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Abstract. This extended abstract sketches work in progress on how
to infer polymorphic types from logic programs. Type information can
contribute to a better automation of termination analysis. However, as
sketched in the introduction, the monomorphic types describing the suc-
cess set of predicates, as derived by current inference systems, result
in weaker termination conditions than those obtainable with declared
types. The analysis of a simple example indicates that the polymorphic
types, as inferred in this paper, can contribute to stronger termination
conditions.

In the remainder of this extended abstract, a sketch is given of a proced-
ure to perform polymorphic type inference. The starting point is a more
general notion of type rule that also allows both types and type variables
as options in the right hand side.

1 Introduction

Motivation. For a long time, the selection of the right norm was a bottleneck on
the path towards the full automation of termination analysis of logic programs.
Recently, type-based norms have been introduced [13] as well as a technique
to perform an analysis based on several norms [8]. There is evidence that the
combination of both techniques solves in many cases the problem of norm se-
lection [9, 2]. However, most logic programs are untyped. Hence, obtaining type
information is a new bottleneck. Systems for the automated inference of types
do exist [7, 14]. They derive monomorphic types that are typically less precise
than declared types, and thus less likely to provide relevant type-based norms.

Consider for example the append/3 predicate:
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append([ ],Ys,Ys).

append([X|Xs],Ys,[X|Zs]):- append(Xs,Ys,Zs).

A typical type declaration is append(list(T),list(T),list(T)). In order
to keep somewhat self-contained the description of how the abstracted program
is derived, we apply the untyping transformation of [2] on the code. The idea is
to wrap each subterm in a functor that encodes the type of the subterm. This
does not affect the termination behaviour of a well-typed program. Wrapping
terms of type list(T ) in the functor l/1 and terms of type T in e/1 we obtain:

append(l([ ]),l(Ys),l(Ys)).

append(l([e(X)|l(Xs)],l(Ys),l[e(X)|l(Zs)]):- append(l(Xs),l(Ys),l(Zs)).

The type-based list(T ) norm corresponds to a semi-linear norm that counts
the number of l functors and ignores the first argument of [·|·]; the type-based T
norm corresponds to a semi-linear e norm that counts the number of e functors.
Each argument is abstracted according to both norms, this doubles the number
of arguments. The abstraction of a variable is the variable with the norm as
subscript; it represents the size, according to the norm, of the term that is
the value of the variable in any ground instance of the clause. The abstracted
program is:

append(1,0, 1+Ysl,Yse, 1+Ysl,Yse).

append(1+1+Xsl,1+Xe+Xse, 1+Ysl,Yse, 1+1+Zsl,1+Xe+Zse):-

append(1+Xsl,Xse, 1+Ysl,Yse, 1+Zsl,Zse).

This suffices to infer that a call to append/3 terminates if it is list(T )-rigid
in either the first or the last argument, i.e., if the list skeleton of either the first
or last argument is input to the call. A goal independent monomorphic type
inference [7, 14] will infer the type append(list(any),any,any). The success
type any is obtained for the second and third argument because of the variables
in the base case. We use subscripts l and a for respectively the list(any) and
any-norm; a term of type any has only subterms of type any, hence has size 0 for
every type-based norm apart from any itself, so the second and third argument
have only an any-abstraction. The abstracted program becomes:

append(1,0, 1+Ysa, 1+Ysa).

append(1+1+Xsl,1+Xa+Xsa, 1+Ysa, 1+1+Xa+1+Zsa):-

append(1+Xsl,Xsa, 1+Ysa, 1+Zsa).

While the termination condition for the first argument is equivalent, that for
the third argument is weaker as it requires any-rigidity and this corresponds to
groundness.

The technique we sketch in this paper infers the type
append(list(T1), T2, type(T3, T2)) with list(T ) −→ [ ]; [T | list(T )] and
type(T1, T2) −→ [T1 | type(T1, T2)];T2.

Note that we allow for type rules with a type variable as an option in the
right hand side. Deriving from this type the types of the various variables in



the clauses, one observes that no well-typing is obtained. In the first clause, Ys
is typed as T2 and as type(T3, T2)). The union of both types is type(T3, T2))
and typing the second argument as type(T3, T2)) solves the problem. In the
second clause, X is typed as T1 and as T3; replacing both type variables by
their union, again a type variable, solves the problem. The resulting type is
append(list(T1), type(T1, T2), type(T1, T2)).

Next, we can apply untyping. Wrapping terms of type list(T1) in the functor
l/1, terms of type T1 in e/1 and terms of type type(T1, T2) in t/1 we obtain:

append(l([ ]),t(Ys),t(Ys)).

append(l([e(X)|l(Xs)],t(Ys),t[e(X)|t(Zs)]):- append(l(Xs),t(Ys),t(Zs)).

