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Abstract

ID-logic uses ideas from logic programming to extend
classical logic with non-monotone inductive definitions.
Here, we study the structure of definitions expressed in
this formalism. We define the fundamental concept of
a dependency relation, both in an abstract, algebraic
context and in the concrete setting of ID-logic. We also
characterize dependency relations in a more construc-
tive way. Our results are used to study the relation
between ID-logic and known classes of inductive defini-
tions and to show the correctness of ID-logic semantics
in these cases.

Introduction

Inductive definitions are a distinctive and well-
understood kind of knowledge, which occurs often in
mathematical practice. The roots of ID-logic lie in the
observation that logic programs under the well-founded
semantics can be seen as a formal equivalent of this in-
formal mathematical construct (Denecker 1998). This
result is particularly useful, because inductive defini-
tions cannot be easily represented in classical logic.
ID-logic uses a form of logic programs under the well-
founded semantics to extend classical logic with a new
“inductive definition” primitive. In the resulting for-
malism, all kinds of definitions regularly found in math-
ematical practice can be represented in a uniform way.
Moreover, the rule-based representation of a definition
in ID-logic neatly corresponds to the form such a defi-
nition would take in a mathematical text. ID-logic also
has interesting applications in common-sense reasoning.
For instance, (Denecker & Ternovska 2004a) gives a nat-
ural representation of situation calculus as an iterated
inductive definition in ID-logic. The resulting theory
correctly handles tricky issues such as recursive rami-
fications, and is, as far as we know, the most general
representation of this calculus to date.

The main ideas behind ID-logic and the relation be-
tween the well-founded semantics and inductive def-
initions have been further generalized in approxima-
tion theory (Denecker, Marek, & Truszczynski 2003;
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2000), an algebraic fixpoint theory for arbitrary op-
erators. Interestingly, this theory not only captures
the well-founded semantics for logic programs, but also
other logic programming semantics, such as the stable
model semantics, as well as several different semantics
for other non-monotonic reasoning formalisms, such as
auto-epistemic logic and default logic. Approximation
theory provides an abstract framework in which general
properties of a variety of different semantics for different
logics can be succinctly proven.

In this paper, we analyze the structure of definitions
in ID-logic. This analysis takes place at three different
levels. Firstly, we use approximation theory to analyze
definitions in ID-logic by studying the internal struc-
ture of certain lattice operators. To this end, we define
the algebraic concept of a dependency relation for an
operator. It turns out that this can be related to a the-
ory of modularity in approximation theory (Vennekens,
Gilis, & Denecker 2005), allowing a number of quite
general results to easily be derived. Secondly, we also
define a similar concept at the more specific level of ID-
logic and relate this to its algebraic counterpart. When
instantiated to this level, the properties proven in ap-
proximation theory immediately provide us with several
interesting results, such as a splitting theorem for ID-
logic. Finally, we also present a constructive character-
ization of a specific kind of dependency relation for an
ID-logic definition, based on the syntactical structure
of its rules.

As an application of these results, we study several
classes of inductive definitions known from mathemati-
cal literature. The concept of dependency relations can
be used to offer a natural definition for each of these
classes. The fact that ID-logic correctly formalizes the
semantics of definitions belonging to these classes can
then be proven in approximation theory. Finally, our
constructively characterized dependency relations lead
to some semi-syntactical ways of identifying members
of each of these classes.

The work in this paper is part of a larger project
(Vennekens & Denecker 2005; Denecker & Ternovska
2004b) to establish firm mathematical foundations for
ID-logic. While our results are largely theoretical, they
are meant to serve as a basis for more practical work.



In particular, they should help to more clearly establish
the knowledge representation methodology of ID-logic,
offer some mathematical tools with which to analyze
theories in this logic and prove their correctness, and
contribute to the development of efficient reasoning al-
gorithms for (decidable fragments of) ID-logic. The
importance of this kind of research can be motivated
by looking at its accomplishments in logic program-
ming, where the use of concepts such as dependency
graphs dates back at least as far as (Apt, Blair, &
Walker 1988). As we will see, the same kind of tech-
niques can be applied in the more complex setting of
ID-logic. More recently, Answer Set Programming has
seen more results in a similar vein, with work being done
to identify interesting subclasses of programs, such as
tight logic programs (Erdem & Lifschitz 2003). This
work is very similar in spirit to the analysis of various
subclasses of inductive definitions we will present later
in this paper.

Preliminaries

Approximation theory

Our presentation of approximation theory is based on
(Denecker, Marek, & Truszczynski 2000; 2003). Let
〈L,≤〉 be a lattice. We consider the square L2 of the
domain of this lattice. The obvious point-wise extension
of ≤ to L2 is called the product order ≤⊗ on L2, i.e.,
for all (x, y), (x′, y′) ∈ L2, (x, y) ≤⊗ (x′, y′) iff x ≤
x′ and y ≤ y′. An element (x, y) of L2 can be seen
as denoting an interval [x, y] = {z ∈ L | x ≤ z ≤
y}. Using this intuition, we can derive a second order,
the precision order ≤p, on L2: for each (x, y), (x′, y′) ∈
L2, (x, y) ≤p (x′, y′) iff x ≤ x′ and y′ ≤ y. Indeed, if
(x, y) ≤p (x′, y′), then [x, y] ⊇ [x′, y′]. It can easily
be seen that 〈L2,≤p〉 is also a lattice. The structure
〈L2,≤⊗,≤p〉 is the bilattice corresponding to L. If L is
complete, then so are 〈L2,≤⊗〉 and 〈L2,≤p〉. Elements
(x, x) of L2 are called exact. The set of exact elements
forms a natural embedding of L in L2.

