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Abstract

In this paper a Levinson-like algorithm is derived for solving symmetric positive definite semisepar-
able plus diagonal systems of equations. In a first part we solve a Yule-Walker-like system of equations.
Based on this O(n) solver an algorithm for a general right-hand side is derived. The new method has a
linear complexity and takes 19n−13 operations.

The relation between the algorithm and an upper triangular decomposition of the inverse of the
semiseparable plus diagonal matrices is investigated. Numerical experiments are included.

Keywords: Yule-Walker, Levinson, Durbin, semiseparable plus diagonal, symmetric positive definite,
upper triangular factorization of the inverse

1 Introduction

Recently different algorithms for solving systems of equations, with semiseparable plus diagonal coeffi-
cient matrices, were proposed. In some of the following publications, more general rank structured matrices
were used, but the proposed algorithms are also suitable for semiseparable plus diagonal systems of equa-
tions [1, 2, 4, 5, 6, 7, 14]. The publications [2, 6] are based on the QR-decomposition for more general
classes of matrices. In the papers [1, 14, 16] several methods based on the QR(or URV )-decomposition of
these matrices are proposed. The complexities of the different solvers are 54n ops for [16], 58n ops for [6],
59n ops for [1] and 80n ops for [4]. To our knowledge, these methods are the fastest currently available for
solving general semiseparable plus diagonal systems of equations. In this paper a new method is derived
for solving positive definite symmetric semiseparable plus diagonal systems of equations. The proposed
method has a complexity of 19n−13.

Linear systems of equations of semiseparable plus diagonal form arise for example in the solution
of differential and integral equations [11, 15], in oscillation theory [8], statistics [10], and so on. More
references can be found in [17].

The method proposed in this paper, is based on the underlying idea of the Durbin and Levinson al-
gorithm for solving Toeplitz systems of equations. Assume we would like to solve the system Ax = b with
A of dimension n. The Levinson idea is to solve n systems of equations of increasing size. At step k of
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the Levinson algorithm a system of dimension k×k is solved with as coefficient matrix the upper left k×k
block of the matrix A, and right-hand side the first k elements of the vector b.

The Levinson algorithm for Toeplitz matrices is widespread and described for example in [9, 12, 13],
it takes O(k) operations in each step of the loop. The overall complexity to solve the Toeplitz equations
using Levinson is therefore O(n2). The Levinson-like algorithm described here for symmetric positive
definite semiseparable plus diagonal matrices uses 15 operations in each step of the loop. The loop does
not generate intermediate solutions like in the Toeplitz case, but it generates two vectors from which we
can construct the solution at the end. The construction of the solution takes 4n−4 operations.

The paper is organized as follows. In the following introductionary Section 1.1, we will briefly refresh
the notions Yule-Walker, Levinson and Durbin algorithm, in relation with Toeplitz matrices. In Section 2
and 3, we derive the analogue Durbin and Levinson algorithms respectively, for semiseparable plus diag-
onal coefficient matrices. The relation with an upper triangular factorization of the inverse of the semisep-
arable plus diagonal matrix is investigated in Section 4. The last section of this paper presents numerical
experiments proving the O(n) complexity, and investigating the accuracy of the algorithm.

1.1 The Yule-Walker problem and the Durbin and Levinson algorithms

Traditionally this problem and the algorithms are used in relation with Toeplitz matrices. In our paper
we will place them in a similar context related to semiseparable plus diagonal matrices. Let us briefly
recapitulize the meaning of these words. This introduction is based on [9].

Suppose we have a symmetric positive definite Toeplitz matrix of order n:

T =













t0 t1 · · · tn−1

t1 t0
. . .

...
...

. . .
. . . t1

tn−1 · · · t1 t0













.

Let us denote with Tk the principal leading k×k submatrix of T . The Yule-Walker problem of dimension k
is the following one:

Tkyk = −[t1, . . . , tk]
T .

To solve these systems for k = 1, . . . ,n, one can use the Durbin algorithm (see [3]).
The Levinson algorithm solves in fact a general system of equations T x = b, with an arbitrary right-

hand side. The Levinson algorithm also works inductively, increasing the dimension of the coefficient
matrix in each step, using thereby the solutions of the kth order Yule-Walker system of equations (see
[13]).

1.2 Semiseparable plus diagonal matrices

Before starting the algorithmic description of the Levinson and Durbin-like algorithms for semiseparable
matrices, we will briefly define the class of matrices we will be working with. Throughout the complete
paper we consider symmetric and positive definite semiseparable plus diagonal matrices.

