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Semantics of Logic Programs with Aggregates

Nikolay Pelov

Department of Computer Science, K.U.Leuven
Celestijnenlaan 200A, B-3001 Heverlee, Belgium

Abstract

Aggregates are functions that take sets as arguments. Examples are the func-
tion that maps a set to the number of its elements or the function which maps
a set to its minimal element. Aggregates are frequently used in relational data-
bases and have many applications in combinatorial search problems and knowledge
representation. Aggregates are of particular importance for several extensions of
logic programming which are used for declarative programming like Answer Set
Programming, Abductive Logic Programming, and the logic of inductive defini-
tions (ID-Logic). Aggregate atoms not only allow a broader class of problems to
be represented in a natural way but also allow a more compact representation of
problems which often leads to faster solving times.

Extensions of specific semantics of logic programs with, in many cases, specific
aggregate relations have been proposed before. The main contributions of this
thesis are: (i) we extend all major semantics of logic programs: the least model
semantics of definite logic programs, the standard model semantics of stratified
programs, the Clark completion semantics, the well-founded semantics, the stable
models semantics, and the three-valued stable semantics; (ii) our framework admits
arbitrary aggregate relations in the bodies of rules.

We follow a denotational approach in which a semantics is defined as a (set of)
fixpoint(s) of an operator associated with a program. The main tool of this work is
Approximation Theory. This is an algebraic theory which defines different types
of fixpoints of an approximating operator associated with a logic program. All
major semantics of a logic program correspond to specific types of fixpoints of an
approximating operator introduced by Fitting. We study different approximating
operators for aggregate programs and investigate the precision and complexity of
the semantics generated by them. We study in detail one specific operator which
extends the Fitting operator and whose semantics extends the three-valued stable
semantics of logic programs without aggregates. We look at algorithms, complex-
ity, transformations of aggregate atoms and programs, and an implementation in
XSB Prolog.
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Niemelä and his students on the smodels system. He was also one of the first
people to introduce me to the area of non-monotonic reasoning and Answer Set
Programming. Part of my research on the stable semantics of disjunctive logic
programs was done during a visit to the University of Kentucky where Mirek
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Ronald Cools, Miros law Truszczyński, and Michael Gelfond who kindly accepted
to be members of the jury. I know that reading the following pages may not always
have been easy and I really appreciate their efforts. Maurice Bruynooghe deserves
a particular acknowledgement for carefully reading every single formula and proof.

Many thanks go to past and present office-mates (Bert Van Nuffelen, Emmanuel
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Chapter 1

Introduction

1.1 Logic Programming and Declarative Problem
Solving

Logic programming (Lloyd, 1987) is a research area that studies declarative pro-
gramming languages that are based on a formal logic. The landmark of this area
is the development of the Prolog language. Its execution scheme is based on the
resolution procedure of first-order logic. Originally, the language was restricted to
Horn clauses which can be written as implications with a single positive literal in
the consequent and no negative literals in the antecedent. The SLD resolution can
be used to derive positive consequences of a logic program.

For many practical applications it is useful not only to be able to derive negative
consequences from a program but also to allow a negation to be used in the bodies
of rules. This operator had a procedural semantics of negation as finite failure
(Clark, 1978).

The negation operator in logic programming initiated a large amount of re-
search on semantics foundations and proof procedures. We briefly recall the more
important semantics. For an extensive overview, we refer the reader to (Apt and
Bol, 1994). The first semantics of negation was given by classical models of the
program completion (Clark, 1978). This is a first-order logic theory in which
the combination of all rules of some predicate are considered as the if-and-only-if
definition of this predicate. The models of this theory were later characterized as
supported models and fixpoints of the immediate consequence operator TP (Apt
et al., 1988). An important milestone was the use of three-valued logic to define
semantics of logic programs. Using Kripke’s strong three-valued logic, Fitting
(Fitting, 1985) defined an immediate consequence operator that is monotone and
its least fixpoint is proposed as the intended meaning of the program. This se-
mantics was further refined by Kunen (Kunen, 1987) who considered three-valued

1



2 Chapter 1. Introduction

models of the program completion. The two most influential semantics of logic
programming are the stable models semantics (Gelfond and Lifschitz, 1988) and
the well-founded semantics (Van Gelder et al., 1991). The second semantics is
similar to the Kripke-Kleene semantics of Fitting (Fitting, 1985) in that every
logic program has a unique three-valued well-founded model. This model is in
general more precise than the Kripke-Kleene model. Its main advantage is that it
can model inductive definitions. The stable semantics is similar to Clark’s com-
pletion semantics (Clark, 1978) in the respect that a logic program may have
zero, one, or any number of stable models (which are two-valued models). In fact
stable models are a subset of the models of the program completion. The stable
semantics was later extended to the answer set semantics for programs with two
types of negation and disjunction in the head (Gelfond and Lifschitz, 1991). The
two semantics have been shown to be well-suited for knowledge representation and
non-monotonic reasoning (Baral, 2003; Baral and Gelfond, 1994; Gelfond, 2002;
Lifschitz, 2002).

Initially, only programs with a single answer set were considered well-behaved
(Gelfond and Lifschitz, 1988; Gelfond and Lifschitz, 1991). The advantages of hav-
ing multiple stable models were recognized much later (Marek and Truszczyński,
1999; Niemelä, 1999). They allow the possibility to encode constraint satisfac-
tion problems (CSP) and combinatorial optimization problems that have multiple
solutions (Niemelä, 1999). This resulted in the area of Answer Set Programming
(ASP) (Marek and Truszczyński, 1999; Niemelä, 1999). This is a novel paradigm
for declarative programming in which the answers of a logic program are encoded
as a set of models in contrast to traditional logic programming where answers are
given as a set of answer subsitutions. The success of ASP is also to a large extend
due to a number of efficient systems for computing answer sets like smodels (Si-
mons et al., 2002), dlv (Eiter et al., 2000), and cmodels-2 (Lierler and Maratea,
2004).