Approximation theory is based on the study of op-
erators which are monotone w.r.t. ≤p. Such operators
are called approximations. For an approximation A and
x, y ∈ L, we denote by A1(x, y) and A2(x, y) the unique
elements of L, for which A(x, y) = (A1(x, y), A2(x, y)).
An approximation approximates an operator O on L if
for each x ∈ L, A(x, x) contains O(x), i.e. A1(x, x) ≤
O(x) ≤ A2(x, x). An exact approximation maps exact
elements to exact elements, i.e. A1(x, x) = A2(x, x) for
all x ∈ L. Each exact approximation approximates a
unique operator O on L, namely that which maps each
x ∈ L to A1(x, x) = A2(x, x). An approximation is
symmetric if for all (x, y) ∈ L2, if A(x, y) = (x′, y′)
then A(y, x) = (y′, x′). Each symmetric approximation
is exact.

For an approximation A on L2, we define the op-
erator A1(·, y) on L that maps an element x ∈ L to
A1(x, y), i.e. A1(·, y) = λx.A1(x, y), and A2(x, ·) that

maps an element y ∈ L to A2(x, y). These are mono-
tone operators and, therefore, they each have a unique

least fixpoint. We define an operator C↓
A on L, which

maps each y ∈ L to lfp(A1(·, y)) and, similarly, an op-

erator C↑
A, which maps x ∈ L to lfp(A2(x, ·)). C↓

A is

called the lower stable operator of A, while C↑
A is the

upper stable operator of A. Both these operators are
anti-monotone. We define the partial stable operator

CA on L2 as mapping each (x, y) to (C↓
A(y), C↑

A(x)).

Because the lower and upper partial operators C↓
A and

C↑
A are anti-monotone, the partial stable operator CA

is ≤p-monotone. If A is symmetric, then its lower and

upper stable operators are equal, i.e., C↓
A = C↑

A.
An approximation A defines a number of different

fixpoints: the least fixpoint of an approximation A is
called its Kripke-Kleene fixpoint, fixpoints of its partial
stable operator CA are stable fixpoints and the least fix-
point of CA is called the well-founded fixpoint wf(A)
of A. As shown in (Denecker, Marek, & Truszczynski
2000; 2003), these fixpoints correspond to various se-
mantics of logic programming, auto-epistemic logic and
default logic. Finally, it should also be noted that the
concept of an approximation as defined in these works
corresponds to our definition of a symmetric approxi-
mation.

ID-logic

ID-logic (Denecker & Ternovska 2004b; 2004a) extends
classical logic with non-monotone inductive definitions.
Actually, the term “ID-logic” refers to a family of logics,
depending on which particular version of classical logic
serves as a base, i.e., we have the extension FO(ID)
of first-order logic with inductive definitions, the ex-
tension SO(ID) of second-order logic with inductive
definitions, and so on. Because the results of this pa-
per concern the structure of the inductive definitions,
it does not really matter which base logic is considered.
For generality, we will use SO(ID).

Following (Denecker & Ternovska 2004a), we start
by presenting standard second-order logic in a slightly
non-standard way. In particular, no distinction is made
between constant symbols and variables. We assume an
infinite supply of object symbols x, y, . . ., function sym-
bols f/n, g/n,. . . of every arity n, and predicate symbols
P/n,Q/n, . . . of every arity n. As usual, object sym-
bols are identified with function symbols of arity 0. A
vocabulary Σ is a set of symbols. We denote by Σo the
object symbols in Σ, by Σf the function symbols, and
by ΣP the predicate symbols. Terms and atoms of Σ are
defined as usual. A formula of Σ is inductively defined
as:

• a Σ-atom P (t1, . . . , tn) is a Σ-formula;

• if φ is a Σ-formula, then so is ¬φ;

• if φ1 and φ2 are Σ-formulas, then so is (φ1 ∨ φ2);

• if φ is a (Σ ∪ {σ})-formula for some symbol σ, then
(∃σ φ) is a Σ-formula.



If in all quantifications ∃σ of a formula φ, σ is an object
symbol, φ is called first order1. We also use the usual
abbreviations ∀ and ∧. Let V be a set of truth values.
Most commonly, V is L2 = {t, f}. Given a certain
domain D, a symbol σ can be assigned a value in D: if
σ/n ∈ Σf , a value for σ in D is a function of arity n in
D; if σ/n ∈ ΣP , a value for σ in D is a function from
Dn to V .

A (V-valued) structure S for vocabulary Σ, or (V-
valued) Σ-structure S, consists of a domain, denoted
DS , and a mapping from each symbol σ in Σ to a value
σS in DS for σ. The restriction S′|Σ of a Σ′-structure
S′ to a sub-vocabulary Σ ⊆ Σ′, is the Σ-structure S for
whichDS = DS′ and, for each symbol σ of Σ, σS = σS′

.
Under the same conditions, S′ is called an extension of
S to Σ′. For each value a in DS for a symbol σ, we
denote by S[σ/a] the extension S′ of S to Σ∪{σ}, such

that σS′

= a. We also use this notation for tuples ~σ of
symbols and ~a of corresponding values.

The value of a Σ-term t in a Σ-structure S, also de-
noted tS , is inductively defined as: (f(t1, . . . , tn))S =
fS(tS1 , . . . , t

S
n), for a function symbol f and terms

t1, . . . , tn. We now assume that the set of truth-values
V is partially ordered by some ≤V , s.t. 〈V ,≤V〉 is a
complete lattice. Moreover, we assume that for each
v ∈ V , a complement v−1 ∈ V exists. For L2, f ≤L2 t
and f−1 = t, t−1 = f . We inductively define the truth
value of a Σ-formula φ in a V-valued Σ-structure S:

• P (t1, . . . , tn)S = PS(tS1 , . . . , t
S
n);

• (¬φ)S = (φS)−1;

• (φ ∨ ψ)S = lub≤V (φS , ψS);

• (∃σ φ)S = lub≤V{φ
S[x/a] | a is a value for σ in DS}.

