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Abstract. When mining frequent Datalog queries, many queries will
be equivalent in the light of an implicit or explicit background knowl-
edge. To alleviate the problem, we introduce various types of condensed
representations: clauses that are semantically free or closed w.r.t. a user
specified background theory, as well as δ-free and closed clauses. A novel
algorithm that employs these representations is also presented and ex-
perimentally evaluated.

1 Introduction

One of the central tasks in data mining is that of finding all patterns that are fre-
quent in a given database. The inductive logic programming instantiation of this
task considers patterns that are logical queries or clauses and data in the form
of a Datalog (or Prolog) knowledge base [5, 6]. This problem is known under the
name of frequent Datalog query mining and has received quite some attention in
the literature, cf. [14, 13, 11, 19]. Nevertheless, there are several difficulties that
arise when applying these techniques, including: the computational resources
needed, the vast number of queries that are discovered, and the difficulties in
guiding the induction process using declarative knowledge. The standard way
of guiding an inductive logic programming system is by specifying syntactic re-
strictions that the clauses should satisfy (the so-called language bias). Syntactic
restrictions are not really declarative. Furthermore, when analyzing the discov-
ered patterns in the light of background knowledge, it turns out that many of the
patterns discovered will be semantically equivalent, and hence, redundant. These
redundancies do not only lead to unnecessary inefficiencies but also impose an
unnecessary burden on the user.

In this paper, we address these problems by introducing various types of
condensed representations for frequent Datalog query mining. Condensed rep-
resentations are well studied for simple pattern domains such as item sets [21,
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3] and have recently also been applied in the context of graph mining [20]. The
key idea underlying condensed representations (such as closed and free sets) is
that one aims at finding a representative for each equivalence class of frequent
patterns (the so-called closed set) instead of finding all frequent patterns. In this
context, we first introduce the novel concept of semantic freeness and closedness,
where the term semantic refers to the use of a declarative background knowl-
edge about the domain of interest that is specified by the user. Under this notion,
two clauses c1 and c2 are semantically equivalent if and only if KB |= c1 ↔ c2.
Employing such a background knowledge and semantics is an elegant alterna-
tive to specifying complex and often ad hoc language bias constraints (such as
those for dealing with symmetric predicates). In addition, it provides the user
with a powerful and declarative tool for guiding the mining process. Secondly,
we upgrade the already existing notions of freeness and closedness for use in
an inductive logic programming setting, and show how these traditional notions
are related to the new notions of semantic condensed representations. Thirdly, a
novel frequent Datalog clause engine, called c-armr, that works with condensed
representations is presented and experimentally validated.

2 Problem Setting

We assume some familiarity with Datalog and Prolog. The task of frequent query
mining was first formulated in [5, 6]:

– Given
• a language of clauses L
• a database D
• a predicate key/1 belonging to D
• a frequency threshold t

– Find all clauses c ∈ L such that freq(c,D) ≥ t.

The database D is a knowledge base written in Prolog or Datalog; it contains
the data to be mined. In this extended abstract, we will assume that all queries
posed to the database terminate and also that all clauses are range-restricted
(i.e. all variables in the conclusion part of the clause also occur in the condition
part). The first requirement can be guaranteed by employing Datalog; in the
full version of the paper, we will address complications that may arise when
these assumptions do not hold. The database D is assumed to contain a special
predicate key/1 which determines the entities of interest and what is being
counted. The language of clauses L defines the set of well-formed clauses. All
clauses in L are assumed to be of the form p(K) ← key(K), q1, ..., qn where the
qi are different literals. Within inductive logic programming, L typically imposes
syntactic restrictions on the clauses to be used as patterns, most notably, type
and mode restrictions. Finally, the frequency of a clause c with head key(K) in
database D is defined as

freq(c,D) =| {θ | D ∪ c |= p(K)θ} | (1)



So, the frequency of a clause is the number of instances of p(K) that are logically
entailed by the database and the clause.

