(w)[1− ζn(z)ζn(w)] = λ∗n(z, w)

13



Proof. The formulation of the lemma is so explicit that its proof is trivial. �

Note that the previous result can be reformulated as[
k∗n(z, w)
kn(z, w)

]
= tn(z, w)

[
k∗n−1(z, w)
kn−1(z, w)

]
,

[
k∗0(z, w)
k0(z, w)

]
=

[
1
1

]
with tn(z, w) of exactly the same form as the matrix tn of (2.3). This implies that Corollary
2.4 is applicable here in its reformulation for the functions kn. Thus the kn as generated
above satisfy

kn(w, w) =
n∏

k=1

1− |γk(w)|2

1− |ρk(w)|2
> 0.

Hence we may consider the normalized versions Kn(z, w) = kn(z, w)/
√

kn(w,w) and these
satisfy the recurrence[

K∗
n(z, w)

Kn(z, w)

]
= θn(z, w)

[
K∗

n−1(z, w)
Kn−1(z, w)

]
,

[
K∗

0(z, w)
K0(z, w)

]
=

[
1
1

]
where θn(z, w) has the same form as in Section 2.

Lemma 5.2 With the previous notation 1/Kn(z, w) ∈ H2 and hence also 1/kn(z, w) ∈ H2.

Proof. This follows for Kn directly from the θn being J-inner and the properties of Theorem
2.1. Together with the previous lemma this implies that the property also holds for kn. �

Lemma 5.3 Let kn be generated as in the previous lemma’s. Then

ρn(w) =
k∗n(αn, w)

kn(αn, w)
=

K∗
n(αn, w)

Kn(αn, w)
.

Proof. Note that

k∗n(αn, w) = en(w)[σ(αn, w)k∗n−1(αn, w) + σ̂n(αn, w)kn−1(αn, w)]

σn(αn, w) = −ζn(w)|ρn(w)|2, σ̂n(αn, w) = ρn(w)

kn(αn, w) = en(w)[λ(αn, w)k∗n−1(αn, w) + λ̂n(αn, w)kn−1(αn, w)]

λn(αn, w) = −ρn(w)ζn(w), λ̂n(αn, w) = 1.

Taking the ratio k∗n(αn, w)/kn(αn, w) gives precisely ρn(w). �

As a consequence of this, we can, as in the case of reproducing kernels conclude that kn will
completely define all the previous kj for j = n− 1, n− 2, . . . , 0 and similarly Kn will define
all the previous ones. Thus if kn is reproducing kernel for Ln with respect to some measure,
then kj will be reproducing kernels for Lj, j = n− 1, n− 2, . . . , 1 with respect to the same
measure.

This is about as far as we can get without further specification of how ρn depends upon
w. For an arbitrary sequence of numbers ρk(w), depending on w and satisfying |ρk(w)| < 1,
one may not expect that the corresponding Θn matrix contains (normalized) reproducing
kernels for Ln with respect to any measure whatsoever.
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For arbitrary ρk(w), k = 1, . . . , n, one can build Θn from which we can extract Kn =
(Θn)21 +(Θn)22 and the corresponding measure µn as in Theorem 4.1. We then do have that

〈f(t), kn(t, w)〉µn = f(w), ∀f ∈ Ln (5.1)

where kn(z, w) = Kn(w, w)Kn(z, w). However, this µn will depend on w and therefore we
can not conclude from (5.1) that kn is a reproducing kernel since although it reproduces any
f ∈ Ln, it does so only in the special point w on which µn depends.

If φ0, . . . , φn is an orthonormal basis for Ln, then the kernels are

kn(z, w) =
n∑

k=0

φk(z)φk(w)

and this reflects a specific symmetry in z and w. It implies for example that as a function
of w, kn(z, w) should be in Ln. In general, a reproducing kernel should be sesqui-analytic,
that is kn(z, w) = kn(w, z) and more specifically, in Ln all the relations given in Property 2.2
should hold. This means that the way in which kn(z, w) depends upon w is very special, and
one should not expect that the choice of arbitrary ρk(w), which depend in some exotic way
on w, will provide this. One can easily check this by considering the simple case of n = 1
for example.

So we shall have to introduce the notion of a sequence ρk(w) having the property that the
corresponding kn are indeed reproducing kernels. We shall say that such a sequence ρk(w)
has the RK (reproducing kernel) property.

Since the kn(z, w) as they were generated in the previous lemma’s depend upon w via
ρi(w) in a very complex way, it is not easy to find conditions on how the coefficients ρi(w)
should depend upon w to ensure that kn(z, w), as a function of w, is in Ln. The reader is
invited to try and check this for the simplest possible case n = 1.

It is yet an open problem to find a direct and simple characterisation of the ρi(w) having
the RK property. For the moment we content ourselves with a characterisation that is in
the line of this paper.

As explained in the previous lemma’s, there is a one-to-one correspondence between the
coefficients {ρi(w) : i = 1, . . . , n}, the functions {ki(z, w) : i = 1, . . . , n}, the normalized
functions {Ki(z, w) : i = 1, . . . , n} and the J-inner matrices {Θi(z, w) : i = 1, . . . , n}. We
shall say that one of these (and therefore also all the others) have the RK property if on Ln,
the inner product 〈·, ·〉µn is independent of w, where µn is the measure defined in terms of
the Kn(z, w) by an expression like (4.1).