Given a domain D, a domain atom is a pair (P,~a),
with P/n a predicate of Σ and ~a ∈ Dn. We also write
such a pair as P (~a). The set of all domain atoms is de-
noted as AtD or, if D is clear from the context, simply
At. For a structure S, we also write AtS for AtDS . A
pre-interpretation H for Σ is a structure for the lan-
guage Σf , i.e., one which interprets only the object
and function symbols of Σ. A structure S extending
H to Σ is called an H-interpretation. Clearly, each
V-valued Σ-structure can be seen as consisting of a pre-
interpretation H and a mapping from AtH to V . The
set of allH-interpretations is a complete lattice w.r.t. to
the order ≤t, defined as: S ≤t S

′ iff for all P (~a) ∈ At,

P (~a)S ≤V P (~a)S′

.
We now define the syntax used for inductive defini-

tions in ID-logic. Let Σ be a vocabulary. A defini-
tional rule r of Σ is a formula “∀~x A ← φ,” with A a
(Σ∪~x)-atom and φ a first-order (Σ∪~x)-formula, i.e., no
second-order quantifications are allowed within a defi-
nition. The atom A is called the head of r and φ is the
body of r. The symbol “←” is a new language primitive,

1The first-order version FO(ID) of ID-logic can be de-
fined by requiring that all formulas be first-order. All other
definitions would remain the same.

the definitional implication, which is different from ma-
terial implication. A definition ∆ is a set of definitional
rules, enclosed in curly brackets {}. A predicate P for
which there is a rule r ∈ ∆ with P in its head is a de-
fined predicate of ∆. Predicates that are not defined in
∆ are open in ∆. Given a domain D, we denote the set
of all domain atoms P (~a) ∈ AtD for which P is defined
in ∆ by DefD

∆ , while its complement AtD \ Def
D
∆ is

denoted as OpenD
∆. Once again, D is omitted if it is

clear from the context. A Σ-definition ∆ is a set of def-
initional rules. Given a pre-interpretation H , a rule r is
a defining rule of a domain atom P (~a) ∈ Def∆ under a

substitution [~x/~c] iff r is ∀~x P (~t)← φ with ~tH[~x/~c] = a.

Definition 1. Let Σ be a vocabulary. An ID-logic for-
mula of Σ is inductively defined by extending the defi-
nition of a formula with the additional base case:

• A definition ∆ of Σ is an ID-logic formula of Σ.

Example 1. We consider a game played with a pile of
n stones. Two players subsequently remove either one
stone or two. The player to make the last move wins.
The winning positions of this game can be inductively
defined by the following definition ∆Game:







∀x Win(x)← ∃y Move(x, y) ∧ ¬Win(y).

∀x, y Move(x, y)← y ≥ 0

∧ ((y = x− 1) ∨ (y = x− 2)).







The second rule defines the legal moves of the game.
The first rule expresses that a winning position has a
move to a position in which the opponent loses. This
rule has been around in logic programming since, at
least, (Gelder, Ross, & Schlipf 1991) and it therefore
illustrates that the connection between inductive defi-
nitions and logic programs that underlies ID-logic has
been implicitly present in the domain for some time.

To formally state the semantics of such a definition,
we can either work in Belnap’s lattice L4 = {u, t, f , i}
or in the lattice L2

2 of pairs of elements of L2. These
settings are known to be equivalent under the mapping
h from L2

2 to L4, defined by: h(f , t) = u, h(t, t) = t,
h(f , f) = f , and h(t, f) = i. For the remainder of this
section, we assume a certain fixed pre-interpretation
H and identify the set of V-valued H-interpretations
with VAt, i.e., with the set of all V-valued functions
on At. We use symbols R,S, . . . for L4-valued struc-
tures and R,S, . . . for L2-valued structures. The cor-
respondence h between L2

2 and L4 induces an isomor-
phism between L4-valued structures and pairs (S1, S2)
of L2-valued structures: we denote by S1⊕S2 the struc-
ture S which assigns to each P (~a) ∈ At the truth-value
h(P (~a)S1 , P (~a)S2). The set of all S ⊕ S with S a L2-
valued structure forms a natural embedding of L2 in
L4.

To make it more convenient to relate the semantics
of ID-logic to approximation theory, we will define this
in the lattice L2

2. The truth value of a formula can be
evaluated in pairs of L2-valued structures as follows:



Definition 2. Let S1 and S2 be L2-valued Σ-structures
and φ a Σ-formula. The value of φ in (S1, S2) is induc-
tively defined by:

• P (~t)(S1,S2) = P (~t)S1 ;

• (¬φ)(S1,S2) = ((φ)(S2,S1))−1;

• (φ ∨ ψ)(S1,S2) = lub≤L2
(φ(S1,S2), ψ(S1,S2));

• (∃σ φ)(S1,S2) = lub≤L2
({φ(S1[σ/a],S2[σ/a]) | a is a value

for σ in HD}).

Observe that in the rule for ¬φ, the roles of S1 and S2

are switched. It is worth mentioning that for all pairs
(S1, S2) of L2-valued structures, the standard L4-valued
evaluation φS1⊕S2 is equal to h(φ(S1,S2), φ(S2,S1)). The
evaluation in pairs of L2-valued structures also has an
intuitive appeal of its own: let us consider a structure S
approximated by (S1, S2), i.e., such that S1 ≤t S ≤t S2.
In the evaluation of φ in (S1, S2), all positively occur-
ring atoms are evaluated with respect to the under-
estimate S1 of S, and all negatively occurring atoms
are evaluated with respect to the overestimate S2 of
S. Therefore, the truth value of φ in (S1, S2) is an
underestimate of the value of φ in S. Vice versa, in
the evaluation of φ in (S2, S1), all positively occurring
atoms are evaluated in the overestimate S2 while all
negatively occurring atoms are evaluated in the under-
estimate S1; hence, the truth value of φ in (S2, S1) is
an overestimate of the value of φ in S.

Intuitively, an inductive definition describes a pro-
cess by which, given some fixed interpretation of the
open predicates, new truth values for the defined atoms
can be derived from some current truth values for these
atoms. We will define an immediate consequence op-
erator T R

∆ that maps an estimate (S1, S2) of the de-
fined relations to a more precise estimate T R

∆ (S1, S2) =
(S′

1, S
′
2). The new lower bound S′

1 is constructed by un-
derestimating the truth of the bodies of the rules in ∆,
i.e., by evaluating these in (S1, S2). When construct-
ing the new upper bound S′

2, on the other hand, the
truth of the bodies of these rules is overestimated, i.e.,
evaluated in (S2, S1).