Example 1. Consider the database consisting of the following facts: drinks(jan,duvel),
drinks(hendrik,calvados), drinks(luc,hoegaarden), beer(duvel), beer(hoegaarden),
key(jan), key(hendrik), key(luc).
The frequency of the clause h(X) ← key(X), drinks(X,B), beer(B) is two.

Observe that the constraint freq(c,D) ≥ t is anti-monotonic. A constraint c
on patterns is anti-monotonic if and only if c(p) and q ¹ p implies c(q), where,
q ¹ p denotes that q subsumes (i.e. generalizes) p.

An important problem with the traditional setting for frequent pattern min-
ing in inductive logic programming is that – due to the expressiveness of clausal
logic – the number of patterns that is considered and generated is extremely
large. This does not only cause problems when interpreting the results but also
leads to computational problems. The key contribution of this paper is that
we address this problem by introducing condensed representations for inductive
logic programming.

3 Knowledge for Condensed Representations

It is often argued that one of the advantages of inductive logic programming
is the ease with which one can employ background knowledge in the mining
process. Background knowledge typically takes the form of dividing the database
D = KB∪D into two components: the background knowledge KB and the data
D, where KB constitutes the intentional and D the extensional part of the
database. The idea is then that both intentional and extensional predicates are
used in the hypotheses and that their nature is transparent to the user. With only
a few exceptions, most inductive logic programming systems do not employ the
background theory during hypothesis generation1 but only while computing the
coverage or frequency of candidate clauses. These systems typically search the
θ-subsumption [15] or OI-subsumption lattice [11] starting at the empty clause
and by repeatedly applying a refinement operator. Because typical refinement
operators do not employ background knowledge, they generate many clauses
that are semantically equivalent. As the inductive logic programming system is
unaware of this, unnecessary work is being performed and the search space is
blown up resulting in severe inefficiencies.

Example 2. Consider that we have the predicates p and q and that we know
that p ← q. A typical refinement operator – working with a canonical form2–
1 Perhaps, the only exception is Progol [12], which employs the background knowledge

to generate a most specific clause in L that covers a specified example, and older
heuristic systems that employ the background knowledge during refinement using a
resolution based operator, cf. [1]).

2 A canonical form is used to avoid generating the same clause more than once, e.g.
h ← k, p, q and h ← k, q, p. Refinement operators working with a canonical form are
sometimes called optimal, cf. Section 5.



will generate h ← k, p; h ← k, p, q and h ← k, q. However, given p ← q the first
two generated clauses are equivalent.

To alleviate this problem, we introduce, as the first contribution of this paper,
the notions of semantically closed and semantically free clauses. These novel
concepts assume that a background theory KB is given in the form of a set of
Horn-clauses. At this point, we wish to stress that the background theory used
should not contain information about specific examples and also that the theory
used here might well be different than the one implicitly used in D. So, KB here
denotes a set of properties about the domain of interest.

Definition 1. A clause h ← k, q1, ..., qn is semantically free, or s-free, w.r.t. the
background knowledge KB if and only if there is no clause p0 ← k, p1, ..., pm,
where each pi corresponds to a single qj, for which KB |= p0 ← p1, ..., pm

3.
A clause h ← k, q1, ..., qn is semantically closed, or s-closed, w.r.t. the

background knowledge KB if and only if {kθ, q1θ, q2θ, ..., qnθ} is the least Her-
brand model of KB ∪ {kθ, q1θ, ..., qnθ} where θ is a skolem substitution for
h ← k, q1, ..., qn.4

A clause h ← k, q1, ..., qn is consistent if and only if KB∪{kθ, q1θ, ..., qnθ} 6|=
¤ where θ is a skolem substitution.

Intuitively, a clause is s-free if it is not possible to delete literals without affecting
the semantics; it is s-closed if it is not possible to add literals without affecting
the semantics. In Example 2, the clause h ← k, p, q is s-closed, the other clauses
are s-free, and all clauses are consistent. However, if we would have included the
horn clause false ← p, q in the background theory, then the clauses h ← k, p, q
and h ← k, q would be inconsistent. Horn-clauses of this type act as constraints
on the clauses.