Suppose we have three vectors u,v and d of length n. The semiseparable plus diagonal matrices1 we
consider here are of the following form:

S +D =











u1v1 u2v1 · · · unv1

u2v1 u2v2 unv2
...

. . .
...

unv1 · · · unvn











+











d1

d2
. . .

dn











.

1The matrices considered in [1, 4, 5, 14] have the main diagonal of the semiseparable matrix set to zero. The Levinson algorithm,
developed in this paper, costs n ops less if applied to this class of matrices, because the computation of the main diagonal of the
semiseparable part is avoided.
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We remark that the class of semiseparable matrices considered here, is less general than the class of
semiseparable matrices as defined in [18]. In fact this is the class of generator representable semiseparable
matrices. But because every symmetric semiseparable matrix as defined in [18], can be seen as a block
diagonal matrix with the block diagonal matrices of the generator representable form (see [18]), there is no
loss in generality here. In this paper we solve systems, and solving a system with a block diagonal matrix
reduces in a natural way to the solution of the separate blocks. Therefore, we will continue working with
the class of generator representable semiseparable matrices as defined above. Let us call the vectors u and
v the generators of the matrix S and the vector d contains the diagonal elements of the matrix D.

2 A Yule-Walker-like problem for semiseparable plus diagonal matrices

In this first section of the paper, we will solve a Yule-Walker-like problem for semiseparable plus diagonal
matrices.

The Yule-Walker-like equation we would like to solve is the following one:

(S +D)y = −v,

where S is a semiseparable matrix generated by u and v, and the diagonal elements of D are stored in the
vector d. We will solve this problem in an analogous way as for the Toeplitz case [9]. In the first subsection
we will develop, completely similar, an O(n2) method. A slight adaptation in the second subsection will
lead to an O(n) solver.

2.1 The method

We solve the system inductively. Let us denote with Sk the upper left k×k submatrix of S, a similar notation
is used for D.

Let us assume by induction that we have solved the kth order Yule-Walker problem:

(Sk +Dk)yk = −rk,

where rk = [v1,v2, . . . ,vk]. The (k +1)th order Yule-Walker-like system of equations:

(Sk+1 +Dk+1)yk+1 = −rk+1,
(

Sk +Dk uk+1rk

uk+1rT
k uk+1vk+1 +dk+1

)

(

zk+1

αk+1

)

= −

(

rk

vk+1

)

, (1)

will be solved in O(k) flops. Using equation (1), we observe that

(Sk +Dk) zk+1 +uk+1 rk αk+1 = −rk (2)

and secondly
uk+1 rT

k zk+1 +αk+1 (uk+1vk+1 +dk+1) = −vk+1. (3)

This gives us for equation (2):

zk+1 = (1+uk+1 αk+1)(Sk +Dk)
−1(−rk)

= (1+uk+1 αk+1)yk. (4)

Substituting the latter equation in (3) leads to:

uk+1 rT
k (1+uk+1αk+1) yk +αk+1 (uk+1vk+1 +dk+1) = −vk+1,

which can be rewritten towards αk+1 as:

αk+1 =
(−1)(vk+1 +uk+1rT

k yk)

(u2
k+1rT

k yk +uk+1vk+1 +dk+1)
. (5)
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Using αk+1 in equation (4), we can compute the vector z.
The denominator in (5) is always different from zero, because our initial matrix S + D is positive

definite. As S + D is positive definite, also all the leading principal submatrices are positive definite,
hence also Sk+1 + Dk+1. This means that wT (Sk+1 + Dk+1)w > 0 for every w different from zero. Taking
wT = [uk+1yT

k ,1] gives us the following relations:

wT (Sk+1 +Dk+1) w = [uk+1 yT
k ,1] (Sk+1 +Dk+1)

(

uk+1 yT
k

1

)

= [uk+1 yT
k ,1]

(

Sk +Dk uk+1rk

uk+1rT
k uk+1vk+1 +dk+1

)

(

uk+1yT
k

1

)

= u2
k+1 yT

k (Sk +Dk) yk + u2
k+1 yT

k rk +u2
k+1 rT

k yk +uk+1 vk+1 +dk+1 > 0.

Using now the relation yT
k (Sk +Dk) yk = −yT

k rk in the equation above, we get that

u2
k+1 rT

k yk +uk+1 vk+1 +dk+1 > 0,

and hence the formula for calculating αk+1 is well defined.
Clearly the computation of the inner product rT

k yk at each step and the computation of zk via the mul-
tiplication of a vector with a scalar, leads to an order k complexity for solving the (k + 1)th order Yule-
Walker-like type of equation. Overall this leads to an order O(n2) solver.