Abductive logic programming (Kakas et al., 1998) is another framework for
declarative programming which is closely related to answer set programming. It
distinguishes a set of open predicate A called abducibles, a logic program P defining
a set of rules, and a set of integrity constraints IC. A solution to an abductive
problem is a subset ∆ of the abducible atoms such that P ∪∆ |=SEM IC where the
entailment relation |=SEM depends on the choice of a semantics SEM . Besides the
conceptual difference between logic programming under the answer set semantics
and abduction, there is also a difference in how answers are computed. While
ASP systems compute models of propositional logic programs obtained after a
grounding process, abductive systems follow the more traditional approach in logic
programming by developing top-down resolution based proof procedures (Denecker
and De Schreye, 1998; Fung and Kowalski, 1997; Kakas et al., 2000; Kakas et al.,
2001). The strength of the recent abductive solvers (Kakas et al., 2000; Kakas
et al., 2001; Van Nuffelen, 2004) is the integration of constraint solvers in a similar
way as in Constraint Logic Programming. For constraint satisfaction problems
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these solvers can reduce, often in a backtrack free manner, a declarative problem
specification to a constraint store produced by a CLP program modeling the same
problem. Another advantage of abductive solvers over ASP systems is that they
work with a non-ground first-order specification and do not suffer from the blow
up of the size of ground logic programs. So, in general they scale much better.
They are better suited to solve planning and scheduling problems which involve
large resource amounts. The main disadvantage of abductive systems is that they
are incomplete and do not handle well programs with recursive definitions.

Another formalism which fits in the Answer Set Programming paradigm is the
recent extension of classical logic with inductive definitions (ID-Logic) (Denecker,
2000). It is similar to abductive logic programming because it also considers
open predicates, definitions, and integrity constraints. One of the goals of this
logic is to address a critique on ambiguity of the interpretation of the answer set
semantics (Denecker, 2004). Unlike the interpretation of the negation operator
under the stable semantics as default negation, in ID-Logic it is interpreted as
classical negation. The underlying principle of this logic is to interpret programs
as inductive definitions and not as non-monotonic theories as is the case with
the stable semantics (Gelfond and Lifschitz, 1988). The semantics of ID-Logic is
based on the well-founded semantics of logic programs (Van Gelder et al., 1991)
which Denecker argues, formalizes the principle of generalized inductive definitions
(Denecker, 1998; Denecker et al., 2001a).

1.2 Aggregates

Aggregates are functions which take sets or multisets as arguments. Examples of
aggregate functions are card which return the number of elements in the input
multiset and sum which returns the sum of the elements. In our work we study not
only aggregate functions but also aggregate relations. These are binary relations
where the first argument ranges over multisets and the second argument over
simple values. Aggregate relations can be used to model partial aggregate functions
(not defined for all multisets). For example the aggregate function avg which
returns the average of a multiset is not defined for the empty multiset. Aggregate
relations can also model aggregate functions which return a set of elements. For
example, a subset of a partially ordered set may have several minimal elements.

Aggregates are frequently used in relational databases and the SQL query
language. They are also common in many combinatorial search problems. There
are several reasons why extending logic programming with aggregates is useful.
Using aggregates often allows a more succinct representation of problems (Simons
et al., 2002). In many cases this also leads to faster solving times (Dell’Armi
et al., 2003a). This is similar to the use of global constraints (which are the
analog of aggregates) in constraint programming to obtain more efficient constraint
propagation (Beldiceanu and Contejean, 1994). A more important reason is to be
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able to model and solve problems that involve a type of quantitative reasoning
which is very cumbersome to model in a language based on first-order logic.

In a logical language, aggregate relations are modelled as second-order predic-
ates with a fixed interpretation. The input multiset of the aggregates is defined
by a pair of a set and a function. An aggregate atom has the form

r(λx. u(x), {x | ϕ(x)}, t)

where r is a name of an aggregate relation, λx. u(x) is a lambda expression whose
interpretation is a function, {x | ϕ(x)} is a set expression whose interpretation is
a set and t is a term. The input multiset of the aggregate is obtained by applying
the function defined by the lambda expression λx. u(x) to every element in the
set defined by the set expression {x | ϕ(x)}.

Aggregate atoms are very similar to generalized quantifiers (Lindström, 1966).
One difference between the two concepts is that generalized quantifiers do not take
lambda expressions as an input but instead may take several set expressions as an
input. The more important difference is that unlike aggregates which have a fixed
interpretation, generalized quantifiers are interpreted with a class of structures that
is closed under isomorphisms. The fact that aggregates have a fixed interpretation
is important for our study. For example, we present algorithms for computing
aggregates on partially defined sets that exploit specific properties of the aggregate
functions and of the domain of interpretation. In this respect programs with
aggregates are very similar to constraint logic programming (Jaffar and Maher,
1994) and aggregate relations are closely related to global constraints (Beldiceanu
and Contejean, 1994). In logic programming, the setof/3 and findall/3 predicates
for computing the set of all solutions of a goal can be considered as an early
predecessor of aggregates. In fact, they can be used to compute the value of a set
expression {X | ϕ(X)} as a list of tuples S using the query findall(X, ϕ(X), S).

1.2.1 Programs with Recursive Aggregates

The main challenge of our work was defining semantics of programs that contain
recursion over aggregate atoms. This is the case when the membership of the
elements in the input set of the aggregate atom depends on the value of the ag-
gregate on the set. The following example contains a program that has recursion
over aggregation.

Example 1.1 (Party Invitation I) A number of people are invited to a party.
A person p will accept the invitation if and only if at least k of his (her) friends
also accept the invitation. The friendship relation is given by a binary predicate
friend(X,Y ) meaning that Y is a friend of X. The input also consists of a relation
thr(X,T ) giving the lower bound T on the number of friends of X. The problem
is modeled by the program consisting of the following single rule:

accept(X)← thr(X,T ),card≥({Y | friend(X,Y ), accept(Y )}, T ).
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The aggregate relation card≥ is obtained by the composition of the aggregate
function card which returns the number of elements in the input multiset and
the relation ≥ on natural numbers. So, (M,d) ∈ card≥ if and only if the number
of elements in the multiset M is greater than or equal to d.

Note that accept(X) appears in the condition of the set expression defining the
input of the aggregate relation. �

Although problems with recursive aggregates are scarce, they come from diverse
areas like computer science, mathematics, economics, and natural language.

One can define models for programs without recursion over aggregation using a
well-known technique from logic programming known as stratification (Apt et al.,
1988; Mumick et al., 1990). The rules in a program are partitioned in several strata
such that the rules of the predicates used in a set expression of an aggregate atom
are in a strictly lower level than the rule with the aggregate atom. The model of a
stratified aggregate program is computed stratum by stratum. When computing
the model of a given stratum, the interpretation of the predicates defining the
input sets of all aggregate atoms in this stratum is completely defined and one can
simply evaluate the aggregate atom. The process of computing models of stratified
aggregate programs is very similar to the use of aggregates in the SQL language
where every query may use either tables or views, the latter corresponding to a
program at a lower stratum.