Finally, we can define semi-linear norms. The l norm counts the number of l
functors and ignores the first argument of [·|·]; the e norm counts the number of
e functors; and the t norm counts the number of t functors while also ignoring
the first argument of [·|·]. The first argument has an l- and e-abstraction; second
and third argument a t- and e-abstraction. This gives the following program
abstraction:

append(1,0, 1+Yst,Yse, 1+Yst,Yse).

append(1+1+Xsl,1+Xe+Xse, 1+Yst,Yse, 1+1+Zst,1+Xe+Zse):-

append(1+Xsl,Xse, 1+Yst,Yse, 1+Zst,Zse).

With this abstraction, one can observe a decrease of the t-size of the third
argument over the loop, hence termination is guaranteed when that argument
is t-rigid. This condition is as strong as the one following from the declared
polymorphic types.

Approach. The major difficulty in extending monomorphic type inference into a
polymorphic one is in the handling of type parameters. Key ideas in our approach
are:

– We allow type parameters as options in the right hand side of type rules (cf.
type(T1, T2) above).

– We describe the types of a set of variables (e.g. the variables of a clause) by
a type signature that consists of a tuple of types. The type variables in these
tuples can express a limited form of sharing information.

– We associate a most general polymorphic type with each functor, i.e., with
a functor f/n we associate the type τf (α1, . . . , αn) −→ f(α1, . . . , αn). They
are the basis for inferring types for each expression, be it a unification, a
conjunction, a disjunction or a predicate. Such a type approximates the
success set of the expression. This approximation is obtained by replacing
the type parameter by sets of ground terms from the Herbrand universe. For
example, replacing the type variables by the Herbrand universe in the above
typing of append gives a safe approximation of the least fixpoint of the TP
operator for the append/3 program.



Organization. In Section 2 we define polymorphic types and the denotation of
a polymorphic type as a set of ground terms. In Section 3 the basic operations
on types are defined. These operations are applied in Section 4 to build the type
of a clause head from the types of the body atoms in the clause and a type
inference algorithm based on abstracting the concrete TP semantics is sketched.
In Section 5 and extended example is developed. Finally, in Sections 6 and 7 we
discuss the results and related research.

2 About Types

Terms are constructed from an infinite set of variables V and an alphabet of
functors Σ. Types are constructed from an infinite set of type variables VT and
an alphabet of type symbols ΣT in a similar way. The set of types is denoted
as T . The sets of type variables, type symbols, variables and function symbols
are assumed to be disjoint. Variable free types are called monomorphic. Types
with variables are called polymorphic. The variables in a type are also called
the parameters. Type substitutions are similar to substitutions on terms. They
are of the form {T1/τ1, . . . , Tn/τn} with T1, . . . , Tn elements of VT and τ1, . . . , τn
elements of T and define a mapping from types to types by the simultaneous
replacement of the variables Ti by the corresponding types τi.

Types are intended to denote sets of terms. This denotation is described by
a set of type rules.

Definition 1 (Type definition). A type rule for a type symbol h/n ∈ ΣT is
of the form

h(T̄ ) −→ f1(τ̄1); . . . ; fk(τ̄k); T1; . . . ;Tl; τ1; . . . ; τn (k + l ≥ 1, n ≥ 0)

where: T̄ and {T1, . . . , Tl} are respectively an n-tuple and a set of distinct type
variables, f1, . . . , fk are function symbols from Σ associated with the type symbol
h, τ̄i (1 ≤ i ≤ k) are corresponding tuples from T , τ1, . . . , τn are types from T ,
and type variables in the right hand side, if any, are from T̄ .

A type definition is a finite set of type rules for distinct type symbols and
includes a rule for each type symbol used in a right hand side.

A type rule is canonical if all functions symbols fi are distinct and n = 0. A
canonical type definition consists of canonical type rules.

Each type h(τ̄) of interest is an instance of the left hand side of a single type
rule in the type definition. Note that instances of canonical type rules are not
always canonical.

Example 1. A type definition:
list(T ) −→ [ ]; [T | list(T )]
type(T1, T2) −→ [T1 | type(T1, T2)];T2

t1 −→ a
t2 −→ b



Our type rules are different from the standard ones in that we allow for types
and type variables as options in the right hand sides. The grammar becomes
non deterministic in the sense that parsing a term top-down, it is not obvious
which option to select. However, a type definition still unambiguously defines
the denotation of monomorphic types. In the above example, the type list(t1)
denotes either [ ] or a term of the form [a, . . . , a], type(t1, t2) denotes either b or
terms of the form [a, . . . , a|b] while type(t1, list(t2)) denotes either [ ], a term of
the form [b, . . . , b] or a term of the form [a, . . . , a, b, . . . , b].

Polymorphic types are usually considered as schemas: their ground instances
define monomorphic types. Another view on polymorphic types is that a type
variable represents the universal type any, i.e. the whole Herbrand universe.
Under that view, a polymorphic type also represents a particular set of ground
terms. Both views are useful. The former serves to motivate the use of different
type variables; the latter to define a denotation for polymorphic types.

The right hand side of a (canonical) type rule can contain several type
variables as options. We will sometimes find it convenient to abbreviate them
as V(T1, . . . , Tn). One can consider this as a type defined by the type rule
V(T1, . . . , Tn) −→ T1; . . . ;Tn (and allow it in a canonical type rule). Also, we
will use the notation t : τ to express that a term t has type τ and [τ ] for the
denotation of τ .

