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Abstract

In this paper we construct Powell-Sabin spline multiwavelets on the
hexagonal lattice in a shift-invariant setting. This allows us to use Fourier
techniques to study the range of the smoothness parameter s for which the
wavelet basis is a Riesz basis in the Sobolev space H*(R?), and we find
that 0.431898 < s < 5/2. For those s, discretizations of H ¢-elliptic prob-
lems with respect to the wavelet basis lead to uniformly well-conditioned
stiffness matrices, resulting in an asymptotically optimal preconditioning
method.

Keywords : Powell-Sabin splines, biorthogonal wavelets, lifting
AMS(MOS) Classification : 65T60, 65D07, 41A15



Compactly Supported Powell-Sabin Spline Multiwavelets in Sobolev
Spaces

Jan Maes

Adhemar Bultheel

Department of Computer Science, Katholieke Universiteit Leuven

Celestijnenlaan 200A, B-3001 Heverlee, Belgium
jan.maes@cs.kuleuven.be

Abstract

In this paper we construct Powell-Sabin spline multi-
wavelets on the hexagonal lattice in a shift-invariant
setting. This allows us to use Fourier techniques to
study the range of the smoothness parameter s for
which the wavelet basis is a Riesz basis in the Sobolev
space H*(R?), and we find that 0.431898 < s < 5/2.
For those s, discretizations of H*-elliptic problems with
respect to the wavelet basis lead to uniformly well-
conditioned stiffness matrices, resulting in an asymp-
totically optimal preconditioning method.

Powell-Sabin

Keywords: splines,

wavelets, lifting

biorthogonal

1 The primal scaling vector on
R2

Consider the hexagonal lattice A in R? which is de-
fined as the image of Z2? by a linear transformation
corresponding to the matrix

r— { 1 -1/2

10 Vv3/2
and let A* be its refinement by drawing in the ad-
‘/Tg(x +m), and y =
f@(x +n), I,m,n € Z. In fact, A* is the Powell-
Sabin 6-split of A, see Figure 1. Define S3(A*) as
the space of real-valued functions in C!(R?) whose re-
strictions on each triangle of the triangulation A* are
bivariate quadratic polynomials. Then each function
¢ € S3(A*) is called a uniform Powell-Sabin (PS)

spline.

ditional grid lines y = I, y =

Figure 1: Hexagonal lattice A (black lines) with
Powell-Sabin 6-split A* (black and dotted lines)

Let k € A, then the interpolation problem

Lol goo(0)| =5 [asa].rea

(1)
has a unique solution ¢ € S3(A*), see [10]. This al-
lows to define a function vector ¢ = [¢1, b, d)g]T that
generates a multiresolution analysis (MRA). Let each
@i, 1 =1,2,3, be the unique solution of (1) with

1 83 24/3 . 8
— == _ = (-1t —6,4) =,
« 3 /8 9 1 9 Y (( ) 1) 3

then the integer translates under I" of the basis func-
tions ¢; form a basis for S3(A*). Furthermore they
form a partition of unity, see [3]. Define the 2 x 2 dila-
tion matrix D given by

2 0

=175
then we consider the refinement A; := D=JA, which
can be obtained by midedge subdivision, and the corre-
sponding PS 6-split A} := D~JA*. This yields nested




subspaces V; = S5(A%) C La(R?), j € Z, such that

Vi CVip, jELZ, (2)
the closure of their union is L2(R?), and their inter-
section contains only the zero function. In general, the
basis functions on all standard refinements A; of A can

be written as
¢j,k(u) = ¢(Dj(u —k)),

and the set {2-7¢]~7k | ke Aj} forms an L2-stable ba-
sis of Vj, ie., for ¢ = {er}yen, € YA, e =

keA;, ueR?

(Cl,lm C2.k, C3,k)T7

Z CEde’j,k

keA,

~ HCng“(A].)»
Ly (R2)

see [7, 8]. With 13*'(A;) we denote the Banach
space of all sequences of 3 x 1 vectors cj for which

ZkeAj llckl3 < oo, and we always mean by a ~ b

that a can be bounded above and below by constant
multiples of b.