When studying examples of programs with recursion over aggregation we ob-
served two principles which can be used to define a semantics. The first one is the
principle of induction. An inductive definition is a a recipe for defining a set or a
concept by a constructive process. The most well-known type of inductive defin-
itions are monotone inductive definitions. A common way to define a monotone
inductive definition is as a monotone function f : ℘(X)→ ℘(X) where X is a set
and ℘(X) is the set of all subsets of X. The set which is inductively defined by f
is obtained by an iterative computation which starts by applying f to the empty
set and repeatedly applying f to the result of the last step. Because the function
f is monotone we obtain a sequence of growing sets. After a (possibly transfinite)
number of steps we reach a set S which cannot be improved any further. This
is the set which is defined inductively by f . According to the fixpoint theory of
monotone functions, S is also the smallest set such that f(S) = S, i.e. S is the
least fixpoint of f .

Logic programs can be regarded as inductive definitions by associating an im-
mediate consequence operator TP with a program P which maps between inter-
pretations (van Emden and Kowalski, 1976). For programs without negation in
the body, called definite logic programs, the TP operator is monotone. The set
which is inductively defined by P is the least fixpoint of TP . A standard example
of a monotone inductive definition is the transitive closure of a graph.

Example 1.2 Let edge be a binary relation defining a directed graph: (a, b) ∈
edge if and only if there is an edge from node a to node b. Consider the following
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program defining the binary predicate path:

path(X,Y )← edge(X,Y ).
path(X,Y )← edge(X,Z), path(Z, Y ).

This is a definite logic program. In the least fixpoint of the associated TP operator,
path(a, b) is true if there is a path between the nodes a and b. �

One of our results is a definition of the class of definite aggregate programs
which also have a monotone immediate consequence operator and its least fixpoint
defines the model of such program. For example, the program from Example 1.1
is a definite aggregate program, although we argue later that it should not be
considered as a monotone inductive definition.

There are also examples of programs with recursive aggregates which should
be considered as inductive definitions but for which the immediate consequence
operator is not monotone. This is the case, for example, for the formulation of
the problem of finding the shortest path between two nodes in a graph based on
Dijkstra’s algorithm. Denecker (Denecker, 1998; Denecker et al., 2001a) argues
that the well-founded semantics of logic programs (Van Gelder et al., 1991) form-
alizes the principle underlying non-monotone inductive definitions. In this work
we define several extensions of this semantics to aggregate programs.

The second way of interpreting programs with recursion over aggregation is
not as inductive definitions but as if-and-only-if definitions in first-order logic.
Under this view, a program may have several models which are considered as valid
solutions. Such models do not have to be obtained by a constructive process as is
the case for inductive definitions and can be self supported. The foundations of
this semantics are provided by the program completion (Clark, 1978) or supported
models (Apt et al., 1988). The party invitation problem from Example 1.1 is one
example of a problem which should be considered as an if-and-only-if definition.

Example 1.3 The meaning of the program P from Example 1.1 is given by the
following first-order theory comp(P ) known as the completion of P (Clark, 1978):

comp(P ) = {
∀X. accept(X)↔ thr(X,T ∧ card≥({Y | friend(X,Y ) ∧ accept(Y )}, T )}.

Any interpretation of accept which satisfies this formula is considered as a solution
of the problem.

Consider a situation where a person a will accept if and only if a person b will
accept and vice versa. This is modeled by the following input:

D =

{
friend(a, b). thr(a, 1).
friend(b, a). thr(b, 1).
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The first-order theory comp(P )∪D have two models. In one of them both accept(a)
and accept(b) are false, thus none of the persons accept the invitation. In the
other model both accept(a) and accept(b) are true, thus both persons accept the
invitation. �

1.2.2 Overview of Existing Work

The existing work of semantics of aggregate programs follows more or less the
same line of development as the semantics of logic programming. Mumick et al.
(Mumick et al., 1990) define semantics for several classes of aggregate programs:
least model semantics of monotonic aggregate programs extending the class of
definite logic programs (van Emden and Kowalski, 1976); perfect model semantics
of stratified and monotonic stratified programs extending the class of stratified
logic programs (Przymusinski, 1988); and the perfect model semantics of group
stratified programs which are similar to locally stratified programs (Przymusinski,
1988). A unique line of research in the semantics of aggregate programs which does
not have a parallel in logic programming is to consider the least fixpoint semantics
of programs with monotone immediate consequence operator under non-standard
orders (Ross and Sagiv, 1997; Van Gelder, 1993). These orders are based on partial
orders on the domain of the aggregation and may not form complete lattices.
Monotone aggregate functions were also studied in the context of partial order
programming (Osorio et al., 1999). A translation of partial order programs with
aggregates to normal logic programs without aggregates is provided (Osorio and
Jayaraman, 1999). However, the authors observe that the well-founded semantics
is sometimes too weak and study different extensions (Dix et al., 2001).

The previous extensions of the well-founded semantics (Van Gelder et al., 1991)
to aggregate programs (Kemp and Stuckey, 1991; Van Gelder, 1992) are too weak
and often leave too many undefined atoms. (Ganguly et al., 1995) studied the
well-founded semantics of programs containing only min and max aggregates. An
interesting approach which uses three-valued multisets and aggregate functions and
relations defined on three-valued multisets is the extension of the valid semantics
to aggregate programs (Sudarshan et al., 1993). (Van Nuffelen and Denecker,
2000) report on extending an abductive solver to reason with aggregates under
the semantics of Van Gelder(Van Gelder, 1992).

Most of the proposals for a stable semantics of aggregate programs (Gelfond,
2002; Kemp and Stuckey, 1991; Dell’Armi et al., 2003b) are based on a definition
of a program reduct which treats aggregate atoms as negative literals. Although
this approach is a straightforward extension of the stable semantics of normal logic
programs (Gelfond and Lifschitz, 1988), programs may have non-minimal stable
models and these semantics cannot model some problems with recursive aggreg-
ation. The most elaborate approach is the stable semantics of weight constraint
rules (Simons et al., 2002) implemented by the smodels system. However, the
syntax is limited only to specifying lower and upper bounds of the sum of the
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input set and extension to other aggregates is not obvious.
(Simons et al., 2002) also introduced the use of aggregate-like expressions in

the heads of rules. This has been further studied and generalized by (Marek
and Remmel, 2002; Marek and Remmel, 2004; Marek et al., 2004). Although the
syntax of these extensions generalizes the syntax of disjunctive logic programs, the
semantics (intentionally) admits non-minimal models unlike the stable semantics
of disjunctive logic programs (Gelfond and Lifschitz, 1991; Przymusinski, 1991).