We are not only interested in types of individual variables, but also in types
of expressions containing several variables. Expressions of interests are atoms,
conjunctions and disjunctions and the types of predicates. As types of different
variables can be related, we will represent these types as a tuple holding one
type for each variable/argument. We call these tuples type signatures.

Definition 2 (type signature). A type signature is a tuple of types. A type
signature of a predicate p/n is denoted as p(τ1, . . . , τn) where τi is the type
of the ith argument. A type signature over variables X1, . . . , Xn is denoted as
env(τ1, . . . , τn) where τi is the type of the ith variable. When the order of vari-
ables is not clear from the context, we use env{X1,...,Xn}(τ1, . . . , τn).

We infer the type signature append(list(T1), T2, type(T3, T2)) for append/3,
as we already mentioned. It is an approximation of the success set of append/3.
However, terms in the approximation are not simply tuples in the cross product
of the three types. We use some of the type variables to encode a limited amount
of sharing information. The second argument is of type T2. It corresponds to a
concrete term of type T2. Terms in the denotation of type(T3, T2) have exactly
one subterm of type T2 (the tail of the list). The extra constraint expressed by our
abstract domain is that these two terms of type T2 are identical. Such constraints
hold only when the type variable corresponds to (at most) one subterm in the
denotation of the type and is referred to later as the uniqueness property. For
example, in a signature p(list(T1), type(T1, T2), the common type variable T1

does not express sharing as terms in the denotation of list(T1) (and type(T1, T2))
can have several subterms of type T1. Type signatures are the elements of our
abstract domain.



2.1 Abstract Domain of Polymorphic Types

We now outline the structure of the concrete and abstract domains on which the
analysis is based and with respect to which soundness is claimed. The structure
is based on the domain of monomorphic types.

Let Σ be some fixed signature of function symbols and ΣT be the set of
type symbols. The set of monomorphic types is the set of pairs 〈τ,∆〉 such
that τ ∈ Term(ΣT ), ∆ is the type definition for τ where all the functions in ∆
are in Σ. For brevity we usually do not mention the ∆ component and regard
monomorphic types as being elements of Term(ΣT ), since we assume that a type
is uniquely associated with its type definition.

We define the concretisation function γmono : Term(ΣT ) → 2Term(Σ) such
that γmono(τ) is the set of terms in Term(Σ) accepted by τ . We do not go into
details of the definition of “accepted by τ” but it is a standard notion from the
literature [4].

The function γmono induces a pre-order on monomorphic types, namely,
τ1 ≤mono τ2 iff γmono(τ1) ⊆ γmono(τ2), which in turn induces an equivalence
relation on monomorphic types and a partial order on the equivalence classes.
We may extend the function γmono to equivalence classes by returning the value
of an arbitrary member of the class (since all members have the same value).

The denotation of a type signature, in the monomorphic case, is the Cartesian
product of the denotations of the individual components.

Definition 3 (Denotation of a monomorphic type signature). Let
env(τ1, . . . , τn) be a monomorphic type signature. Then we define γmono as fol-
lows: γmono(env(τ1, . . . , τn)) = {〈t1, . . . , tn〉 | tj ∈ γmono(τj), 1 ≤ j ≤ n}.

We now consider the denotation of polymorphic type signatures, whose de-
notation is defined based on the denotation of its monomorphic instances, but
the definition takes into account the dependencies between type parameters.
Polymorphic types are elements of Term(ΣT ∪ VT ). (As before we assume that
a type is uniquely associated with some type definition.)

First we define formally the uniqueness property discussed above.

Definition 4 (Uniqueness of a type parameter w.r.t. a type). A type
parameter T is unique w.r.t. type τ if T occurs in τ and either τ = T , or τ has
a definition in which T occurs no more than once in each option, and in every
type τ ′ in which T does occur within some option, it is unique w.r.t. τ ′.

For example, referring to the previous definitions of list(T1) and type(T3, T2), T2

is unique w.r.t. type(T3, T2). However T1 is not unique w.r.t. list(T1) since the
definition of list(T1) contains an option [T1|list(T1)] in which T1 occurs twice.

Definition 5 (Denotation of a polymorphic type signature). Let
env(τ1, . . . , τn) be a type signature where τ1, . . . , τn contain the type parameters
T̄ . For each T in T̄ , let UT ⊆ {1, . . . , n} be the indices of the types τ ′ from
τ1, . . . , τn that contain type parameter T where T is unique w.r.t. τ ′. The tuple



any stands for a tuple (of the appropriate length) of type any. Then we define
γpoly as follows:

γpoly(env(τ1, . . . , τn)) = {〈t1, . . . , tn〉 |
〈t1, . . . , tn〉 ∈ γmono(env(τ1, . . . , τn)[any])∧
(∀T ∈ T̄ ,∀i, j ∈ UT .