The reader familiar with the theory of inductive logic programming might
observe that s-closed clauses are closely related to Progol’s bottom clauses [12]
as well as to Buntine’s notion of generalized subsumption [4]. Indeed, the two
clauses h ← k, q and h ← k, p, q in Example 2, are equivalent under generalized
subsumption. Observe also that each s-free clause has a unique s-closed clause,
the s-closure, that is equivalent to it and that several s-free clauses may have
the same s-closure.

From the above considerations, it follows that it would be beneficial if the
search could be restricted to generate only s-closed clauses. Unfortunately, the
constraint s-closed is not anti-monotonic. However, it turns out that s-freeness
is an anti-monotonic constraint, which therefore can be integrated in traditional
frequent query mining algorithms. This integration will be discussed in Section
5. Once the s-free clauses have been found, their s-closures can be computed and
filtered to eliminate doubles. The s-closure of a clause h ← k, q1, ..., qm w.r.t.

3 A more general but less operational definition requires that there is no clause p0 ←
k, p1, ..., pm such that p0, ..., pm subsumes q1, ..., qn.

4 Here it is assumed that the least Herbrand model is finite, which can be enforced
when using Datalog and range-restriction.



the background theory can be computed as follows: compute a skolemization
substitution θ for the clause, then compute the least Herbrand model {r1, ..., rn}
of KB ∪ {kθ, q1θ, ..., qmθ}, and then deskolemize the clause hθ ← kθ, r1, ..., rn

and return the result.
Observe that the constraint of s-closedness provides the user with a powerful

means to influence the results of the mining process. Indeed, adding or removing
clauses from the background theory will strongly influence the number as well
as the nature of the discovered patterns. Basically, adding a clause of the form
h ← p, q has the effect of ignoring h in clauses where p and q are already present.
Therefore, the user may also desire to declare clauses in the background theory
that do not possess a 100 per cent confidence.

4 Discovering Associations

Specifying all clauses that hold in the domain may be cumbersome and the ques-
tion arises as to whether the data mining system may not be able to discover
the clausal regularities that hold among the data. For item sets, sequential pat-
terns and even graphs [20, 3, 21], techniques have been developed that discover
high confidence association rules during the mining process and once discovered,
employ them to prune the search. To this aim, we upgrade the notions of δ-free
and closed item sets [3] to clausal logic:

Definition 2. A clause h ← k, q1, ..., qn is δ-free (with δ being a small positive
integer), if and only if there exists no clause c of the form h ← k, p1, ..., pm, not p0,
where each pi corresponds to a single qj, for which freq(c,D) ≤ δ.

To understand this concept, first consider the clauses h ← k, p1, ..., pm, not p0

and the case that δ = 0. If such a clause has frequency 0, this implies that
the association rule p0 ← k, p1, ..., pm has a confidence of 100 per cent. The
negative literal not p0 is used because we need to know that the rule holds
for all substitutions. Now, the definition of 0-freeness is analogous to that of
s-freeness except that these association rules are not specified in the background
theory but rather implicit properties of the data. Indeed,

Theorem 1. For δ = 0, if KB would contain all 100 per cent confidence asso-
ciation rules then a clause is δ-free if and only if it is s-free w.r.t. KB.

Now consider the case that δ 6= 0. Then rather than requiring association
rules to be perfect, a (small) number of exceptions are allowed in each association
rule. Observe that as δ increases, the number of δ-free clauses will decrease.

For δ = 0, we can define a corresponding notion of closedness.

Definition 3. A clause h ← k, q1, ..., qn is closed if and only if there exists no
clause c of the form h ← k, p1, ..., pm, not p,where each pi (but not p) corresponds
to a single qj, for which freq(c,D) = 0.

Theorem 2. If KB contains all 100 per cent confidence association rules then
a clause is closed if and only if it is s-closed w.r.t. KB.



We have not defined a corresponding notion of δ-closedness because traditional
deduction rules do not hold any more. Indeed, from the fact that the association
rules p ← q and q ← r have at most δ exceptions, one may not conclude that
p ← r has only δ exceptions.

Again, it is easy to see that δ-freeness is an anti-monotonic property, which
will be useful when developing algorithms.