Other approaches do not define directly well-founded or stable semantics of
aggregate programs. Instead they “implement” aggregates within the program
itself (Baral, 2003; Van Gelder, 1992; Zaniolo and Wang, 1999). This is done by
encoding the input set of the aggregates as lists or auxiliary predicates and then
defining the aggregates as predicates.

1.2.3 Overview of Results

In this thesis we lift the following semantics of logic programs to logic programs
with aggregates:

• least model semantics of definite logic programs (van Emden and Kowalski,
1976);

• completion semantics (Clark, 1978) and supported models (Apt et al., 1988);

• standard model semantics of stratified logic programs (Apt et al., 1988);

• stable models semantics (Gelfond and Lifschitz, 1988);

• well-founded semantics (Van Gelder et al., 1991);

• three-valued stable models (Przymusinksi, 1990);

• ultimate three-valued stable semantics (Denecker et al., 2004).

One of the important contributions of our work is that most of the properties
and relationships between all these semantics carry over to their extensions to
aggregate programs. This is not the case with many of the previous proposals
of semantics of aggregate programs or very little attention has been given to this
aspect. One type of relationship is that the semantics of a larger class of programs
coincides with the semantics of a smaller class of programs. For example, we show
that stratified aggregate programs have a single two valued stable model which is
also the well-founded model and coincides with the standard model. Tables 1.1,
and 1.2 summarize this type of relationships. Every cell in the table represents a
class of programs. The first column gives the names of the classes. The second
column gives the name of the semantics for logic programs without aggregates
which we extend and a reference where they are defined. The last column gives
a reference to the section in the thesis which extends the semantics for aggregate
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programs. The classes of programs in every row are a strict subset of the classes
of programs in the next row. Also the semantics for every row agrees with the
semantics in the previous row for the restricted class of programs. The same holds
for columns: the semantics of aggregate programs which we define coincides with
the semantics in the previous column for logic programs without aggregates.

programs without aggregates with aggregates
definite least fixpoint Section 3.3.1

(van Emden and Kowalski, 1976)
stratified standard model (Apt et al., 1988) Section 3.3.2
general well-founded (Van Gelder et al., 1991) Section 4.2

stable models (Gelfond and Lifschitz, 1988)
three-valued stable models
(Przymusinksi, 1990)

Table 1.1: Relationship between the Semantics I

programs without aggregates with aggregates
definite least fixpoint Section 3.3.1

(van Emden and Kowalski, 1976)
monotone least fixpoint (Kemp and Stuckey, 1991)
general ultimate three-valued stable Section 4.1

semantics (Denecker et al., 2004)

Table 1.2: Relationships between the Semantics II

The class of monotone programs on Table 1.2 is the class of programs which
have a monotone immediate consequence operator and is strictly larger than the
class of definite (aggregate) programs. The semantics of definite and stratified ag-
gregate programs have been studied before as monotonic and stratified monotonic
programs (Mumick et al., 1990). We argue that our definition is simpler and more
natural than the one in (Mumick et al., 1990). The other reason to redefine these
semantics is to show that one of the three-valued stable semantics for aggregate
programs which we define extends the semantics of these two classes in the same
way as the three-valued stable semantics of non-aggregate programs.

We do not define explicitly a well-founded and stable semantics. Instead we
define a class of three-valued stable models in the sense of Przymusinski (Przymu-
sinksi, 1990). The well-founded model is the least model in this class and the stable
models are the set of total three-valued stable models. Also, we do not define a
single three-valued stable semantics but a whole family, all of them extending the
three-valued stable semantics of logic programs (Przymusinksi, 1990) (and con-
sequently the stable (Gelfond and Lifschitz, 1988) and well-founded (Van Gelder
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et al., 1991) semantics). These semantics are parametrized by the way aggregate
functions and relations are extended to three-valued aggregate relations on three-
valued multisets. Among the semantics in this family we study in detail the most
precise one. There are several arguments why this semantics is interesting:

• This semantics has the most precise well-founded model and a larger number
of total stable models than any other semantics in this family.

• For most standard aggregate functions and relations the complexity of this
semantics remains the same as the complexity of logic programs without
aggregates.

• The semantics extends and unifies the semantics of several special classes of
aggregate programs including monotonic, stratified, and stratified monotonic
programs (Mumick et al., 1990); logic programs with extrema predicates
(Ganguly et al., 1995); and, for a large class of programs, the stable semantics
of weight constraint rules (Simons et al., 2002).

• Several natural transformations of extrema aggregate relations, like min and
sup, which are equivalent in classical logic remain equivalent under this
semantics.

• This semantics is precise enough to model correctly all examples with re-
cursive aggregation which we consider except one problem of a monotone in-
ductive definition (Example 4.7). Only the ultimate well-founded semantics
is strong enough to model this example because it extends the theory of
monotone inductive definitions.

Although we are concerned mostly with the study of the semantics of aggreg-
ate programs we provide several results which can be used in a practical imple-
mentation. Section 5.1.2 contains algorithms for computing three-valued aggregate
relations (used in the three-valued stable semantics) of most standard aggregate re-
lations. In Section 5.4 we discuss one approach for implementing the well-founded
semantics in an existing Prolog system. Also, Section 6.3.1 shows how three-valued
aggregate relations can be computed using constraint based techniques. This can
be used, for example, in an ASP system extended with a constraint solver, e.g.
(Pontelli et al., 2004).

Our final contribution is a complexity analysis of all semantics which we define.
The complexity results are parametrized by the complexity class containing the
problems of computing all aggregate relations (or, for some semantics, their ex-
tension to partial aggregate relations) used in the program.

The work contains an extensive collection of examples with recursive aggreg-
ates. Some of them (to the best of our knowledge) have not been discussed in the
logic programming literature before.



1.2. Aggregates 11

1.2.4 Methodology

We follow a denotational approach for defining semantics in which a (set of)
model(s) is defined as a (set of) fixpoint(s) of a suitable operator associated with
the logic program. The least model semantics of definite logic programs, the com-
pletion semantics, and the standard semantics of stratified programs can all be
defined as special types of fixpoints of the immediate consequence operator TP
(van Emden and Kowalski, 1976).