(∃si, sj .si is a subterm of ti ∧ si : T
∧sj is a subterm of tj ∧ sj : T
implies si = sj))

Note that if there are no sets UT with more than one element, then the second
part of the condition in the definition is satisfied trivially. The definition elim-
inates some tuples that would be accepted if we simply took the denotation
of the monomorphic instance obtained by substituting all type parameters by
any. For instance, consider the signature env(list(T1), T2, type(T3, T2)) defined
earlier. Here UT2 = {2, 3} since T2 is unique w.r.t. T2 and type(T3, T2). By the
definition of γpoly the denotation of env(list(T1), T2, type(T3, T2)) cannot include
such terms as 〈[1, 2], foo, [1, 2|bar]〉, because foo : T2 is a subterm of the second
term and bar : T2 is a different subterm of the third term of the tuple. We
abbreviate γpoly as γ from now on.

3 Basic Operations on Types and Type Signatures

In this section we introduce operations on type signatures that will be needed
by our type inferencing. The nontrivial operations are union, intersection and
normalization.

3.1 Union

Let env(τ̄1) and env(τ̄2) be type signatures over the same variables. The purpose
of the union operation is to define env(τ̄) such that γ(τ̄) ⊇ γ(τ̄1) ∪ γ(τ̄2). Let
τ̄1 = τ11, . . . , τ1n and let τ̄2, after renaming apart the type parameters from those
in τ̄1 be τ21, . . . , τ2n. Then τ̄ = τ1, . . . , τn with τi −→ τ1i; τ2i(i : 1..n). Note that
the new type rules are usually not canonical.

Example 2. Consider env(τnil, T1, T1) and env(τcons(T2, τnil), T3, τcons(T2, T3)).
The union is env(τ1(T2, T3), τ2(T1, T3)), τ3(T1, T2, T3) with
τ1(T2, T3) −→ τnil; τcons(T2, τnil), τ2(T1, T3) −→ T1;T3, and
τ3(T1, T2, T3) −→ T1; τcons(T2, T3).

3.2 Intersection

Let env(τ̄1) and env(τ̄2) be type signatures over the same variables. The purpose
of the intersection operation is to define env(τ̄) such that γ(τ̄) ⊇ γ(τ̄1) ∩ γ(τ̄2).
Let τ̄1 = τ11, . . . , τ1n and let τ̄2, after renaming apart the type parameters from
those in τ̄1 be τ21, . . . , τ2n. Then τ̄ = τ1, . . . , τn. For all i, the type τi has to be
constructed by intersecting the types τ1i and τ2i. The intersection fails, i.e., we
obtain ⊥ when one of the τi is the empty type.



The intersection of two types τ1 and τ2. First we discuss the cases that type
variables are involved. If both types are type variables, say T1 and T2, then
the unknown sets of terms they represent are intersected, resulting in a new set
of terms to be represented by a new type variable, say T3. In addition, if the
uniqueness property holds for T1 (T2) w.r.t. τ1 (τ2), then the type substitution
{T1/T3} ({T2/T3}) is applied on the other types in the signatures for which the
uniqueness property holds for T1 (T2).

If one of the types is a type variable, say T of τ1, then the other type, say τ
is a safe approximation of the result of the intersection. Again, if the uniqueness
property holds for T w.r.t. τ1 then the substitution {T/τ} is applied on the other
parts of the signatures for which the uniqueness property holds for T .

The remaining case is that both types are defined by a type rule. Each option
in the right hand side of the type rule describes a set of terms. The intersection
type, τ , is defined by a type rule that has an option for each pair of options taken
from τ1 and τ2 that has a nonempty intersection. For simplicity, we assume that
the type rules have no types among their options (if not, the type can be unfolded
with the corresponding type rule — see Section 3.3). Hence one can distinguish
the following cases:

1. f(τ11, . . . , τ1m) and g(τ21, . . . , τ2n) with f/m 6= g/n. The intersection is
empty, hence this pair can be omitted.

2. f(τ11, . . . , τ1m) and f(τ21, . . . , τ2m). For all i compute τi by intersecting the
pairs τ1i and τ2i. If one of these is the empty type, then the pair can be
omitted; otherwise, create the option f(τ1, . . . , τm).

3. T1 and T2. The option is a new type variable, say T3. Also, if the unique-
ness property holds for T1 (T2) w.r.t. τ1 (τ2), then the type substitution
{T1/T3} ({T2/T3}) is applied on the other types in the signatures for which
the uniqueness property holds for T1 (T2).

4. T (assume from τ1) and f(τ1, . . . , τn). The intersection is approximated by
f(τ1, . . . , τn). Again, if the uniqueness property holds for T w.r.t. τ1 then the
substitution {T/τ} is applied on the other parts of the signatures for which
the uniqueness property holds for T .

Example 3. Consider the intersection of env(τcons(T1, T2), T1, T2, T3, T4) and
env(T5, T6, T0, τnil, T0). Intersecting T5 and τcons(T1, T2) yields τcons(T1, T2) and
the substitution {T5/τcons(T1, T2)} can be applied; intersecting T1 and T6, yields
T16 and the substitutions {T1/T16} and {T6/T16} can be applied. Further, we
have substitutions {T2/T20}, {T0/T20}, {T3/τnil}, {T4/T204}, and {T20/T204}.
The resulting type signature is env(τcons(T16, T204), T16, T204, τnil, T204). In this
example, the condition for applying the type substitution is always met.