One of the interesting properties of δ-free clauses is that they can be used to
closely approximate the frequencies of any frequent clause, cf. [3]. The following
theorem follows from a corresponding result for item sets due to [3].

Theorem 3. Let D be a database. Let S be a set of δ-free clauses (w.r.t. D).
Let c1 : p(K) ← x1 . . . xm and c2 : p(K) ← x1 . . . xn be clauses with n > m such
that ∀i ∈ {m. . . n− 1} : ∃(h ← b) ∈ S, ∃θ : hθ = xi+1 ∧ bθ ⊂ {x1, . . . , xi}. Then,
freq(c1,D) ≥ freq(c2,D) ≥ freq(c1,D)− δ.n.

5 An Algorithm for Mining Frequent Clauses

Algorithms for finding frequent Datalog queries are similar in spirit to those tra-
ditionally employed in frequent item set mining. A high-level algorithm for min-
ing frequent clauses along these lines is shown in Algorithm 1. It searches the sub-
sumption lattice breadth-first, it repeatedly generates candidate clauses Ci that
are potentially frequent, and tests for their frequency. To generate candidates, a
refinement operator ρ is applied. To employ a minimum frequency threshold in
Algorithm 1 one must set con = (freq(f,D) ≤ t). Using the abstract constraint
con, it is also possible to employ other types of anti-monotonic constraints in
Algorithm 1. Despite the similarity with traditional frequent pattern mining al-
gorithms, there are also some important differences. First, traditional frequent
pattern mining approaches assume that the language L is anti-monotonic. For
clausal logic, a language is anti-monotonic when for all clauses h ← k, p1, ..., pm ∈
L, all generalizations of the form h ← k, p1, ..., pi−1, pi+1, ..., pm ∈ L. Even
though this assumption holds for expressive pattern languages such as those
involving trees or graphs, cf. [10], it is typically invalid in the case of inductive
logic programming because of the mode and type restrictions. Indeed, consider
e.g. the clause p(K) ← key(K), benzene(K,S),member(A,S), atom(K, A, c).
Even though this clause will typically be well-formed, its generalization p(K) ←
key(K),member(A,S) will typically not. Because the language L employed in
inductive logic programming is not anti-monotonic, one must not only keep track
of the frequent clauses, but also of the (maximally general) infrequent ones. Fur-
thermore, when a new candidate is generated, it is tested whether the candidate
is not subsumed by an already known infrequent one. (Our implementation uses
an index to realize this efficiently). Second, in order to search efficiently for solu-
tions, it is important that each relevant pattern is generated at most once. Early
implementations [6] of frequent pattern mining systems in inductive logic pro-
gramming were inefficient because they generated several variants of the same
clause (w.r.t. θ-subsumption) and had to filter these away using computationally



expensive subsumption tests. One approach to alleviating is to define a canonical
form for clauses and to employ a so-called optimal refinement operator that only
generates clauses that are in this canonical form, cf. [14, 13]. More formally, the
canonical form we employ is defined as follows:

Definition 4. A clause h ← k, p1, ..., pm with variables V1, ..., Vn (ordered ac-
cording to their first occurrence from left to right) is in canonical form if and only
if (h ← k, p1, ..., pm)θ where θ = {V1 ← 1, ..., Vn ← n} is the smallest clause ac-
cording to the standard lexicographic order on clauses that can be obtained when
changing the order of the literals pi in the clause.

If one furthermore requires that all variables in a pattern are instantiated to a
different term (as in OI-identity [11]) when determining whether a clause covers
an example it is possible to define an optimal refinement operator. A refinement
operator ρ is optimal for a language L if and only if for all clauses c ∈ L there is
exactly one sequence of clauses c0, ..., cn such that c0 = > and cn = c for which
ci ∈ ρ(ci+1).

This approach is related to those employed when searching for frequent sub-
graphs, cf. [20, 10], and is largely adapted in our implementation. (The details of
the refinement operator working with this canonical form will be further elabo-
rated in the longer version of this paper.) Third, computing the frequency of a
clause is computationally expensive as one evaluates a query against the whole
database. Several optimizations have been proposed in this context, cf. [2].