For the well-founded, stable, and, more generally, the three-valued stable se-
mantics we use the framework of Approximation Theory (Denecker et al., 2000).
This is an algebraic theory for approximating the fixpoints of non-monotone lat-
tice operators. It combines ideas from the alternating fixpoint construction of the
well-founded semantics (Van Gelder, 1989) and the setting of bilattices developed
by Fitting (Fitting, 1991a; Fitting, 1991b; Fitting, 1993; Fitting, 2002). The cent-
ral concept in this theory is that of an approximating operator A : L2 → L2 of an
operator O : L→ L where L is a complete lattice. One of the requirements of an
approximating operator is that it is monotone in a precision order on the bilattice
L2. By applying the Knaster-Tarski fixpoint theory of monotone operators, A has
a least fixpoint (x, y). This fixpoint “approximates” all fixpoints of O in the sense
that x ≤ z ≤ y for every fixpoint z of O. For every approximating operator A
of O, Approximation Theory defines a stable operator SA : L2 → L2 of O. The
fixpoints of this operator are called stable fixpoints1 of A. The stable operator SA
is also monotone and its least fixpoint is called well-founded fixpoint.

Very often an operator O : L→ L has many approximating operators and each
one of them may have a different set of stable and well-founded fixpoints. The
relationship between approximating operators was studied in (Denecker et al.,
2004) where the authors define a precision order between them. They show that
more precise approximating operators have more precise well-founded fixpoints
and a larger number of total stable fixpoints. Also, there exists a most precise
approximating operator UO : L2 → L2 of O, called the ultimate approximating
operator. An important property of this operator is that if O is a monotone
operator, the well-founded fixpoint of UP is total and coincides with the least
fixpoint of O.

We use all the latest developments of Approximation Theory, including the
characterization of three-valued stable models on consistent approximations (De-
necker et al., 2004) and stratification of operators (Gilis and Denecker, 2002; Ven-
nekens et al., 2003).

1Stable fixpoints correspond to four-valued stable models (Fitting, 2002).
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1.3 Overview of the Thesis

In Chapter 2 we present the necessary technical background for understanding
the rest of the results. In Chapter 3 we introduce the concept of aggregates and
study several basic properties. We also present the semantics of aggregate pro-
grams based on two-valued logic: the least fixpoint semantics of definite aggregate
programs, the standard model of stratified aggregate programs and the semantics
based on program completion. In Chapter 4, we define several three-valued stable
model semantics of aggregate programs based on Approximation theory. One of
them is the ultimate three-valued stable semantics of aggregate programs (De-
necker et al., 2001b) which extends the ultimate semantics of logic programs (De-
necker et al., 2004). This is the most precise semantics in the sense of having the
most precise well-founded model and the largest number of total stable models
in the framework of approximation theory. We also study a family of semantics
which extend the three-valued stable semantics of logic programs (Przymusinksi,
1990). In Chapter 5 we study in more detail the most precise semantics in this
family. In the last chapter (Chapter 6) we use a propositional syntax of aggregate
programs to study complexity of the various semantics and discuss related work.

Publications and Co-authors

The work on the semantics of aggregate programs is a joint work with Marc
Denecker. Only part of the results are published. First appeared the work on
the ultimate semantics (Section 4.1) at ICLP’01 (Denecker et al., 2001b). The
three-valued stable semantics (Section 4.2) together with a discussion of the re-
lationship with smodels (Section 6.3.2) and “Aggregates as Negative Literals”
(Section 4.3.3) were published at the LPNMR’04 conference (Pelov et al., 2004).
We used the propositional syntax of Chapter 6 to simplify the presentation and
the discussion with related work. The translation of aggregate programs to normal
logic programs (Section 5.3.6) was presented for a propositional language at the
workshop on Answer Set Programming in Messina, Italy (Pelov et al., 2003) again
for propositional programs. The algebraic characterization of the stable semantics
of disjunctive logic programs (Section 4.4) is a result of the work during my visit
of the University of Kentucky, Lexington, USA in collaboration with Miros law
Truszczyński and is submitted for review (Pelov and Truszczyński, 2004).

The thesis does not include the work on proving failure of queries for definite lo-
gic programs using XSB Prolog (Pelov and Bruynooghe, 1999) which I did together
with Maurice Bruynooghe during my pre-doctoral year; an experimental work on
comparing the performance of different ASP systems (Pelov et al., 2000a; Pelov
et al., 2000b) which is a joint work with Emmanuel De Mot, Marc Denecker, and
Maurice Bruynooghe; and the joint work with Maurice Bruynooghe on extending
constraint logic programming with open functions (Pelov and Bruynooghe, 2000).



Chapter 2

Technical Background

In this chapter we present the necessary technical background for understanding
the rest of the presentation.

2.1 Lattice Theory

In this section we recall some basic notions from lattice theory and fixpoint theory
of monotone functions (Davey and Pristley, 1990).

Definition 2.1 (Partial Order) Let P be a set. A partial order on P is a binary
relation ≤ on P such that, for all x, y, z ∈ P ,

x ≤ x (reflexivity)
x ≤ y ∧ y ≤ x⇒ x = y (antisymmetry)
x ≤ y ∧ y ≤ z ⇒ x ≤ z (transitivity)

A partially ordered set or poset for short is a pair 〈P,≤〉 of a set P and a partial
order ≤ on P . When the partial order ≤ is clear from the context we denote a
poset simply by P . A partial order relation ≤ gives rise to a strict order < defined
as: x < y if and only if x ≤ y and x 6= y.

Example 2.1 Let X be a set. The powerset ℘(X) of X consists of all subsets
of X. The subset inclusion relation ⊆ on ℘(X) is a partial order relation and
〈℘(X),⊆〉 is a poset. �

A poset P is a chain if for all x, y ∈ P , either x ≤ y or y ≤ x. Sometimes, we
also say that P is a totally ordered set. On the other hand P is an antichain if all
elements in P are incomparable, i.e., if x ≤ y in P then x = y.

Let S be a subset of P . We say that an element a ∈ S is a maximal element of
S if for all x ∈ S, a ≤ x implies a = x. Similarly, an element a ∈ S is a minimal

13
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element of S if for all x ∈ S, x ≤ a implies a = x. The sets of maximal and
minimal elements of S are denoted by max(S) and min(S) respectively.

A well-founded order is a partial order relation ≤ on P such that every non-
empty subset S ⊆ P , S has a minimal element, i.e. min(S) 6= ∅. A total well-
founded order is called a well-order.