3.3 Normalization

The purpose of normalization is to bring the type rules of the types in a type
signature into canonical form. This is done by modifying the type rules in such
a way that the denotation of the type does not decrease. This is achieved by the
repeated application of some rewrite rules:



Unfolding a type. A type tτ (τ̄) is one of the options in the right hand side.
This option is replaced by the options – instantiated by {T̄ /τ̄} – in the right
hand side of the type rule defining tτ (T̄ ) .

Merging principal functors If a type rule contains options f(τ1,1, . . . , τ1,n)
and f(τ2,1, . . . , τ2,n), then these are removed and the option f(τ1, . . . , τn) is
added. For all i, τi is the union of the types τ1,i and τ2,i. If such union type
has not yet been created, it is defined by the type rule τi(T̄ ) −→ τ1,i; τ2,i
where T̄ are the type variables in τ1,i and τ2,i.

Merging type variables. If the type rule defining a type τ(T1, T2, T̄ ) has op-
tions T1 and T2 but the uniqueness property does not hold for both T1 and
T2 w.r.t. τ(T1, T2, T̄ ), then replace T1 and T2 everywhere in the type rule
by a new type variable T and replace the left hand side by τ(T, T̄ ) This
reduces the number of type variables in the type being defined by the type
rule. Adjustments have to be made in the type signatures using the type.

3.4 Widening operator

Widening aims at reducing the complexity of type rules and at keeping the
number of distinct type rules finite.

Introduction of recursion. A type rule for a type τ has an option
f(τ1, . . . , τn). A τi different from τ is replaced by τ and the right hand side
of the (instantiated) type rule for τi is added to the right hand side of the
type rule for τ .

A simple condition for applying this rule could be that f/n is also a principal
functor of τi (or of a subtype of τi). Better conditions for controlling the intro-
duction of recursion can be inspired by work on monomorphic type inference
[11, 14], as well as by approaches that use a program-specific finite height type
lattice [5, 7].

This transformation can have the side effect that the uniqueness property
no longer holds for some of the type variables of τ . This will be illustrated in
Section 5.

4 Type Inference

About programs. Programs can be normalised into a form where there is one
clause for each predicate, where all atoms have different variables as arguments
and where unifications are either of the form X = Y or X = f(Y1, . . . , Yn).

Example 4. After normalisation, append/3 is as follows:

append(X,Y,Z) :- X= [], Y=Z;
X=[E|Xs], Z=[E|Zs], append(Xs,Y,Zs).



Type inference basically follows the approach of [7, 6]: programs are analysed
in a bottom up manner, using an abstraction of the TP operator. Starting from
the type signature of the atoms in the body of a clause, a type signature is derived
for the variables in body of the clause. This results in a new type signature for
the predicate in the head of the clause. The final type signatures of all predicates
are obtained as the result of a fixpoint process.

4.1 Basic Type Signatures

For each functor f/n we define a type rule τf (T1, . . . , Tn) −→ f(T1, . . . , Tn)
(polymorphic if n > 0)3. For example, in the context of the append/3 predicate,
we have the type rules τnil −→ [ ] and τcons(T1, T2) −→ [T1|T2].

To infer the type signature over the variables of atoms in the body of norm-
alised programs, we distinguish three cases:

– An atom p(X1, . . . , Xn): The type signature for the variables {X1, . . . , Xn}
is
env{X1,...,Xn}(τ1(v̄1), τn(v̄n)) where p(τ1(v̄1), . . . , τn(v̄n)) is the type signa-
ture of the predicate p/n.

– A unification X = Y : The type signature for {X,Y } is env{X,Y }(T, T ).
– A unification X = f(Y1, . . . , Yn): The type signature for {X,Y1, . . . , Yn} is
env{X,Y1,...,Yn}(τf (T1, . . . , Tn), T1, . . . , Tn).

Note that the uniqueness property holds for all type parameters in the signatures
resulting from unification.

4.2 Conjunction

Let S1 and S2 and envS1 and envS2 be respectively the variables and type
signatures of two conjuncts. The type signature for the conjunction is constructed
in three steps:

1. Both type signatures are extended into type signatures over S1 ∪ S2. To
do so, new components consisting of new type variables are introduced for
variables not in the original signature.

2. Type variables are renamed so that the two type signatures do not share any
type variables.

3. The intersection of both signatures is computed as described in Section 3.2.

Example 5. Consider the body of the second clause of Example 4, i.e. X =
[E|Xs], Z = [E|Zs], append(Xs, Y, Zs). Assume append/3 has the type signa-
ture append(τnil, T1, T1).