Because of properties listed above we say that the
sequence of closed subspaces {V;};cz of L*(R?) forms
a MRA of multiplicity 3, and the function vector ¢
is called scaling vector, see [9]. The nestedness (2)
of the MRA implies that ¢ needs to satisfy a matrix
refinement equation of the form

¢(u) = D Axd(Du—Tk), uek?

keZ?

3)

where Ay, are 3x 3 mask coefficient matrices. Moreover,
A1) and A _y) are given by

0 0

0o 2|,

0 1

b

0 2 1
12,%2
0 0

d

A—1,0), Ao,0) and Ay gy are given by

1 0 2 2 1 4 1 1 1 0 0 0
dlo o, o4 220,
0 0 1 1 1 4 2 0 1
and Ao 1) and A ) are given by
1 1 2 0 1 1 0 O
1 0 0 0], 1 0 1 0|,
2 1 2 2 0
see e.g. [13].

2 Construction of a dual scaling
vector

The main idea is to start with a hierarchical basis and
apply a local correction process on the basis functions
at each level in order to achieve certain regularity prop-
erties for the dual function vectors. This technique fits
in the framework of both the lifting scheme [11] and
the stable completion technique [1].

For a vertex k € A;, we define N;(k) to be the
neighbouring vertices in A; of vertex kK, and we set
Aj = Ajy1\ Aj. Each scaling vector ¢, ., k € A, is
refinable in the sense that @, ,, k € A;, can be writ-
ten as linear combination of ¢, ,, 1 € Ajyi. In fact,
using (3),

bir=A0,0)Pjr1kt+ Z Ar—ipivi—k)yPji1-

lEN;+1(k)
(4)
We define the hierarchical wavelets by
’lﬁ?,z =1, L€ A;. (5)

From (4) we get that each ¢;.;;, I € Ajy1, can be
obtained as a linear combination of the scaling vectors
@i k € Aj, and the wavelet vectors 1&%, l e Ay,
according to

¢j+1,l = (6)
-1
A,0) [‘%l -
Z)‘ENj+1(l> AF_IDHI()\—Z)QIJ?;A} o Lely,
;‘L,z: leA;.

Equation (6) implies that the space W]-h spanned by
Qb;-l,l, l € Aj, is a complement space of V; into Vi1,
and we have

Vi=VooWhe---owh |,

so that {¢07k,k e AO} U {w;ﬁl,z EAL0< < J} is
a basis of V. The hierarchical wavelet basis can be
viewed as a biorthogonal wavelet basis, where the duals
exist in Ly(R?) in the distributional sense. We define
the dual scaling vectors by

O — 2_j_15k%
Ok + 27726 — V327725, 5
Sk + 277720, % + V327926 L

~h

d)j,k = ) (7)



with J; the Dirac distribution at vertex k, and the dual
wavelets by

~h

P4

~h - , ~h
G110 — Ar-1pi+i (1 k) A 0,0) Pi+1.k

(8)
with kl, ko € A]‘ such that Nj+1(l€1) mNj+1(1€2) = {l}

~h
Note that ¢; ; satisfies the refinement equation

~h
T -1
_AI‘—le+1(l—kg)A(O,O)(ﬁijLkz’

~h _, ~h
b= A(070)¢j+1,k7 ke A;. 9)

~h  ~h
The sets {¢j7k7¢?’,l} and {¢j7k;7/l/]j,l} are biorthogo-
nal, i.e.

~h
<¢j,k’v (¢j7k)T> - 5]4’]@/]3, k‘, k‘/ S Aj7
~H T
(B 01 (zbj{l) )y = 0, 1€ Ak €A,
~h T ,
(15 ((bj,k)T) = 0, ke Al €A
~h
<¢j,l" <¢?l) > - (5171/13, l,l/ € A]'7

with {-,-) the inner product in Lo(R?). However, from
(7) we immediately find that the interpolation operator
h
J?
h ~h r
Q=3 (15 h) by

kEA;

can only be applied to C! continuous functions. There-
fore the hierarchical wavelet basis is restricted to the
decomposition of Sobolev spaces H® with s > 2, since
for s < 2 these spaces are not embedded in C!, see also
[7].