2.2 How to achieve an O(n) complexity

Two bottlenecks arise when solving the Yule-Walker equation of order (k+1). These are: the computation
of rT

k yk and the computation of zk in each step. We will show now how to change the algorithm from the
previous section in order to come to a step with a fixed number of flops.

Suppose we just solved the (k + 1)th Yule-Walker system of equations and we start now solving the
(k + 2)nd system. Let us denote the solution and the right-hand side of the (k + 1)th system as follows:
(Sk+1 + Dk+1)yk+1 = −rk+1. For the new (k + 2)nd system we need the inner product rT

k+1yk+1. This
corresponds to the inner product (using hereby the notation from Section 2.1):

rT
k+1yk+1 = [rT

k ,vk+1]

(

zk+1

αk+1

)

.

Rewriting the equation above, using the expression for zk+1 = (1 + uk+1αk+1)yk, leads to the following
recursive formula for the inner product:

rT
k+1yT

k+1 = (1+uk+1αk+1)r
T
k yk + vk+1αk+1.

It is clear that the inner product rT
k+1yk+1 for solving the Yule-Walker equation of order (k+2), can already

be computed at the end of step (k +1) in a constant number of operations if rT
k yk is known. Incorporating

this inductive construction of the inner product in the algorithm, we remove the O(k) flops in each step
connected to the calculation of the inner product.

The only remaining slow step is the computation of the vector zk, and hence yk, in each step of the
algorithm. Let us denote the solution of the kth Yule-Walker-like type of equations with yT

k = [zT
k αk].

In fact, we calculate consecutively the following solutions yi,(where the fi’s denote different factors fi =
(1+uiαi)):

y1 = α1

yT
2 = [z2, α2] = [ f2y1, α2] = [ f2α1,α2]

yT
3 = [zT

3 , α3] = [ f3yT
2 , α3] = [ f3 f2α1, f3α2,α3]

...

yT
n = [zT

n , α3] = [ fnyT
n−1, αn] = [ fn fn−1 . . . f2α1, fn . . . f3α2, . . . ,αn]
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Instead of calculating now in each step the vector yi and zi, we will store the factors fi and the numbers αi.
Storing only these two numbers at each step of the algorithm, we achieve a constant complexity for solving
a kth order Yule-Walker-like type of equations. The only remaining problem is the computation in order
O(n) of the solution vector yn. This is done rather easily by starting the construction of the vector yn from
bottom to top, and updating in each step a certain factor. This is a rather straightforward computation, and
therefore not included, the complete algorithm is given in the next subsection.

2.3 The algorithm

Two separate loops are needed for solving the Yule-Walker problem. One loop “solves” the kth order Yule-
Walker type of equations. We say “solves” because in fact the solution is not calculated, but only the factors
determining the solution are calculated. A second loop will construct the solution, given the two sequences
of numbers constructed by the first loop.

Given the generators u,v and the diagonal d of the symmetric positive definite semiseparable matrix
S + D, the following algorithm computes the solution y such that (S + D)y = −v. Two extra vectors are
needed for the algorithm. In the vector a we will store the separate values of the parameter α, and in the
vector f , the consecutive factors fi.

%---- First Part: Generate the two vectors -----
% Initialization, the system for i=1 is solved
a(1)=-v(1)/(d(1)+u(1)*v(1));
f(1)=1;
% Calculate the inner product for the next loop
ip=a(1)*v(1);
% The main loop
for i=2:n
t=u(i)*ip+v(i);
% Store the new calculated alpha
a(i)=-t/(u(i)*t+d(i));
% Store the new factor f
f(i)=1+u(i)*a(i);
% Calculation of the inner product for the next loop
ip=f(i)*ip+v(i)*a(i);

end

%---- Second Part: Construct the solution-------
% The vectors f and a are given,
% construct now the solution with these vectors.
% Initialization before the loop
y(n)=a(n);
factor=f(n);
% Construct the solution vector from bottom to top
for i=n-1:-1:1
y(i)=factor*a(i);
factor=factor*f(i);

end

So the overall cost is 12n− 8 operations2 for solving the Yule-Walker-like system of equations for
positive definite symmetric semiseparable plus diagonal matrices.

2We did not count the changing of a sign as an operation.
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3 A Levinson-type algorithm for semiseparable plus diagonal matrices.

Based on the results of the previous section, a Levinson-like solver for solving semiseparable plus diagonal
systems of equations, will be constructed here. The system we would like to solve in a similar way as
above is the following one:

(S +D)x = b,

where b is an arbitrary right-hand side.