An element a ∈ S is greatest (or top) if for all x ∈ S, x ≤ a and least (or bottom)
if for all x ∈ S, a ≤ x. The greatest and least elements of a set S are unique,
if they exist. Consequently, they are denoted with top(S) and bot(S). The top
and bottom elements of the whole poset P (if they exist) are denoted with > and
⊥ .

Let S be a subset of P . We say that an element a ∈ P is an upper bound of
S if x ≤ a for all x ∈ S. Similarly, a ∈ P is a lower bound of S if a ≤ x for
all x ∈ S. The sets of upper and lower bounds of S are denoted with ub(S) and
lb(S) respectively. Note that ub(∅) = P and lb(∅) = P .

Finally, an element a ∈ P is a supremum of S, denoted as a =
∨
S if a is the

least upper bound of S. Dually, a ∈ P is an infimum of S, denoted with a =
∧
S,

if it is the greatest lower bound of S. Again if the infimum or supremum of a set
exist then they are unique. Infima and suprema of two element sets are of special
importance. So, we adopt the following notation: x ∨ y for the least upper bound
of {x, y} and x ∧ y for the greatest lower bound of {x, y}.

Definition 2.2 Let P be a non-empty poset. If x∨y and x∧y exist for all x, y ∈ P
then P is called a lattice. If

∨
S and

∧
S exist for all S ⊆ P then P is called a

complete lattice.

Example 2.2 The powerset lattice 〈℘(X),⊆〉 from Example 2.1 is an example of
a complete lattice. Infimum and supremum of a set C of subsets of X are defined
as the intersection and union of the sets in C. �

Example 2.3 Consider the poset F = 〈fin(℘(X)),⊆〉 of all finite subsets of a
set X. If X is finite then F is a complete lattice. However, if X is infinite then F
is a lattice but not complete. This is because the union of an infinite number of
finite sets may not be finite. �

2.1.1 Fixpoint Theory of Monotone Functions

We now present the fixpoint theory of monotone functions. The result that every
monotone function on a complete lattice has a least fixpoint is usually attributed
to Knaster and Tarski (Tarski, 1955). However, there are many versions of this
theorem and its origins are difficult to trace precisely (Lassez et al., 1982). We give
the weakest condition for the existence of least fixpoints of monotone functions.
The following results can be found in (Cousout and Cousout, 1979; Markowsky,
1976; Davey and Pristley, 1990).



2.1. Lattice Theory 15

Definition 2.3 Let F : P → Q be a map on posets P and Q. We say that F is
monotone if x ≤ y implies F (x) ≤ F (y) for all x, y ∈ P and anti-monotone if
x ≤ y implies F (y) ≤ F (x) for all x, y ∈ P .

Let F : P → P be a self-map on a poset P . An element x ∈ P is a fixpoint of
F if F (x) = x, pre-fixpoint if F (x) ≤ x and post-fixpoint if x ≤ F (x). The sets of
fixpoints, pre-fixpoints, and post-fixpoints of F are denoted with fp(F ), pre(F ),
and post(F ) respectively. The least and the greatest fixpoints of F (whenever they
exist) are denoted with lfp(F ) and gfp(F ) respectively.

An important question in fixpoint theory is the study of fixpoints of monotone
functions. The simplest class of posets for which every monotone map has a least
fixpoint are the chain-complete posets.

Definition 2.4 A poset P is chain-complete if and only if every chain has a
supremum.

Because the empty set is also a chain and
∨
∅ = ⊥ then a chain-complete poset

always have a bottom element.

Proposition 2.1 Let F : P → P be a monotone function on a chain-complete set
P . Then F has a least fixpoint.

Chain-completeness is not only sufficient but also a necessary condition for the
existence of a least fixpoint of every monotone function.

Theorem 2.2 ((Markowsky, 1976), Theorem 11) Let P be a poset. Every
monotone self-map F : P → P has a least fixpoint if and only if P is chain-
complete.

Another type of poset which we encounter is that of complete semilattices.

Definition 2.5 (Complete Semilattice) Let P be a chain-complete poset1. If∧
S exists for all non-empty subsets S of P then P is called a complete semilattice.

A complete semilattice P is almost a complete lattice — it may only lack a
top element. In fact, adding a top element to P will make it a complete lattice.
However, the opposite is not always true — removing the top element from a
complete lattice may not results in a complete semilattice.

Example 2.4 Consider the set N∞ = N∪{∞}. It is a complete lattice under the
standard order ≤ on the natural numbers. However, N is not chain-complete (and
consequently not a complete semilattice) because N is a chain but

∨
N does not

exists. �
1The definition of complete semilattice is usually based on a complete partial order instead

of a chain-complete poset. However, the two notions are equivalent (Davey and Pristley, 1990,
Theorem 8.11).
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Let P be a chain-complete poset and F : P → P a monotone function. The
least fixpoint of F can also be computed by a transfinite iteration of F starting
from the bottom element.

Definition 2.6 The ordinal powers of F starting from x are defined as follows:

F 0(x) = x
Fα+1(x) = F (Fα(x)) for a successor ordinal α+ 1
Fα(x) =

∨
β<α F

β(x) for a limit ordinal α

The ordinal powers of a monotone function F are used to compute its least
fixpoint.

Proposition 2.3 ((Cousout and Cousout, 1979)) There exists an ordinal ∞
such that F∞(⊥) = lfp(F ).

The ordinal∞ at which we reach the least fixpoint is called the closure ordinal
of F .

2.2 Computational Complexity

We present some basic concepts from complexity theory. A classical introduction
to the subject is the book by Garey and Johnson (Garey and Johnson, 1979).

An alphabet is a finite set Σ of symbols. The set of all finite strings over Σ,
including the empty string ε is denoted with Σ∗. A language L is a subset of Σ∗.

Definition 2.7 A decision problem is a pair 〈L,Y〉 of a language L and a set
Y ⊆ L of yes-instances. A string s ∈ L is called an instance of a problem.

A class is a set of decision problems. The complement co-C of a class C is
defined as

co-C = {〈L,L − Y | 〈L,Y〉 ∈ C}.

The standard model of computation for studying complexity is a Turing ma-
chine (TM). This is a finite state machine which consists of a read-write head and
an infinite two-way tape. Initially, the head is pointing at the beginning of an
input string written on the tape and the machine is in a pre-defined initial state.
At every step of the computation, the machine reads the symbol on the tape at
the current position of the head. Depending on the current state, the machine
writes a new symbol at the current position, changes to a new state, and moves
the head to the left or right.