In order to enlarge the range of stability to Sobolev
spaces H®, s < 2, we shall use the lifting scheme [11].
Define ®; as the column vector containing all scaling
vectors @, ; for all & € Aj;, and define \Il? likewise.
Equations (4), (5), (8) and (9) give us a set of biorthog-

onal filter operators {A]-, Bj,Aj, ﬁ]} such that

[‘I)j ‘IJHT = [AT B?}T‘I’%q
~ ~ T
®;1 = [A] BI|[e; ¢!
and
[g; } AT BI]-1

The lifting scheme generates new wavelet functions W ;
by projecting the hierarchical wavelet functions \Il;’

Figure 2: The update stencil

into the desired complement space W; along Vj,
U, =¥ - C;®;.

This projection is not necessarily orthogonal. For each
wavelet function there is a corresponding row in the
lifting matrix C;. The possibly nonzero entries in this
row together will be called the update stencil for that
wavelet function. Hence, the lifting scheme provides us
with a new set of biorthogonal filter operators satisfy-
ing

A; AT . pT BT

{ Bj - CjA, } [Aj TEG Bj] -t
In order to understand the stability of this new basis
with respect to Sobolev spaces, we have to investigate
the regularity of the corresponding dual functions ®;
satisfying

®;=A;®; 1 +C]B;®;,. (10)
Therefore we build the lifting matrix C; in such a
way that the dual functions (10) are well defined and
that they are more regular than the initial Dirac dis-
tributions (7). We fix the update stencil in advance
in order to have local support for the wavelet func-
tions, see Figure 2. Each wavelet vector v, corre-
sponding to a new vertex ! € A; is updated by the
scaling vectors @; ., @, 1, With ki, ks € A; such that
Njt1(k1) N Njqi(k2) = {l}. Because there are three
scaling functions associated with each scaling vector,
the width of the update stencil for a wavelet function is
six. We want to orthogonalise the wavelets to their pre-
defined set of scaling functions, but we also want one
vanishing moment. This leads to an overdetermined
system because we do not have sufficient degrees of



freedom. The lifting matrix C; is constructed as the A(,ZO), 11(,1,0), :&(0’0), :&(1,0) and :&(2,0) are given by
least squares solution to this overdetermined system
but we demand that the vanishing moment condition 366180055 —366180055  —366180055

. . 3852464928 1926232464 1926232464
is fulfilled. Denote the vertices ki, ks, k3 € A; and —212816425 1494625759 1488078047

. . 770492985% 53934508992 179781696]_64 ?
12,123,131 € A; as in Figure 2. We find that —21287642 1488078047 1494625759