3.1 The method

Let us assume that we know the solutions of the (k + 1)th order Yule-Walker-like type of equations. Use
the same notations as in Section 2.1. Moreover assume that we also know the solution of the system:

(Sk +Dk)xk = dk,

where dT
k = [b1, . . . ,bk].

The system we would like to solve now in O(k) operations (in the next subsection we reduce this cost
to a constant amount of flops), is the following one:

(Sk+1 +Dk+1) xk+1 = dk+1
(

Sk +Dk uk+1rk

uk+1rT
k uk+1vk+1 +dk+1

)

(

wk+1

µk+1

)

=

(

dk

bk+1

)

. (6)

The idea is identical to the one in the previous section. Expanding formula (6) leads to the following two
equations

(Sk +Dk) wk+1 +µk+1 uk+1 rk = dk (7)

and
uk+1 rT

k wk+1 +µk+1 (uk+1 vk+1 +dk+1) = bk+1. (8)

Equation (7) can be rewritten towards wk+1:

wk+1 = xk +µk+1 uk+1 yk.

Substituting the equation for wk+1 into equation (8) and rewriting this equation leads to the following
expression for µk+1:

µk+1 =
bk+1 −uk+1rT

k xk

(u2
k+1rT

k yk +uk+1vk+1 +dk+1)
.

The denominator is always positive, see Section 2. Again one can clearly see that there are two computa-
tions in every step which will lead to a complexity of O(k), namely the computation of the vector wk+1 and
the computation of the inner product rT

k xk. But again we can simplify the calculation of the inner product,
and we can postpone the calculation of the solution vector up to the very end.

3.2 Reduction of the complexity

We will clarify how we can reduce the complexity in the previous step, to come to a step which takes a
constant amount of arithmetic work.

Firstly we will derive a recursion for calculating the inner product rT
k xk. Suppose we just solved the

(k + 1)th Levinson system of equations, and we start now solving the (k + 2)nd system. Let us denote
the solution and the right-hand side of the (k + 1)th system as follows: (Sk+1 + Dk+1)xk+1 = dk+1, with
rT

k+1 = [rT
k ,vk+1]. For the new (k + 2)nd system we need the inner product rT

k+1xk+1. This corresponds to
the inner product:

rT
k+1xk+1 = [rT

k ,vk+1]

(

wk+1

µk+1

)

.
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Similarly as in the previous section we can rewrite this in terms of the previous inner product rT
k xk plus the

inner product rT
k yk.

rT
k+1xT

k+1 = rT
k xk +µk+1(uk+1rT

k yk + vk+1)

Using this recursive formula, already decreases the amount of work in one step.
Instead of constructing the intermediate solutions of all the kth order Levinson equations, one can

construct the overall solution in O(n) operations at the end of the algorithm. This construction is similar
as the one described for solving the Yule-Walker type equations. We will briefly illustrate it. Let us denote
with xk the solution of the kth order Levinson equation, similarly we denote with µk the last component
of xk. The gi’s denote factors. We illustrate the computation for a matrix of dimension 4× 4. We get the
following equations with gi = µiui:

x1 = µ1

xT
2 = [x1 +g2y1,µ2]

xT
3 = [xT

2 +g3yT
2 ,µ3]

xT
4 = [xT

3 +g4yT
3 ,µ4].

Expanding now everything towards vector x4, gives us the following vector:

x4 =









µ1 +(g2 + f2(g3 + f3g4))α1

µ2 +(g3 + f3g4)α2

µ3 +g4α3

µ4









.

The latter equation gives a clear clue on how to compute the solution in linear time. This means that for a
fast construction of the solution we need to store 4 vectors, namely 2 vectors which store the values of α
and µ, and two more vectors for storing the values of the factors fi and gi.

3.3 The algorithm

Let us denote with u and v the generators of the semiseparable matrix. The vector d contains the diagonal
elements and b is an arbitrary right-hand side. The following algorithm solves the following system of
equations (S + D)x = b, using thereby the Yule-Walker-like results as developed in the previous section.
We have to store now 4 extra vectors for recalculating the solution, namely a and mu for storing the values
of α and µ in each step and f and g for storing the values of fi and gi in each step.