Definition 3. Let ∆ be a definition and (R1, R2) a
pair of L2-valued structures which interprets at least

Open∆. We define a function U
(R1,R2)
∆ from (LDef∆

2 )2

to LDef∆

2 as U
(R1,R2)
∆ (S1, S2) = S, with for each P (~a) ∈

Def∆:

P (~a)S = lub≤L2
({φ((R1∪S1)[~x/~c],(R2∪S2)[~x/~c]) |

“∀~x P (~t)← φ” is a defining rule of P (~a) in S under [~x/~c]}).

We define T
(R1,R2)
∆ (S1, S2) as

(

U
(R1,R2)
∆ (S1, S2), U

(R2,R1)
∆ (S2, S1)

)

.

Each such operator is an approximation. More-

over, for every L2-valued R, T
(R,R)
∆ is symmetric. Ev-

ery T
(R1,R2)
∆ approximates the operator T

(R1,R2)
∆ on

LDef∆

2 , defined as T
(R1,R2)
∆ (S) = S′, with (S′, S′) =

T
(R1,R2)
∆ (S, S). Sometimes, it will be convenient to use

an equivalent operator on the lattice L4, i.e., for every
R = R1 ⊕ R2 and S = S1 ⊕ S2, we define T R

∆ (S) =

U
(R1,R2)
∆ (S1, S2) ⊕ U

(R2,R1)
∆ (S2, S1). We now use the

well-founded fixpoint of the approximation T
(R1,R2)
∆ to

define the semantics of ID-logic.

Definition 4. A L2-valued structure S satisfies an ID-
logic formula φ, denoted S |= φ, if φS = t, where φS

is defined by the standard inductive definition of the
L2-valued truth value, extended by the additional base
case:

• for a definition ∆, ∆S = t if S1|Def∆ = S|Def∆ =

S2|Def∆ , with (S1, S2) = wf(T
(S,S)
∆ ); otherwise

∆S = f .

Even though this definition uses the operator

T
(R1,R2)
∆ on pairs of L2-valued structures (or, equiva-

lently, L4-valued structures), the eventual models of a
definition are always single L2-valued structures. The
intuition here is that a definition should completely and
consistently define its defined predicates, i.e., no defined
domain atoms should be u or i. For a L4-valued struc-
ture S, we therefore only say that S |= φ iff there exists
a L2-valued S, such that S = S ⊕ S and S |= φ.

Algebraic dependency relations

This section studies dependency relations in an alge-
braic context. We assume the following setting. Let
I be some index set and, for each i ∈ I, let 〈Li,≤i〉
be a lattice. Let L be the product

⊗

i∈I Li of the sets
(Li)i∈I , i.e., L consists of all functions f : I →

⋃

i∈I Li,
such that ∀i ∈ I : f(i) ∈ Li. The product order ≤⊗

on L is defined as: ∀x, y ∈ L, x ≤⊗ y iff ∀i ∈ I,
x(i) ≤i y(i). Clearly, 〈L,≤⊗〉 is also a lattice, which
is complete if all lattices 〈Li,≤i〉 are complete. For a
subset J ⊆ I, we denote by L|J the part ⊗j∈JLj of
L, which is equal to the set of all restrictions x|J , with
x ∈ L. Now, let O be an operator on L. We are inter-
ested in the internal structure ofO w.r.t. the component
lattices Li of L. For instance, what information about
x is used by O to determine the value (O(x))(i) of some
O(x) in a component Li? Does such an (O(x))(i) de-
pend on the value x(j) of x in each Lj? Or is there
some J ⊂ I, such that the restriction x|J of x to this J
already completely determines what (O(x))(i) will be?
The following concept captures these basic dependen-
cies expressed by an operator. For a binary relation θ
on a set S and y ∈ S, we write (θy) for {x ∈ S | xθy}.

Definition 5. Let O be an operator on a lattice
L = ⊗i∈ILi. A binary relation  on I is a depen-
dency relation of O iff for each i ∈ I and x, y ∈ L, if
x|( i) = y|( i), then (O(x))(i) = (O(y))(i).

An operator can have many dependency relations. In
fact, any superset of a dependency relation of an oper-
ator O is also a dependency relation of O. Therefore,
smaller dependency relations are more informative. An



operator does not necessarily have a least dependency
relation.

In (Vennekens, Gilis, & Denecker 2005; Vennekens &
Denecker 2005), an algebraic theory of modularity was
developed. This theory focuses on the study of strat-
ifiable operators, i.e., operators on a lattice

⊗

i∈I Li

whose index set I can be partially ordered by some �,
such that the value of (O(x))(i) depends only on the
value of x in L|(�i).

Definition 6. An operatorO on a lattice L = ⊗i∈ILi is
stratifiable w.r.t. a partial order� on I iff for all x, y ∈ L
and i ∈ I : if x|(�i) = y|(�i) then O(x)|(�i) = O(y)|(�i).

The main results from (Vennekens & Denecker 2005)
concern the relation between a stratifiable operator O
and certain smaller operators which can be derived from
O. For J ⊆ I and u ∈ L|I\J , we denote by Ou

J the op-
erator on L|J which maps each x ∈ L|J to O(y)|J , with
y|I\J = u and y|J = x. Such Ou

J are called components
of O.

Theorem 1 ((Vennekens & Denecker 2005)). Let
O be an operator on a lattice L = ⊗i∈ILi which is strat-
ifiable w.r.t. a well-founded2 partial order � on I. Let
J be a partition of I. For each x ∈ L, x is a fixpoint
(least fixpoint, stable fixpoint, or well-founded fixpoint)
of O (assuming that O is monotone or an approxima-
tion, where appropriate) iff for each J ∈ J , x|J is a
fixpoint (least fixpoint, stable fixpoint, or well-founded

fixpoint) of O
x|I\J

J .