Definition 2.8 A Turing machine M is a tuple 〈Q,Σ, δ, q0, F 〉 where Q is a finite
set of states, Σ is a finite alphabet, q0 ∈ Q is the initial state, F ⊆ Q is a set of
final states, and δ : (Q− F )× Σ→ Q× Σ× {−1,+1} is a transition function.
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A non-deterministic Turing machine (NDTM) is a Turing machine with a non-
deterministic transition function. So, in every step of the computation the machine
may have several possible choices how to continue. An input string s is accepted
by a NDTM if there exists a computation which ends in a final state.

Definition 2.9 (P and NP) The class P of polynomial-time computable decision
problems consists of all decision problems 〈L,Y〉 for which there exists a determ-
inistic Turing machine which for every instance s ∈ L decides in polynomial time
in the size of s if s ∈ Y. The class NP is defined in a similar way but using
non-deterministic instead of deterministic Turing machines.

The complexity of many of the problems discussed in our work belong to classes
of the polynomial hierarchy. This is an infinite hierarchy of complexity classes,
starting with P and NP, defined by using oracle machines.

An oracle machine is a Turing machine which can make calls to a subroutine
— the oracle — deciding some fixed problem in constant time. Let C be a class
of problems defined by some resource bounds and A a class of decision problems.
By CA we denote the class of problems decidable by a Turing machine with the
same resource bounds as C and an oracle for a problem in A.

Definition 2.10 The polynomial hierarchy is defined as follows:

∆p
0 = Σp0 = Πp

0 = P

∆p
k+1 = PΣp

k , Σpk+1 = NPΣp
k , Πp

k+1 = co-NPΣp
k

In particular, NP = Σp1 and co-NP = Πp
1. A problem is in the k-th level of the

polynomial hierarchy if it is in the class ∆p
k+1.

Next, we introduce the notion of complete problems. These are the “hardest”
problems for a given class because all other problems can be reduced to them. The
following definition makes precise the notion of reduction.

Definition 2.11 A polynomial transformation from a problem Π1 = 〈L1,Y1〉 to
a problem Π2 = 〈L2,Y2〉, denoted with Π1 ∝ Π2, is a function f : L1 → L2 which
is computable by a polynomial time Turing machine and for every x ∈ L1, x ∈ Y1

if and only if f(x) ∈ Y2.

Definition 2.12 (Completeness) A decision problem Π is complete for a com-
plexity class C of the polynomial hierarchy if Π ∈ C and Π′ ∝ Π for all Π′ ∈ C.

The standard complete problem for the k-th class Σpk of the polynomial hier-
archy is the k-qbf problem defined as: is the quantified boolean formula

∃x∀y . . . F (x,y, . . .)
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with k quantifier alternations true? Complete problems for the classes Πp
k are

obtained by considering quantified boolean formulas with k quantifier alternations
starting with a universal quantifier. A complete problem for the class NP = Σp1 is
to decide if a given closed propositional formula ∃x. F (x) is true which is equivalent
to the problem sat of satisfiability of F (x).

2.3 First-order Logic

We start by defining many-sorted first-order languages. Let S be a set of sorts
which are names of various domains under consideration.

Definition 2.13 (Signature) A signature Σ is a triple 〈S; F ; P 〉 where

• S is a set of sorts;

• F is a set of pairs f : s1×· · ·×sn → w where n ≥ 0, f is a function symbol,
s1 × · · · × sn → w is the type of f , and s1, . . . , sn, w ∈ S;

• P is a set of pairs p : s1 × · · · × sn where n ≥ 0, p is a predicate symbol,
s1 × · · · × sn is the type of p, and s1, . . . , sn ∈ S.

We use Func(Σ) and Pred(Σ) to denote the sets F and P of Σ. A function
symbol with type → s is called a constant of type s.

Example 2.5 In this work we use frequently a signature with a single sort n
containing the standard arithmetic function and predicate symbols

Σ = 〈{n}; {0: → n,+,−, ∗, / : n× n→ n}; {=,≤ : n× n}〉. �

Definition 2.14 (Terms) Let V = 〈Vs〉s∈S be an S-indexed collection of sets of
variables disjoint from the constants in F . For every sort s ∈ S the set Ts(Σ, V )
of terms of sort s is inductively defined as follows:

• a variable x ∈ Vs of type s is a term of sort s;

• if f : s1 × · · · × sn → w ∈ Func(Σ) and t1 ∈ Ts1(Σ, V ), . . . , tn ∈ Tsn(Σ, V )
then f(t1, . . . , tn) ∈ Tw(Σ, V ) is a term of sort w.

An atom has the form p(t1, . . . , tn) where p : s1 × · · · × sn ∈ Pred(Σ) is a
predicate symbol and t1, . . . , tn are terms of types s1, . . . , sn respectively. A literal
is an atom (positive literal) of the form p(t1, . . . , tn) or the negation of an atom
(negative literal) of the form ¬p(t1, . . . , tn). The complement L of a literal L is
defined as A = ¬A for a positive literal A and ¬A = A for a negative literal
¬A. The set LΣ of first-order Σ-formulas is defined in the usual way by using
the logical connectives ¬,∧,∨ and quantifiers ∀,∃. A formula without negation is
called positive.
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Definition 2.15 The set FV (·) of free variables for terms and formulas is defined
as follows:

FV (x) ={x} for a variable x ∈ V
FV (f(t1, . . . , tn)) =FV (t1) ∪ · · · ∪ FV (tn) where f is a function or

predicate symbol
FV (¬ϕ) =FV (ϕ)

FV (ϕ ◦ ψ) =FV (ϕ) ∪ FV (ψ) where ◦ ∈ {∨,∧}
FV (Qx. ϕ) =FV (ϕ)− {x} where Q ∈ {∃,∀}

The existential and universal closures of a formula ϕ are denoted with ∃̃ϕ and
∀̃ϕ and defined as ∃̃ϕ = ∃FV (ϕ). ϕ and ∀̃ϕ = ∀FV (ϕ). ϕ respectively. Terms and
formulas without variables are called ground and without free variables are called
closed. A Σ-theory is a set of closed Σ-formulas.

Definition 2.16 (Structure) A Σ-structure D consists of the following:

• for each sort s ∈ S a domain Ds;

• for each function symbol f : s1 × · · · × sn → w ∈ Func(Σ) a function
fD : Ds1 , . . . , Dsn → Dw;

• for each predicate symbol p : s1 × · · · × sn ∈ Pred(Σ) a relation pD ⊆ Ds1 ×
· · · ×Dsn .