7704929856 17978169664 53934508992

—10815353 489004135 489004135
o oyt _ | TR VERWE wERy
jiliz — il 148171728 4494542416 3370906812
iz iz LEBhOhES,  ANiaEd NGB ;)2%%%%2394 Zigjff;f%g Igér :fgf%é ;
T48171728 3370906812 1494542416 5 543
O7r933997  SD47A63525 16496480
52104049 —71233997 —71233997 1926232464 1685453406 4494542416
431558116 1936230464 1936232464 b,
081707773 —164964803  —247462525 gk 417002791 — 40250807 — 40250807
1926232464 449454241 1685453406 .
2008 Aty 1650% ks 842726703 13483627248 13483627248
T 2329 ) 40550807 417002751 S A0250807
1026232464 1685453406 4494542416 Ty sTerasro T | o
734318841  —20302895 179538083 SRR SRR 31%82591
1494542416 14817172 3370906812 13483627248 13483627248 842726703
¥ —gh 489004135 1081535 89004135
j,l - j,l 1926232464 37042932 1926232464 - — —_
Jotes Jotes 170538083 30302805 734518841 10815953 20302895 20802895
3370906812 148171728 4494542416 489004135 34318841 17953808.
—164964803 681707773  —247462325 1926232464 4494542416 3370906812 | °
TOISote 193608000T  Tosisais 480004135 179538083 734318841
1491543949 83834545 1689193399 { Dk } 1926232464 3370906812 1494542416
1926232464 48155811 1926232464
—24674623%5 6%138§77 71649648%3 J.k3 20302895 0 0
1685453406 1926232464 4494542416 98781152
734318841 179538083  —20302895 % li—iz % ,
N 1194512416 3370006812 TARITITAS 256830796 34 1344
Vit =it — | 33oo0R1z  iginans TSI 2ens00052  1a4d  Taad
Jrta1 Jia 89004135 480004135 —10815553 . .
1026232464 1026232464 37042932 A1) and A ;) are given by
—164964803 ~ —247462325 681707773 (0.1 1,1
149454241 168545340 1926232464
e Utk I o171 O 3 Djiks
1685453406 4494542416 1926232464 734318841 489004135 179538083
71233997  —71933997 55104049 Dy 11gapaaal 1926252464 3370906812
1026232464 1926232464 481558116 I4gl§132§ ;370424932 ;421?%2% ,
.. . . 17955808 Yo0udiss 73431881
See also [12] for a similar construction on arbitrary 3370006812 1926232464 4494542416
polygonal domains. The dual scaling vectors ¢, sat-
. . . o J — 164964803 ~ —247462325  —71233997
isfy a matrix refinement relation similar to (4), and 1194512416 1685453406 1026232464
b
Y —247462325 —164964803 —71233997
3 7
using (10) we find that SO YRR 193551545
~ — ~ 1926232464 1926232464 481558116
Dir = A00)Pjiik (11) A A ~
s ©.0%j+ o _ and A (g o) and A, 9) are given by
M Z Ar-1pi-n @i 37 417301265 37
lEN;+1(K) 1344 2568309952 1344
e N 0 30302895 0
98781152, ?
+ E Ar-ipiti-mPii10 a7 BB a7
1344 568309952 1344
1N, (k)
h 1"&- d 1"&- . b 1494625759 1488078047 —212816425
wher 1 re given 53934508992 17978169664 770492985
€re A(-2,-2) & (0,—2) are given by RPN TRRISRRS T3NS
17978169664 53934508992 7704929856
—37 37 —417301265 —366180055 366180055  36618005b
T3ad Tagg 2568309953 1026232464 1026232464 3852464928
1344 1344 2568309952 ? . .
0 30502895 Equation (11) allows to look for a solution of the form
98781152
1494625759  —212816425 1488078047 ~ i i 9
4. 2 492985 1 1 4 . = — .
3986798088 HETobEs  LT8ER18565s @jr(u) =4 (D (u—k)), ke Aj, ueR".
1926232464 385246492, 1926232464 ’
1936333898 393008 1939333958
17978169664 7704929856 53934508992 ~ . .
~ ~ ) Hence, the vector ¢ is the solution of the refinement
A(-1,-1) and A1) are given by equation
734318841 179538083 489004135
PRAREs BPINGBIR LpagRiAgt - Az 2
3370006812 4494542416 1926232464 | ° P(u) =4 E App(Du—Tk), ueR?, (12)
2°40302895  —20303895 ~ —10815353 A
148171728 148171728 37042932 kEZ
—164964803  —71233997  —247462325
4494542416 1926232464 1685453406 . -
681707773 83031548 ST and the regularity of the duals ¢, ;. equals the regular-
1926232464 481558116 1926232464 ’ . . . . . 2>
—247462525 71233997 164964803 ity of the distributional solution to (12).
1685453406 1926232464 4494542416



3 Existence, uniqueness and

regularity of ¢

Taking the Fourier transform of both sides of (12), we
obtain

~ ~

d(w) =P(D Tw)p(D"w), weR?

and _ _
P(w):= Y A TF) e R
kez?

is the symbol associated with (12). It is easily checked
that f’(O) satisfies Condition E, i.e., 1 is a simple eigen-
value of P(0) and all other eigenvalues of P(0) lie in-
side the open unit disk. Let T be the normalized right
eigenvector of P(0) associated with eigenvalue 1. It is
well-known that if Condition E holds then there exists
a unique compactly supported gistributional solution
vector ¢ satisfying (12) with ¢(0) =
particular, we have

r, see [9]. In

2(141) = LILH;O - P ((DiT)j w) T.
j=1

The regularity or smoothness of a) is measured by
the critical exponent

s((g) 1= sup {s L € H*(R?) for all i = 1,2,3},

where H*®(R?) denotes the Sobolev space {f € La(R?) :
oo [F(E)]2(1 +[€]*)%d€ < o0}. Theorem 5.3 in [4] gives
an estimate for the critical Sobolev exponent of a vector
of compactly supported functions in Lo(R?) satisfying
a refinement equation. We use this theorem to prove
the following proposition.