We now show that there exists a uniform way of strat-
ifying an operator O, given one of its dependency re-
lations  . Let ≤ be the reflexive, transitive closure
of  . For each i ∈ I, we denote by ı the equivalence
class {j ∈ I | j ≤ i and i ≤ j} of i. We denote
by E the set {ı | i ∈ I} of all equivalence classes of
≤ and by � the partial order on E derived from
≤ , i.e., for all i, j ∈ I, ı �  iff i ≤ j. Now, O
can also be viewed as an operator on ⊗ı∈E L|ı. This
follows from the fact that any product lattice ⊗i∈ILi

is isomorphic to ⊗J∈J ⊗j∈J Lj, for any partition J of
I. This allows us to relate the concept of a dependency
relation to that of stratifiability.

Proposition 1. Let O be an operator on L = ⊗i∈ILi.
If a binary relation  on I is a dependency relation of
O, then O is stratifiable on ⊗ı∈E L|ı w.r.t. � .

It can easily be seen that � is well-founded iff  
is. Theorem 1 now implies the following corollary:

Corollary 1. Let O be an operator on a lattice L =
⊗i∈ILi, with a well-founded dependency relation  .
Let J be a partition of I, such that for each equivalence
class ı of ≤ , there exists a J ∈ J , such that ı ⊆ J .
For each x ∈ L, x is a fixpoint (least fixpoint, stable
fixpoint, or well-founded fixpoint) of O (assuming that

2A binary relation θ on a set S is well-founded iff there
exists no infinite sequence x0, x1, x2, . . . ∈ S, s.t. xi+1θxi for
all i.

O is monotone or an approximation, where appropri-
ate) iff for each J ∈ J , x|J is a fixpoint (least fixpoint,

stable fixpoint, or well-founded fixpoint) of O
x|I\J

J .

This results shows that if we know a dependency re-
lation for an operator, we will be able to split this oper-
ator into components, while still preserving its (various
kinds of) fixpoints. Indeed, as long as the stratifica-
tion is done in such a way that none of the equivalence
classes of this dependency relation is split over different
levels, we know that this will be the case.

Dependency Relations in ID-logic

In this section, we apply our algebraic results to ID-
logic. We fix a vocabulary Σ and a pre-interpretation
H for Σ. We restrict our attention toH-interpretations,
which can therefore be viewed as assignments of truth
values to domain atoms. We study properties of ID-
logic in the following product lattice:

⊗

P (~a)∈At

L4 = LAt
4 =

⊗

P (~a)∈At

L2
2 = (

⊗

P (~a)∈At

L2)
2 = (LAt

2 )2.

We define the following concept of a dependency rela-
tion for a definition. In (Denecker & Ternovska 2004a),
the term reduction relation was used for such a relation.

Definition 7. Let ∆ be a Σ-definition and R a L4-
valued H-interpretation which interprets some subset
A ⊆ AtH . A binary relation on AtH is a dependency
relation of ∆ inR iff for all L4-valuedH-interpretations
R′ of Open∆, such that R′|A = R|Open∆ , for all
L4-valued H-interpretations S and S′ of Σ such that
S|Open∆ = S′|Open∆ = R′, for every rule (∀~x P (~t)← φ)
in ∆, and every value ~a for ~x: if S|( P (~tH[~x/~a])) =

S′|( P (~tH[~x/~a])), then φS[~x/~a] = φS
′[~x/~a].

Clearly, for a binary relation and an interpretation
R of some A ⊆ At, R is a dependency relation of a
definition ∆ inR iff for all interpretationsR′ of Open∆,
such that R′|A = R|Open∆ ,  is a dependency relation
of ∆ in R′. This notion of an dependency relation for a
definition coincides with the previously defined concept
of a dependency relation for an operator.

Proposition 2. If  is a dependency relation of ∆ in
some interpretation R of Open∆, then ( ) ∩ Def2

∆ is
a dependency relation of T R

∆ .

(Vennekens & Denecker 2005) proves some results
about dependency relations for ID-logic. Perhaps the
most important one is that a definition ∆ can be split
into any partition which does not split up the equiva-
lence classes associated with a dependency relation.

Definition 8. Let ∆ be a definition and let  be a
binary relation on At. A partition {∆1, . . . ,∆n} of ∆
is a ( )-partition iff, for each 1 ≤ j ≤ n, if ∆j contains
a rule defining a predicate P , then ∆j also contains
all rules defining a predicate Q, for which there exist
tuples ~a,~c of domain elements, s.t. Q(~c) ≤ P (~a) and
P (~a) ≤ Q(~c).



The algebraic splitting results then show that:

Theorem 2 ((Vennekens & Denecker 2005)). Let
∆ be a Σ-definition, R a L4-valued interpretation of
Open∆, and  a dependency relation of ∆ in R. Let
{∆1, . . . ,∆n} be a ( )-partition. For each L4-valued
Σ-structure S, such that S|Open∆ = R|Open∆ : S |=
∆ iff S |= ∆1 ∧ · · · ∧∆n.

Let us illustrate this by looking at our example
∆Game. We take the natural numbers N as our do-
main and interpret the function −/2 and the object
symbols 0, 1, 2 in the usual way. We will define a
rather coarse dependency relation for this definition,
which only takes into account the predicate symbols
of domain atoms. Concretely, let  be the binary re-
lation on AtN, consisting of (k ≤ l)  Move(m,n),
(k = l)  Move(m,n), Move(k, l)  Win(m), and
Win(m) Win(n), for all l, k,m, n ∈ N. Because this
 is dependency relation of ∆Game, the above theorem
shows that ∆Game is equivalent to ∆Move∧∆Win, with:

∆Win = {∀x Win(x)← ∃y Move(x, y) ∧ ¬Win(y).};

∆Move =
{

∀x, y Move(x, y)←y ≥ 0

∧ ((y = x− 1) ∨ (y = x− 2)).