%---- First part: construction of the vectors -----
% initialization for the different vectors
denominator=d(1)+u(1)*v(1);
a(1)=-v(1)/denominator;
mu(1)=b(1)/denominator;
f(1)=1;
g(1)=1;
% initialization for the different inner products
ip=a(1)*v(1); % the inner product rˆT y
ipl=mu(1)*v(1); % the inner product rˆT x
% The main loop
for i=2:n
% initialize
t=u(i)*ip+v(i);
denominator=(u(i)*t+d(i));
% Calculation of alpha
a(i)=-t/denominator;
% Calculation of the factor f
f(i)=(1+u(i)*a(i));
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% The calculation of mu
mu(i)=(b(i)-u(i)*ipl)/denominator;
% The factor g
g(i)=mu(i)*u(i);
% the inner product rˆT x
ipl=ipl+mu(i)*t;
% the inner product rˆT y
ip=a(i)*t+ip;

end

%---- Second part: construction of the solution ----
% we construct now the solution with the 4 vectors.
x(n)=mu(n);
factor=g(n);
for i=n-1:-1:1
x(i)=mu(i)+factor*a(i);
factor=g(i)+f(i)*factor;

end

An easy calculation reveals that the complexity of this solver is 19n−13 operations.

4 An upper triangular factorization of the inverse

Similarly to the Toeplitz case, the Durbin algorithm presented here is closely related to an upper triangular
factorization of the inverse of the semiseparable plus diagonal matrix.

Let us denote the solution of the kth order Yule-Walker type equation as

(Sk +Dk)yk = −rk. (9)

This equation can be rewritten towards the matrix Sk+1 +Dk+1, by bringing the factor rk to the other side.
The system (9) is similar to

(Sk+1 +Dk+1)

(

yk

1/uk+1

)

=

(

Sk +Dk uk+1rk

uk+1rT
k uk+1vk+1 +dk+1

)(

yk

1/uk+1

)

=

(

0
σk+1

)

.

If we put the successive equations above in an upper triangular matrix we get (let us denote with yk, j the
successive components in the vector yk):

(Sn +Dn)















1/u1 y1,1 y2,1 . . . yn−1,1

0 1/u2 y2,2 . . . yn−1,2

0 0 1/u3 yn−1,3
...

...
. . .

. . .
...

0 0 . . . 0 1/un















=

















σ1 0 0 . . . 0
× σ2 0 . . . 0
... × σ3 0
...

...
. . .

. . .
...

× × . . . × σn

















.

The × denote arbitrary elements in the matrix. Rewriting the equations above and defining the upper
triangular matrix to the right of (Sn +Dn) as U and the right-hand side as L, we get the following equations
(L̂ is another lower triangular matrix):

(S +D)U = L

(S +D)U = U−∗L̂

U∗(S +D)U = L̂.

Because L̂ is lower triangular, and because of symmetry, the matrix L̂ is a diagonal matrix Λ. Inverting the
equation above gives:

U−1(S +D)−1U−∗ = Λ−1

(S +D)−1 = UΛ−1U∗

8



which gives us a triangular factorization of the inverse of the semiseparable plus diagonal matrix.

5 Some general remarks

The results as presented in this paper are formulated for positive definite symmetric semiseparable plus
diagonal matrices. The results can be extended towards the nonsymmetric case, similarly as in [9]. The
implementations as given here, are based on the generator representation. This representation is suitable
here for solving systems of equations. If one however wants to use this upper triangular decomposition
as presented here for an iterative algorithm (e.g. for computing the spectrum), one should be aware of
numerical instabilities that can occur. More information on possible problems with this representation can
be found in [18].

6 Numerical experiments

The software can be downloaded from http://www.cs.kuleuven.ac.be/∼marc/software . The experiments
are performed using Matlab3 7, on a linux platform.

In a first experiment, we used the matlab commands tic and toc, to check the time needed to compute a
solution of the system using the Levinson solver. We performed 15 experiments, every experiment repeated
40 times, for sizes of matrices 104 : 105 : 106. The line drawn, represents the average of all the timings.
One can clearly see that the timings are linear.

0 2 4 6 8 10

x 10
5

0

2

4

6

8

10
Timings in matlab

Figure 1: Timings of the Levinson solver

In a second experiment, we generated positive definite semiseparable plus diagonal matrices of sizes
104 : 105 : 106, for every dimension we performed 5 experiments. We started from a known solution x,
calculated the right-hand side b = Ax, and then computed the solution x̃ of the system Ax̂ = b. In the left
figure the norm of ‖x̃− x‖2 is plotted for every experiment. In the right figure the residual ‖Ax̃−b‖2/‖b‖2

is plotted. The line represents the average error over the 5 different experiments.

Conclusions

In this paper we developped a solver for symmetric positive definite semiseparable systems of equations
based on the Levinson idea for solving Toeplitz matrices. The connection with the upper triangular fac-
torization of the inverse of the semiseparable plus diagonal matrix was given, and numerical experiments
illustrating the accuracy and speed of the algorithm were included.

3Matlab is a registered trademark of the MathWorks Inc.
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Figure 2: Accuracy of the Levinson solver
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