For the three atoms we have signatures: env{X,E,Xs}(τcons(T1, T2), T1, T2),
env{Z,E,Zs}(τcons(T1, T2), T1, T2), and env{Xs,Y,Zs}(τnil, T1, T1). Consider first
3 More refined types could be obtained by associating a different functor fi/n with each

syntactic occurrence of the functor in the program. This requires a small adjustment
of the intersection operation.



the conjunction of the second and third atoms. Computing the conjunction,
extension and renaming gives env{Z,E,Zs,Xs,Y }(τcons(T1, T2), T1, T2, T3, T4) and
env{Z,E,Zs,Xs,Y }(T5, T6, T0, τnil, T0).

In this simple case, computing the intersection boils down to pairwise inter-
secting the types in the corresponding positions of the two tuples. Intersecting T5

and τcons(T1, T2) yields τcons(T1, T2) and the substitution {T5/τcons(T1, T2)}; in-
tersecting T1 and T6, yields T16 and the substitution {T1/T16, T6/T16}. Further,
we have the substitutions {T2/T20, T0/T20}, {T3/τnil}, and {T4/T204, T20/T204}.
The resulting type is env{Z,E,Zs,Xs,Y }(τcons(T16, T204), T16, T204, τnil, T204).

To compute the conjunction with the first atom we again first extend and
rename: env{X,Z,E,Zs,Xs,Y }(τcons(T3, T4), T5, T3, T6, T4, T7) and
env{X,Z,E,Zs,Xs,Y }(T0, T1, T2)(T0, τcons(T1, T2), T1, T2, τnil, T2). We then obtain
env{X,Z,E,Zs,Xs,Y }(τcons(T13, τnil), τcons(T13, T267), T13, T267, τnil, T267)
as the intersection.

Note the effect of propagating type substitutions.

4.3 Projection

An environment for a tuple of variables can be projected onto a subset of its
variables. For example, projecting the signature
env{X,Z,E,Zs,Xs,Y }(τcons(T1, τnil), τcons(T1, T2), T1, T2, τnil, T2) onto the set
{X,Z, Y } gives env{X,Z,Y }(τcons(T1, τnil), τcons(T1, T2), T2). This operation is
used to remove variables local to a disjunction or conjunction.

4.4 Disjunction

Let S1 and S2 and envS1 and envS2 be respectively the variables and type
signatures of two disjuncts. The type signature for the disjunction is constructed
in three steps:

1. Both type signatures are extended into type signatures over S1 ∪ S2. To
do so, new components consisting of new type variables are introduced for
variables not in the original signature.

2. Type variables are renamed so that the two type signatures do not share any
type variables.

3. The disjunction of both signatures is computed as described in Section 3.1.

Example 6. Consider the disjunction in the body of Example 4. Assume the
type signature of the first disjunct is env{X,Y,Z}(τnil, T1, T1) and that of the
second disjunct is as obtained in Example 5, i.e., after projection, reordering and
renaming: env{X,Y,Z}(τcons(T2, τnil), T3, τcons(T2, T3)). The type signature of the
disjunction is env{X,Y,Z}(τ1(T2),V(T1, T3), τ2(T1, T2, T3)) with rules τ1(T2) −→
τnil; τcons(T2, τnil) and τ2(T1, T2, T3) −→ T1; τcons(T2, T3).



4.5 Type of a Predicate

Given a type for the body of the predicate, the type of the predicate is obtained
by projecting on the head variables. If necessary (where there is a variable in the
head not occurring in the body), the body’s type is first extended to include a
type for each head variable. If the type of the predicate has been used for typing
the body, then a fixpoint iteration is needed. The final type is the fixpoint.

5 Type inference for append/3

append(X,Y,Z) :- X= [], Y=Z;
X=[E|Xs], Z=[E|Zs], append(Xs,Y,Zs).

The type inference for append/3 proceeds as follows:

First iteration: There is yet no type for append/3 hence the type signature
of the second disjunct is ⊥. The type signatures of the atoms in the first
disjunct are env{X}(τnil) and env{Y,Z}(T, T ). Conjunction gives the environ-
ment env{X,Y,Z}(τnil, T, T ), hence we obtain the signature append(τnil, T, T ).

Second iteration: We calculated the type signature of the second disjunct
in Example 5 and the type signature of the whole body in Example 6.
This resulted in env{X,Y,Z}(τ1(T2),V(T1, T3), τ2(T1, T2, T3)) with τ1(T ) −→
τnil; τcons(T, τnil) and τ2(T1, T2, T3) −→ T1; τcons(T2, T3). Normalization of
τ1(T2) and τ2(T1, T2, T3) gives: τ1(T ) −→ [ ]; [T |τnil], and τ2(T1, T2, T3) −→
T1; [T2|T3]. This gives for append/3 the type signature (after some renaming)
append(τ1(T1),V(T2, T3), τ2(T1, T2, T3)).

Third iteration: Consider the second disjunction. For the three atoms we ob-
tain the type signatures (type variables renamed apart):
env{X,E,Xs}(τcons(T1, T2), T1, T2), env{Z,E,Zs}(τcons(T3, T4), T3, T4), and
env{Xs,Y,Zs}(τ1(T5),V(T6, T7), τ2(T5, T6, T7)).
After conjunction (since all type substitutions can be propagated) we obtain
the type signature

env{Z,E,Zs,Xs,X,Y }( τcons(T13, τ2(T5, T6, T7)), T13, τ2(T5, T6, T7),
τ1(T5), τcons(T13, τ1(T5)),V(T6, T7)) .