}

In the next section, a more fine-grained dependency
relation will be used to further analyze ∆Win.

Constructing dependency relations

So far, we have only considered dependencies at a se-
mantical level. In this section, we develop a construc-
tive characterization of certain dependency relations.
Recall that a definition can have many dependency re-
lations. In fact, any superset of a dependency relation
is also a dependency relation. While large dependency
relations, such as the one used to split ∆Game, can be
easy to find, they are not very informative. In this sec-
tion, we present a method of constructing smaller, more
useful dependency relations. We first introduce the con-
cept of a base for a formula φ. Intuitively, a base for φ
is a set B of domain atoms, s.t. the truth value of all
atoms in B completely determines the truth value of φ.

Definition 9. Let φ be a Σ-formula and S a L4-valued
Σ-structure. A set B ⊆ At is a base for φ in S iff for
all Σ-structures S′, s.t. S′|B = S|B , φS

′

= φS .

Clearly, any superset of a base is also a base. The
problem of finding a dependency relation for a definition
∆ can be reduced to that of finding bases for bodies of
rules.

Proposition 3. Let ∆ be a definition, R a structure
interpreting at least Open∆, and a binary relation on
At. If for all Σ-structures S, s.t. S|Open∆ = R|Open∆ ,

for every rule “∀~x P (~t) ← φ” in ∆ and every tuple ~c,

the set ( P (~tH[~x/~c])) is a base for φ in S[~x/~c], then
 is a dependency relation of ∆ in R.

We now define a method which can be used to extend
any set A of domain atoms to a base for a formula φ.
The following definition introduces both a set PosA

S (φ)
of domain atoms which, given some fixed interpretation
S for the atoms in A, influence φ in a positive way (i.e.,
greater truth values for all P (~a) ∈ PosA

S (φ) lead to a
greater truth value for φ itself) and a set NegA

S (φ) of
domain atoms which, given the interpretation S for A,
influence φ is a negative way (i.e., greater truth values
for the atoms in NegA

S (φ) lead to a lesser truth value
for φ itself). The union DepA

S (φ) of these two sets will
contain all atoms which influence the truth value of φ,
given S.

Definition 10. Let φ be a formula, A a set of do-
main atoms, and S a L4-valued Σ-structure. We de-
fine PosA

S (φ) and NegA
S (φ) by simultaneous induction.

DepA
S (φ) is used to abbreviate PosA

S (φ) ∪NegA
S (φ).

• For all P (~t), s.t. P (~tS) ∈ A,

PosA
S (P (~t)) = NegA

S (P (~t)) = {};

• for all other P (~t),

PosA
S (P (~t)) = {P (~t)} and NegA

S (P (~t)) = {};

• for all (φ1 ∨ φ2), s.t. DepA
S (φ1) = {} and φS1 = t or

DepA
S (φ2) = {} and φS2 = t:

PosA
S (φ1 ∨ φ2) = NegA

S (φ1 ∨ φ2) = {};

• for all other (φ1 ∨ φ2):
PosA

S (φ1 ∨ φ2) = PosA
S (φ1) ∪ Pos

A
S (φ2) and

NegA
S (φ1 ∨ φ2) = NegA

S (φ1) ∪Neg
A
S (φ2);

• for all (∃x φ), s.t. for some c ∈ D, DepA
S[x/c](φ) = {}

and φS[x/c] = t:
PosA

S (∃x φ) = NegA
S (∃x φ) = {};

• for all other (∃x φ):
PosA

S (∃x φ) =
⋃

d∈D PosA
S[x/d](φ) and

NegA
S (∃x φ) =

⋃

d∈D NegA
S[x/d](φ);

• for all (¬φ):
PosA

S (¬φ) = NegA
S (φ) and NegA

S (¬φ) = PosA
S (φ).

In a number of places, this definition distinguishes
between formulas φ for which DepA

S (φ) = {} and those
for which DepA

S (φ) 6= {}. The intuition here is that
in the first case, the truth of φ is already completely
determined by the truth values of the atoms in A, i.e.,
by S|A.

Lemma 1. Let φ be a formula, A a set of domain
atoms, and S a L4-valued Σ-structure. If DepA

S (φ) =
{}, then A is a base for φ in S.

It follows from a simple induction over the con-
struction given in Definition 10 that, for all S and S′

s.t. S|A = S′|A, PosA
S (φ) = PosA

S′(φ) and NegA
S (φ) =

NegA
S′(φ). We now show that this definition indeed

captures the desired concepts.

Proposition 4. Let φ be a formula, A a set of do-
main atoms, and S = (S1, S2), S

′ = (S′
1, S

′
2) L4-valued

structures such that (S1, S2)|A = (S′
1, S

′
2)|A. Let P =

PosA
S1⊕S2

(φ) = PosA
S′

1⊕S′
2
(φ) and N = NegA

S1⊕S2
(φ) =



NegA
S′

1⊕S′
2
(φ). If S1|P ≤t S

′
1|P and S2|N ≥t S

′
2|N , then

φ(S1,S2) ≤t φ
(S′

1,S′
2).

It follows that, for all A, A∪DepA
S (φ) is a base of φ in

S. We can now derive a dependency relation for a defi-
nition ∆ from the bases of the bodies of its rules. This
construction works by extending an a priori relation
→֒ to a dependency relation. The point of this a priori
relation is to express dependencies from defined predi-
cates on open predicates. Often, the simple relation →֒
consisting of all P (~a) →֒ Q(~c) with P (~a) ∈ Open∆ and
Q(~c) ∈ Def∆ will be used. In the following definition,
we write (→֒ ·) to denote the set

⋃

P (~a)∈At(→֒ P (~a))

of all domain atoms that directly influence some other
atom according to →֒.