Proposition 3.1. Let (75 be the unique 3 X 1 solution
vector of compactly supported distributions satisfying
(12). Then ¢ is in the Sobolev space H*(R?) for any

s < —0.431898.

Proof. Let b be given by

b(l) =4 Z Kk ® Aqul,

keZ?

I € 72, where ® denotes the (right) Kronecker prod-
uct. Then b is supported in [—4,4]2. Define K as the

set Z2N (Zjozl D~ (supp b)) . Then K equals [—4, 4]%.

Let B be the 729 x 729 matrix (b (Dk — 1)) ;c - The-

orem 5.3 in [4] asserts that s(¢) > —log, p, where
p = max{|v| : v € spec(B)}. The largest eigenvalue
of B is given by 1.819820559284, hence we obtain that
() > —0.431898. O

It is well-known that the scaling vector ¢ satisfying
(3) is in the Sobolev space H®(R?) for any s < 5/2.
One can, for instance, use a similar proof as in Propo-
sition 3.1 and use Theorem 5.3 in [4], or one can make
use of techniques with Jackson and Bernstein inequal-
ities, see [7].

We are interested in determining the exact range of
Sobolev exponents s for which the wavelet basis forms
a Riesz basis for H*(R?). From important work by
Dahmen [2] and Lorentz and Oswald [6] it turns out
that the range of such s is determined by the Sobolev
regularity s(¢) of the scaling vector ¢ and the Sobolev
regularity s((g) of the dual scaling vector ¢. Dahmen
showed that the wavelet system is a Riesz basis for
H*(R?) for all s with —s(¢) < s < s(¢) and that this
interval is sharp, provided that ¢ and q7> have com-
pact support and that they are in Lo(R?). Lorentz
and Oswald extended these results to non-compact
¢ ¢ L2(R?). The following theorem is our main re-
sult and is a direct consequence of Proposition 3.1 and
the work in [2] and [6].

Theorem 3.2. One has for any f € H*R?),
0.431898 < s < 5/2, the norm equivalence

~ 2 > ~ 2
) 2: 92j(s—1) H ]
H<¢]0,k7f> ngI(A]‘O)+J.:jO <w],laf> ng1(AJ)
~ 1 g2y - (13)

We close this section with some graphs of the scal-
ing function, the dual scaling function and the wavelet
function, see Figures 3 to 5. The graph of the dual scal-
ing function was generated using software by Q. Jiang
and P. Oswald, see [5].

4 Applications

Several approaches to solving elliptic problems numer-
ically are based on hierarchical Riesz bases in Sobolev
spaces. Theorem 3.2 suggests that the above con-
structed multiwavelet basis is suitable for solving sec-
ond and fourth order elliptic equations since the norm
equivalence (13) includes the values s = 1 and s = 2.



Figure 3: Scaling function
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Figure 5: Wavelet function

Lena  Barbara Fingerprint
Nr. of coeff. 63145 69893 69510
Percentage 8.00%  8.85% 8.80%

Table 1: Number of coefficients kept in the compressed
images

However, with such applications in mind we need to
adapt the multiwavelet basis to polygonal domains in
R? instead of the whole plane. We will deal with this
problem in a forthcoming paper.

To demonstrate the approximation power of the
wavelet basis we show their performance on the com-
pression of images. We can interpret a grayscale image
as a surface, where the value of each pixel represents
its height. We shall use 8-bit grayscale images, which
means the pixel values range from 0 (black) to 255
(white), and the image array consists of 513 x 513 pixel
values. First we interpolate the image by solving the
interpolation problem (1) for each pixel. Derivative in-
formation of the image surface can be estimated by ap-
plying the Sobel operator to the image. Then we apply
the wavelet transform and we compress the image by
replacing all wavelet coefficients which have an abso-
lute value smaller than a threshold value by zero. The
compression results are depicted in Figures 6 to 8. Be-
fore the compression step we have 789507 coefficients.
The number of coefficients after the compression step
can be found in Table 1.
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