It is an immediate consequence of Theorem 4.1 that the ρi(w) will have the RK property if
they can be generated by the Pick-Nevanlinna algorithm applied to some ∆0 ∈ A, ∆01(w) = 0
which is of the form

∆0 = [1− T w(µ̃) 1 + T w(µ̃)] (5.2)

where

T w(µ̃)(z) =
Ω(z)

P (z, w)
+

1

1− |w|2
(
w

z
− zw), Ω = T 0(µ̃) (5.3)

for some measure µ̃ satisfying
∫

dµ̃ = 1 and independent of w. Since Ln(z, w)/Kn(z, w)
as generated by the Pick-Nevanlinna algorithm shall interpolate this T w(µ̃) and thus also
Ln(z, 0)/Kn(z, 0) will interpolate Ω = T 0(µ̃), we see that Θn(z, w) shall have the RK prop-
erty if

Ln(z, w)

Kn(z, w)
=

Ln(z, 0)/Kn(z, 0)

P (z, w)
+

1

1− |w|2
(
w

z
− zw) for z ∈ Aw

n .
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In view of the comments given before Theorem 4.1, the Θi will also have the RK property
if there exists some ∆̃n ∈ A with ∆̃n1(w) = 0 and ∆̃0 = ∆̃nΘn of the form (5.2)–(5.3).

We can use now ∆̃n(z, w) = [S̃n(z, w) 1] with S̃n(z, w) ∈ B and S̃n(w, w) = 0, to get

∆̃0 = ∆̃nΘn

=
1

2
[S̃n 1]

[
K∗

n + L∗n K∗
n − L∗n

Kn − Ln Kn + Ln

]
=

1

2

[
S̃n(K∗

n + L∗n) + (Kn − Ln) S̃n(K∗
n − L∗n) + (Kn + Ln)

]
.

If this has to be of the form (5.2), then

T w(µ̃) =
∆̃02 − ∆̃01

∆̃02 + ∆̃01

=
Ln − S̃nL

∗
n

Kn + S̃nK∗
n

.

We may thus conclude that Θi, i = 1, . . . , n will have the RK property if there exists some
function S̃n(z, w) ∈ B, which may depend upon a parameter w and which satisfies S̃n(w,w) =
0, such that the function Ωn(z), defined by

Ω̃n(z) =

[
Ln(z, w)− S̃n(z, w)L∗n(z, w)

Kn(z, w)− S̃n(z, w)K∗
n(z, w)

− z−1w − zw

1− |w|2

]
P (z, w)

belongs to P and is independent of w.
We now have a Favard type theorem.

Theorem 5.4 Let the kn(z, w) be generated as in the previous lemma’s and let Kn(z, w) =
kn(z, w)/

√
kn(w, w) be their normalized versions. Suppose the ρn(w) form a sequence with

the RK property. Then there exists a Borel measure on T such that for n = 0, 1, 2, . . . the
function kn(z, w) is a reproducing kernel for Ln. Thus there is a measure µ such that for
n = 0, 1, 2, . . .

〈f(z), kn(z, w)〉µ = f(w), ∀f ∈ Ln,∀w ∈ D.

If the rational functions ∪∞n=0Rn where Rn = Ln + Ln∗ and Ln = {f∗ : f ∈ Ln}, are dense
in the space C(T) of continuous functions on T, then the measure µ is unique.

Proof. If the ρn have the RK property, then µw
n (t) = µn(t, w) as defined in (4.1) will

define an inner product 〈·, ·〉µn which on Ln will be independent of w, which implies as in
Corollary 4.2 that the kn(z, w) is a reproducing kernel for Ln with respect to µn(t) = µ0

n(t) =
µn(t, 0). Because by the previous lemma, the kernel kn defines all the previous ones, we shall
also have that kj(z, w) is reproducing kernel for Lj with respect to the measure µn(t) for
j = n− 1, n− 2, . . ..

We can now use the same reasoning as in the case of the Favard theorem for the orthogonal
functions [7] or for orhogonal polynomials [18]. Since the distribution functions

µn(t) =

∫ t

0

P (eiθ, 0)

|Kn(eiθ, 0)|2
dλ(θ) =

∫ t

0

dλ(θ)

|Kn(eiθ, 0)|2
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are increasing functions and uniformly bounded (
∫

dµn = 1, because T 0(µn) = Ωn(z) =
Ln(z, 0)/Kn(z, 0) and Ωn(0) = 1 and

∫
dµ = c0 = Ωn(0)), there exists a subsequence such

that

lim
k→∞

µnk
(θ) = µ(θ) and lim

k→∞

∫
f(eiθ)dµnk

(θ) =

∫
fdµ

for all f continuous on T. Thus, for n = 0, 1, . . ., the kernels kn(z, w) are all reproducing in
Ln with respect to this measure µ.

To prove the uniqueness, we note that, because these kn are reproducing kernels, we may
apply Property 2.6. Thus there exists a sequence of complex numbers ωn, n = 0, 1, . . . such
that the sequence of functions kn(z, ωn), n = 0, 1, . . . forms a basis for L∞. Thus we may
define a linear bounded functional Φ on R∞ (hence, because of the denseness also in C(T))
by means of

Φ(ki(z, ωi)kj∗(z, ωj)) =

∫
ki(z, ωi)kj(z, ωj)dµ = km(ωj, ωi)

where m = min{i, j}. By the Riesz representation theorem of bounded linear functionals, it
follows that µ is unique. �

Note: As in the Favard theorem for the orthogonal functions [7], the rationals being dense
in C(T) is only a sufficient condition for the uniqueness of the measure. The denseness of
the rationals in C(T) is equivalent with the Blaschke condition

∑
(1 − |αk|) = ∞. In the

polynomial case where all αk = 0 and Ln = Πn, this condition is always satisfied. It is
well known that the trigonometric polynomials are dense in C(T). Also in the case where
there are only a finite number of different αk which are repeated cyclically, this condition is
satisfied.
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nal functions. Technical Report TW131, Computer Science Department, K.U.Leuven,
May 1990.

[5] A. Bultheel, P. González-Vera, E. Hendriksen, and O. Nj̊astad. Orthogonal rational
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