Definition 11. Let ∆ be a definition, →֒ a binary rela-
tion on At, and S a L4-valued structure interpreting at
least (→֒ ·). We define the relation →֒+

S (respectively,

→֒−
S ) on At as: for all P (~a), Q(~b), P (~a) →֒+

S Q(~b) iff

P (~a) →֒ Q(~b) or there is a rule (∀~x P (~t) ← φ) ∈ ∆,

such that there exists a ~c ∈ Hn
D, ~tS[~x/~c] = ~a and Q(~b) ∈

Pos
(→֒P (~a))
S[~x/~c] (φ) (respectively, Q(~b) ∈ Neg

(→֒P (~a))
S[~x/~c] (φ)).

Finally, we define →֒∗
S as →֒+

S ∪ →֒
−
S .

The following result now follows directly from Propo-
sitions 3 and 4.

Proposition 5. Let ∆ be a definition and let →֒ be a
binary relation on At, such that (→֒ ·) ⊆ Open∆. Then
for each structure R interpreting at least (→֒ ·), →֒∗

R is
a dependency relation of ∆ in R.

We now further analyze the definition ∆Win =
{∀x Win(x)← ∃y Move(x, y)∧¬Win(y)}. Intuitively,
it is clear that, for n ∈ N, Win(n) is influenced by all
Win(m), s.t. there is a move from n to m, i.e., Win(0)
influences Win(1) and, for n ≥ 2, both Win(n−1) and
Win(n − 2) influence Win(n). Moreover, all these in-
fluences are negative, since n is winning if n−1 or n−2
are losing.

We now show how this information can be derived
using the concepts defined above. Let →֒ be the bi-
nary relation on AtN consisting of Move(n,m) →֒
Win(n) for all n,m ∈ N. Let S be a L2-valued
structure interpreting the open predicate Move/2. By
Definition 11, for every n ∈ N, the set {P (~a) ∈
AtN | P (~a) →֒∗

S Win(n)} of domain atoms influ-

encing Win(n) is precisely equal to ∪m∈NDep
An

Sn
(φ),

with An = {Move(n, k) | k ∈ N}, Sn = S[x/n] and
φ = ∃y Move(x, y) ∧ ¬Win(y) ≡ ∃y ¬(¬Move(x, y) ∨
Win(y)). Let m ∈ N and let Sm

n = Sn[y/m]. Because
(x, y)Sm

n = (n,m) andMove(n,m) ∈ An, it is clear that

DepAn

Sm
n

(¬Move(x, y)) = DepAn

Sm
n

(Move(x, y)) = {}.

From this, it now follows that if (¬Move(x, y))Sm
n = t,

i.e., MoveS(n,m) = f , then DepAn

Sm
n

(φ) = {}. This

corresponds to the intuition that if there is no move
from n to m (according to the chosen interpretation
S of Move/2), m does not affect whether n is win-

ning. On the other hand, if MoveS(n,m) = t, i.e.,

there is a move from n to m, we see that PosAn

Sm
n

(φ) =

NegAn

Sm
n

(Win(y)) and NegAn

Sm
n

(φ) = PosAn

Sm
n

(Win(y)).

Because NegAn

Sm
n

(Win(y)) = {} and PosAn

Sm
n

(Win(y)) =

{Win(m)}, we find that in this case PosAn

Sm
n

(φ) = {} and

NegAn

Sm
n

(φ) = {Win(m)}. Putting all of this together,

we see that (→֒∗
S) = (→֒−

S ) = {(Win(m),Win(n)) |
MoveS(n,m) = t} ∪ (→֒). Moreover, if S |= ∆Move,
this reduces to (→֒−

S ) = {(Win(n − 1),Win(n)) | n ≥
1} ∪ {(Win(n− 2),Win(n)) | n ≥ 2} ∪ (→֒).

ID-logic and mathematical induction

ID-logic aims to formalize the principle of inductive def-
inition. As such, the relation between this logic and the
kinds of inductive definitions regularly found in mathe-
matical practice is an important research topic. (De-
necker & Ternovska 2004a) showed that two known
classes of definitions—monotone definitions and defi-
nitions over a well-founded order—correspond to cer-
tain classes of ID-logic definitions. Informally speak-
ing, a definition is monotone if its associated opera-
tor is monotone w.r.t. the L4-valued truth-order ≤t or,
equivalently, the point-wise extension ≤⊗ to L2

2 of the
order ≤L2. A definition is a definition by induction over
a well-founded order if there exists a well-founded or-
der on its domain atoms, s.t. the truth of every atom
depends only on the truth of strictly lower atoms.

Definition 12. Let ∆ be a definition. Let R interpret
at least Open∆.

• ∆ is monotone in R iff T R
∆ is ≤⊗-monotone.

• ∆ is a definition by induction over a well-founded
order in R iff ∆ has a dependency relation  in R,
such that the transitive closure of is a well-founded
strictorder.

In (Denecker & Ternovska 2004a), it was shown that
the ID-logic semantics of such definitions coincides with
their usual meaning. Here, we extend this analysis in
two ways. We first characterize a third class, namely
that of iterated inductive definitions, in a similar way.
We then show that the results of the previous section
can be used to develop syntactic criteria by which mem-
bers of all three of these classes can be identified. In-
formally, an iterated inductive definition consists of a
well-founded order of definitions, which are structured
in such a way that an atom may depend either pos-
itively or negatively on an atom defined in a strictly
lower level, but may only depend positively on atoms
defined in the same level. As such, each of these defini-
tionscan be reduced to a monotone definition, by fixing
an interpretation for all lower levels. In our setting, this
corresponds to:

Definition 13. Let ∆ be a definition and R a struc-
ture interpreting at least Open∆. ∆ is an iterated in-
ductive definition in R iff there exists a dependency
relation of T R

∆ such that the transitive closure of  



is well-founded and each component (T R
∆ )U

P (~a)
is ≤⊗-

monotone, with U = wf(T R
∆ )|≺ P (~a).

Because every constant operator is a fortiori mono-
tone, the following proposition shows that this class
contains all definitions over a well-founded order.

Proposition 6. Let O be an operator on a lattice L =
⊗i∈ILi. Let  be a dependency relation of O, s.t. the
transitive closure of  is a strict well-founded order.
Let i ∈ I, x ∈ L and u = x|≺ ı. Then the component
(O)u

ı is constant.