After projection on the head variables (and renaming):
env{X,Y,Z}(τcons(T1, τ1(T2)),V(T3, T4), τcons(T1, τ3(T2, T3, T4))).
First consider τcons(T1, τ1(T2)); we rename it into τ3(T1, T2) and normalise
it, starting from the instantiated type rule of τcons.

τ3(T1, T2) −→ [T1 | τ1(T2)] % recursion introduction
−→ [T1 | τ3(T1, T2)]; [ ]; [T2 | τnil] % merge functors

% union of T1 and T2 is V(T1, T2)
% union of τ3(T1, T2) and τnil is τ3(T1, T2)

−→ [ ]; [V(T1, T2) | τ3(T1, T2)]



Note that terms in the denotation now can have different subterms of type
T1 and T2. Hence they can no longer express sharing and we can better
simplify, replacing V(T1, T2) by a single type variable. Doing so, we obtain
τ3(T ) −→ [ ]; [T | τ3(T )] (the “list” type). In the type signature, we replace
the type by τ3(Ta) with Ta a new type variable.
Now consider τcons(T1, τ2(T2, T3, T4)) = τ4(T1, T2, T3, T4)

τ4(. . .) −→ [T1 | τ2(T2, T3, T4)]% recursion introduction
−→ [T1 | τ4(T1, T2, T3, T4)];T3; [T2 | T4]% merge functors
−→ [V(T1, T2) | τ4(T1, T2, T3, T4)];T3;T4

−→ [V(T1, T2) | τ4(T1, T2, T3, T4)];V(T3, T4)

Also here, the recursion introduction makes that terms in the denotation
have no unique occurrences of terms of T1 and T2; however, each term in the
denotation still has at most one unique subterm of T3 and T4. We simplify:
τ4(T, T3, T4) −→ [T | τ4(T, T3, T4)];V(T3, T4) and replace the type in the
signature by τ4(Tb, T3, T4) with Tb a new type variable.
Hence, we obtain env{X,Y,Z}(τ3(Ta),V(T3, T4), τ4(Tb, T3, T4)).
As T3 and T4 always appear together as V(T3, T4), we can further simplify
and replace V(T3, T4) by a new type variable. We obtain:
env{X,Y,Z}(τ3(Ta), T2, τ4(Tb, T2)) with τ3(T ) −→ [ ]; [T | τ3(T )] and
τ4(T1, T2) −→ [T1 | τ4(T1, T2)];T2.
We have to take the union of this type with the type signature from the first
disjunct: env{X,Y,Z}(τnil, T3, T3).
For the first position, τnil is a subtype of τ3(T1). In the second position,
we obtain the union type V(T2, T3). As for the last position, we introduce:
τ5(T1, T2, T3) −→ [T1 | τ5(T1, T2, T3)];V(T2, T3). Hence we obtain as typing of
the predicate (T2 and T3 always appear together in the union type V(T2, T3),
hence we can simplify):
append(τ3(Ta), T23, τ5(Tb, T23)) with
τ3(T ) −→ [ ]; [T | τ3(T )] and τ5(T1, T2) −→ [T1 | τ5(T1, T2)];T2.

Fourth iteration: Consider the second disjunction. For the three atoms we
obtain the type signatures (type variables renamed apart):
env{X,E,Xs}(τcons(T1, T2), T1, T2), env{Z,E,Zs}(τcons(T3, T4), T3, T4), and
env{Xs,Y,Zs}(τ3(Ta), T6, τ5(Tb, T6)).
After conjunction, (all intersections have a type variable involved, so it boils
down to applying type substitutions) we obtain the type signature

env{Z,E,Zs,Xs,X,Y }( τcons(T13, τ5(Tb, T6)), T13, τ5(Tb, T6),
τ3(Ta), τcons(T13, τ3(Ta)), T6).

We project onto the head variables (and rename):
env{X,Y,Z}(τcons(T1, τ3(Ta)), T3, τcons(T1, τ5(Tb, T3))).
First consider τcons(T1, τ3(Ta)); we rename it into τ6(T1, T2) and normalise
it, starting from the instantiated type rule of τcons.