In our implementation, we employ the smartcall introduced in [16] in com-
bination with a heuristic for speeding up the computation of a coverage test
(i.e. a test whether a clause covers a specific example). The heuristic orders the
literals in a clause according to the number of answers it has. A more detailed
description of the effect of such an optimisation is given in [17]. We also store
the identifiers of the covered example which each frequent clause, which allows
to reduce the number of coverage tests needed as well as further optimizations.

One further feature of our implementation is worth mentioning. It was a de-
sign goal to produce a light Prolog implementation that would be small but still
reasonably efficient. In this regard, because many Prolog systems lack intelli-
gent garbage collection and have indexing problems for huge amounts of data,
it turned out crucial that the main memory required by Prolog is kept as small
as possible. This was realized by writing the sets Fi to files at level i, and then
reading the frequent clauses c again at level i+1 in order to compute the refine-
ments ρ(c) potentially belonging to Ci+1. Similarly, the Ii are written to a file
and indexed after each level. We plan to release the code of the system to the
public domain, once the paper is published.

6 Adaptations for Mining Free Clauses

Let us now discuss how to adapt the previously introduced algorithm for mining
free sets.

First, concerning the s-free clauses, we have made the following enhance-
ments:



Algorithm 1 Computing all clauses that satisfy an anti-monotonic constraint
con.

C0 := {h(K) ← key(K)}
i := 0;F0 := ∅;I0 := ∅
while Ci 6= ∅ do

Fi := {h ∈ Ci | con(h) = true}
Ii := Ci − Fi

Ci+1 := {h | h ∈ ρ(h′), h′ ∈ Ci}
i := i + 1
Ci := {h | h ∈ Ci and ¬∃s ∈ Sj Ij : s ¹ h}

end while

– use the constraint (freq(c,D) ≥ t) ∧ s − free(c,KB) instead of only the
minimum frequency threshold; this constraint is also anti-monotonic, hence
the algorithm can directly be applied;

– those candidates that do not satisfy the s-freeness constraint are simply
added to the appropriate Ii

– finally, before testing whether a candidate clause c is subsumed by an already
known infrequent clause, replace c by its completion under KB; this will
allow further pruning to take place.

Second, for what concerns the δ-free clauses, we employ the first two enhance-
ments. Observe that it is possible as well as desirable to employ the constraint
(freq(c,D) ≥ t) ∧ δ − free(c,D) ∧ s − free(c,KB). Then one does not only
use the already available knowledge in the background but also tries to discover
new knowledge. One interesting alternative for adding the non-δ-free candidates
to the Ii is to simply add them to the background theory. Doing so results in
propagating the effects of the discovered association rules by combining their
conclusions with those already in the background theory. When δ=0, this will
always yield correct results. However, when δ 6= 0, this might lead – in some cases
– to some unsound conclusions (because deduction using δ-free is not sound as
illustrated in Section 4).

7 Conclusions and Related Work

We have introduced various types of condensed representations for use in induc-
tive logic programming and we have demonstrated that this reduces the number
of patterns searched for, the number of solutions as well as the time needed for
the discovery task. Although condensed representations have been used in the
context of simpler pattern languages (such as item sets, sequences and graphs),
it is the first time that they have been employed within an inductive logic pro-
gramming setting. The notions δ-free and closed clauses are a direct upgrade of
the corresponding notions for item sets. However, the semantic notions are novel
and could easily be applied to the simpler pattern domains as well. The semantic
notions are somewhat related to the goal of deriving a non-redundant theory in



the clausal discovery engines by [9, 7]. In these engines, one was computing a set
H of 100 per cent confidence association rules in the form of clauses such that
no clause in H was logically redundant. Employing our semantic notions has a
similar effect as working with Buntine’s [4] generalized subsumption notion.

At this point, we wish to stress that working with semantically free and/or
closed clauses is not only useful when mining for frequent patterns, but can
also be beneficial when mining for other types of patterns, such as for classifi-
cation rules. This could – in an inductive logic programming setting – easily be
implemented by employing a semantic refinement operator.
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