Because an iterated inductive definition is nothing
more than a sequence of monotone definitions, its mod-
els can be constructed by incrementally constructing
the least fixpoints of the operators associated with each
level, given all lower levels. The fact that this also holds
in ID-logic, follows from the following results:

Proposition 7. Let A be an exact approximation of an
operator O, such that A is ≤⊗-monotone. Then O is a
monotone operator and wf(A) = (lfp(O), lfp(O)).

Proposition 8. Let A be an exact approximation of
an operator O, such that A is stratifiable w.r.t. a well-

founded order � and each component A
wf(A)|≺i

i of A is
≤⊗-monotone. Then (x, y) = wf(A) iff for each i ∈ I,

x|i = y|i = lfp(O
x|≺i

i ).

It follows directly that, for an iterated inductive def-
inition ∆ and structure S, S |= ∆ iff for all P (~a) ∈ At,

S|P (~a) = lfp((T
(S,S)
∆ )

S|
≺ P(~a)

P (~a)
), with  a dependency

relation satisfying the conditions of Definition 13. In
other words, models of such definitions can be con-
structed by iterating a least fixpoint construction, using
the L2-valued immediate consequence operator T S

∆.
The constructively defined dependency relations from

the previous section can now be used to complement
this semantical analysis with a more syntactical way of
identifying members of these three classes of definitions.

Proposition 9. Let ∆ be a definition and let →֒ be
a binary relation on At, such that (→֒ ·) ⊆ Open∆.
Let R interpret at least (→֒ ·). If (→֒−

R) ⊆ (→֒), then
∆ is a monotone definition. If the transitive closure
TC(→֒∗

R) of →֒∗
R is a well-founded strict order, then ∆

is a definition by induction over a well-founded order. If
TC(→֒∗

R) is well-founded and →֒−
R is such that for all

(P (~a), Q(~c)) ∈ (→֒−
R), (Q(~c), P (~a)) 6∈ TC(→֒∗

R), then
∆ is an iterated inductive definition.

For ∆Win, we previously defined a relation →֒, con-
sisting of Move(m,n) →֒ Win(m) with m,n ∈ N, and
used this to construct a dependency relation →֒∗

S for
this definition. It was shown that, for any S |= ∆Move,
→֒∗

S consists of {(n − 1, n) | n ≥ 1} ∪ {(n − 2, n) |
n ≥ 2} ∪ (→֒). Because the transitive closure of such
an (→֒∗

S) is clearly a strict well-founded order, this
shows that ∆Win is a definition over a well-founded
order in S. Note that, for a structure S′, such that

there exists n ∈ N with MoveS′

(n, n) = t (and there-
fore S′ 6|= ∆Move), ∆Win is of course not a definition
over a well-founded order in S′. Indeed, in this case,
Win(n) →֒−

S′ Win(n) and therefore none of the above
criteria is satisfied.

Conclusion

We have studied the structure of definitions in ID-logic,
using the basic concept of a dependency relation, both
at the concrete level of ID-logic and at the algebraic
level of approximation theory. These results extend
work from (Denecker & Ternovska 2004a) in various
ways. Firstly, we have offered a method for construct-
ing dependency relations in ID-logic. Secondly, we ex-
tended results concerning the relation between ID-logic
and inductive definitions over a well-founded order to
the more general class of iterated inductive definitions.
Finally, we also showed how members of both these
classes can be identified.

This work is part of a larger research effort into math-
ematical foundations for ID-logic, which aims to lay
the groundwork for more practical results. We briefly
sketch the importance of our work from this point of
view. Firstly, the results presented in the previous
section offer additional support for the hypothesis un-
derlying the entire knowledge representation methodol-
ogy of ID-logic, namely that the “inductive definition”-
construct of this logic can be understood as the for-
mal equivalent of inductive definitions as they appear
in mathematical texts. Moreover, the concepts we in-
troduced and our taxonomy of inductive definitions will
be useful when applying this methodology to a specific
domain. Secondly, our results can be used to prove
properties of theories in ID-logic, such as, e.g., their
correctness w.r.t. a specification. Finally, we suspect
they will also have an impact on algorithms for reason-
ing with ID-logic. While ID-logic is, in general, unde-
cidable, there is ongoing work on identifying decidable
fragments. One trivial such fragment is of course the
propositional case. For this, a model generator is cur-
rently being developed. We are investigating how our
work can help to improve its performance. Concretely,
we are considering two complementary approaches. The
first is that, during the generation of the well-founded
model, knowledge about dependency relation can be
exploited to avoid a number of superfluous checks and
computations. The second is that, if a definition is
known to belong to some specific class, then a model
generation algorithm can be selected that is tailored
specifically to this class. This approach seems espe-
cially promising in combination with a “preprocessing
step” to transform definitions into a more manageable
form.

This process was already illustrated by our treatment
of the example ∆Game. Even a coarse dependency re-
lation already shows that this can be split into the con-
junction ∆Move∧∆Win. Now, ∆Move is a non-inductive
definition and its well-founded model can therefore be



found as a classical model of its completion, which
means we can simply use a SAT-solver for this task.
Once the model of ∆Move is known, a better depen-
dency relation for ∆Win can be constructed, which al-
lows us to conclude that this is now a definition over a
well-founded order. An algorithm specific to this class
of definitions can then be applied.

As already mentioned in the introduction, the kind
of work presented here has a rich tradition in logic pro-
gramming. The use of constructs similar to dependency
relations to analyze the structure of programs, identify
interesting subclasses of programs, and clarify seman-
tical issues dates back at least as far as (Apt, Blair,
& Walker 1988). More recently, work such as (Erdem
& Lifschitz 2003) on the topic of tight logic programs
and variants thereof performs an analysis of Answer
Set Programs that is very similar to our analysis for
ID-logic, studying criteria that suffice to conclude that
a program belongs to a certain specific class, for which
interesting properties hold.
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