τ6(T1, T2) −→ [T1 | τ3(T2)]% recursion introduction
−→ [T1 | τ6(T1, T2)]; [ ]; [T2 | τ6(T1, T2)]

% merge functors
−→ [ ]; [V(T1, T2) | τ6(T2, T2)]



Terms no longer have a unique subterm of type T1, hence we can simplify
V(T1, T2) into a single type variable and obtain a renaming of τ3(T ).
Now consider τcons(T1, τ5(T2, T3)) = τ7(T1, T2, T3)

τ7(T1, T2, T3) −→ [T1 | τ5(T2, T3)]% recursion introduction
−→ [T1 | τ7(T1, T2, T3)];T3; [T2 | τ7(T1, T2, T3)]

% merge functors
−→ [V(T1, T2) | τ7(T1, T2, T3)];T3

Also here, terms do not have a unique subterm of type T1, hence, after
replacing V(T1, T2) by a new type variable, we obtain again τ5(T2, T3).
Hence, we obtain env{X,Y,Z}(τ3(Ta), T3, τ5(Tb, T3)).
We have to take the union of this type with env{X,Y,Z}(τnil, T4, T4), the type
signature from the first disjunct.
For the first position, τnil is a subtype of τ3(Ta); as for the last position,
we obtain a type τ8(Tb, T3, T4) −→ [Tb | τ8(Tb, T3, T4)];V(T3, T4). Types T3

and T4 appear always together in the union type V(T3, T4), hence we can
simplify and obtain:
env{X,Y,Z}(τ3(Ta), T2, τ8(Tb, T2)) with τ3(T ) −→ [ ]; [T | τ3(T )] and
τ8(T1, T2) −→ [T1 | τ8(T1, T2)];T2.
τ8(T1, T2) is a renaming of τ5(T1, T2), hence a fixpoint is reached.

The example shows that the success set of append/3 has in the first argument
a list, in the second argument a term typed by the parameter T2 (hence it can
be any term) and in the third argument a list but with a term of type T2 in the
tail of the list. Note that a term in the third argument has a unique subterm
of type T2 and the type signature expresses that it is shared with the second
argument.

A call to append. Consider a conjunction p(X), q(Y ), append(X,Y, Z) and as-
sume the type signature inferred for p/1 and q/1 are respectively p(list(T )) and
q(list(T ) (with list(T ) −→ []; [T | list(T )])), and append/3 the type signature
as derived above.

We obtain env{X,Y }(list(T1), list(T2)) as type signature for p(X), q(Y ). We
have to take the conjunction of this signature with the signature of append/3,
namely, env{X,Y,Z}(τ3(T3), T4, τ8(T3, T4)).

The types list(T1) and τ3(T3) are both lists, so their intersection is again a
list. Intersecting T4 with list(T2) gives the type substitution {T4/list(T2)} that
propagates into the type of Z; the resulting unnormalised type is
env{X,Y,Z}(list(T13), list(T2), τ8(T13, list(T2))). Let us name the type in the third
argument τ9(T13, T2). It is obtained by instantiating the type rule of τ8 and
normalising:

τ9(T13, T2) −→ [T13 | τ8(T13, list(T2))]; list(T2)% recursion introduction
−→ [T13 | τ9(T13, T2)]; list(T2)% unfold list(T2)
−→ [T13 | τ9(T13, T2)]; [ ]; [T2|list(T2)]% merge functors
−→ [ ]; [V(T13, T2) | τ9(T13, T2)]% ≡ to list(V(T13, T2))

list(T ) −→ [T | list(T )]% simplifying V(T13, T2)



One obtains: env{X,Y,Z}(list(T1), list(T2), list(T3)) as type for the conjunc-
tion. Note that we have no information about how the type T3 relates to the
types T1 and T2. However, transforming it into a well-typing for append/3 would
result in the signature env{X,Y,Z}(list(T ), list(T ), list(T )).

6 Discussion

This abstract reports work in progress. The type inference for append/3 is fairly
simple and relies on simple cases of the various operators. The approach has not
yet been implemented, so it is yet unclear how interesting the type information is
that is inferred for more complex predicates. Also, how to convert to a well-typing
has not been worked out in detail. Somehow, one could hope that all structural
information that is relevant for proving termination is present in the inferred
types. However, termination analysis requires also inter-argument relationships.
It is not obvious that the types are regular enough to capture the relevant inter-
argument relationships.

7 Related Work

In part of [10], the authors describe (polymorphic) type reconstruction: Given
a set of types and a type for each functor, they derive types for the predicates
and the variables of the program. Noteworthy is that they point out that it has
been shown that the problem is undecidable unless the type of body occurrences
of a recursive polymorphic predicate is identical to the type of the predicate
(we impose this too). The main difference with our approach is that we do not
fix the set of type definitions in advance but construct new definitions during
the analysis. We share the latter property with the work in [15]; however, to
our understanding, Zobel does not infer parametric types - type variables are
merely names for types that are defined by their own type rules. Also Mishra
[12] considers type inference, using ground regular trees to represent types. He
had similar operations of union and intersection; however, he mentions he could
not extend the approach to handle polymorphism.

This work is similar in spirit to previous work on inferring monomorphic types
for logic programs in which a regular approximation of the success set (minimal
Herbrand model) of a program is computed [7]. The operations of intersection,
union, projection and widening in this paper can be seen as more precise versions
of the corresponding operations in that work. Handling the more expressive type
rules and maintaining the sharing information via the type parameters is the
main advance in this work over the monomorphic case.

Directional types [1, 3] are based on viewing a predicate as a procedure that
maps a call type to a success type. Each predicate is thus typed by a set of pairs of
type signatures representing a call-success pair. This captures some dependencies
among the arguments, but in the works cited, is restricted to monomorphic types.
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