Example 2.6 (Term Algebra) Let Σ be signature which contains at least one
constant from each sort and no predicate symbols. The term algebra T (also known
as a Herbrand pre-interpretation) is defined as follows. For every sort s ∈ S, the
domain of s is the set of ground Σ-terms Ts(Σ, ∅) of type s. The function symbols
from Σ are interpreted as term constructors, i.e. fT (t1, . . . , tn) = f(t1, . . . , tn). �

A variable assignment is a S-indexed family of functions σs : Vs → Ds which
map every variable x ∈ Vs of sort s to an element σs(x) ∈ Ds. With σx=d we
denote the variable assignment which maps x to d and maps all other variables as
σ, i.e. σx=d(x) = d and σx=d(y) = σ(y) for y 6= x.

A variable assignment σ can be extended in a standard way to a valuation function
of terms J·KσD : T (Σ, V )→ D as follows:

JxKσD = σ(x) for a variable x ∈ V
Jf(t1, . . . , tn)KσD = fD(Jt1KσD, . . . , JtnK

σ
D) for a term f(t1, . . . , tn) ∈ T (Σ, V )

Definition 2.17 (Truth function) Given a Σ-structure D and a variable as-
signment σ, the truth function for first-order formulas HσD(·) : L → {f , t} is
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defined as:

HσD(p(t1, . . . , tn) =

{
f , if (Jt1KσD, . . . , JtnK

σ
D) 6∈ pD

t, if (Jt1KσD, . . . , JtnK
σ
D) ∈ pD

HσD(¬ϕ) = ¬HσD(ϕ)
HσD(ϕ ∨ ψ) = HσD(ϕ) ∨HσD(ψ)
HσD(ϕ ∧ ψ) = HσD(ϕ) ∧HσD(ψ)
HσD(∃x. ϕ(x)) =

∨
d∈DHσD(ϕ(d))

HσD(∀x. ψ(x)) =
∧
d∈DHσD(ψ(d))

We also use the more conventional notion of a satisfiability relation — D |=σ ϕ
if and only if HσD(ϕ) = t. When the structure D is clear from the context, we drop
the superscript D of the valuation function J·K and truth function H.

A model of a Σ-theory T is a Σ-structure D such that D |= ϕ for every ϕ ∈ T .

2.4 Constraint Domains

In this section we recall the definition of constraint domains and their basic prop-
erties from (Jaffar and Maher, 1994; Jaffar et al., 1998).

A constraint domain is a tuple C = 〈Σ,D,L, T 〉 where:

• Σ is a first-order signature;

• L is a subset of the first-order Σ-language of allowed constraints;

• D is a Σ-structure which provides the intended interpretation of the con-
straints;

• T is a Σ-theory which describes the logical semantics of constraints;

• solv - a solver for the constraint domain.

A formula C ∈ L is called constraint and a Σ-atom is called a primitive con-
straint.

The signature Σ is assumed to contain the equality predicate = which is in-
terpreted as identity in D and that T contains the standard equality axioms for
reflexivity, symmetry, transitivity and function and predicate substitution for the
symbols in Σ.

We require the language L of the constraint domain C to contain all primitive
constraints and to be closed under variable renaming and conjunction.

The Σ-structure D must be a model of T .

Definition 2.18 A solution of a constraint c is a variable assignment σ such that
D |=σ c. The set of all solutions of c is defined as:

sol(c) = {σ | D |=σ c}.
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We say that two constraints c1 and c2 are equivalent if sol(c1) = sol(c2).

The constraint solver solv transforms a constraint c to a set of constraints in
a solved form which satisfy the following properties (Comon, 1991):

• Solvability - a constraint in solved form is either f or has at least one solution.

• Simplicity - every solution can be easily obtained from a solved form.

• Completeness - every problem is equivalent to a disjunction of solved forms.

A well-known solved form in the domain of equality of finite trees is the uni-
fication solved form which has the form ⊥ or x1 = t1 ∧ . . . ∧ xn = tn where the xi
are variables that occur only once.

2.5 Logic Programming

We use a syntax and semantics of logic programs which is a combination of pro-
grams with first-order rule bodies (Lloyd and Topor, 1984) and Constraint Logic
Programming (Jaffar and Maher, 1994; Jaffar et al., 1998). In particular, we dis-
tinguish between pre-defined symbols given by a first-order signature Σ and a set
of user-defined predicate symbols Π. Let Σ(Π) = 〈S; F ; P ∪ Π〉 be a signature
with a distinguished set of user-defined predicate symbols Π.

A Σ(Π)-rule is of the form

p(t1, . . . , tn)← ϕ

where p : s1 × · · · × sn ∈ Π is a user-defined predicate, t1, . . . , tn are Σ-terms of
types s1, . . . , sn, and ϕ is a Σ(Π)-formula. The atom p(t1, . . . , tn) is called the
head of the rule and the formula ϕ the body. A normal rule is a rule whose body
is a conjunction of Σ(Π)-literals. A Σ(Π)-logic program is a (possibly infinite)
set of rules. A normal logic program is a logic program for which all rules are
normal. A definite logic program is a logic program for which the bodies of all
rules are positive formulas. A definite normal logic program is a normal logic
program without negative literals in the body. For normal logic programs we use
the symbol “,” for conjunction and not for negation to distinguish the syntax from
that of logic programs.

For the rest of the text we assume a fixed signature Σ and a fixed Σ-structure D
interpreting the pre-defined symbols. For logic programs it is more convenient to
give the interpretation of the user-defined symbols Π separately from the structure
D. The D-base baseD(Π) of Π is defined as

baseD(Π) = {p(d1, . . . , dn) | p : s1 × · · · × sn ∈ Π, and
d1 ∈ Ds1 , . . . , dn ∈ Dsn

}.
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An interpretation of the user-defined symbols Π is a mapping I : baseD(Π) →
{f , t}. An interpretation I can also be specified by the subset I ⊆ baseD(Π) of the
atoms which are assigned a value true. The set of all interpretations is denoted
as I = ℘(baseD(Π)). It forms a complete lattice under the subset inclusion order
(see Example 2.2). An interpretation I is a model of a program P if I |= ∀̃r for
every rule r ∈ P where the symbol ← is interpreted as a logical implication.

A rule with free variables is normally understood as a notation for all instances
obtained by grounding the free variables. We define the grounding of a program
P over a structure D as follows:

groundD(P ) = {p(Jt1KσD, . . . , JtnKσD)← σ(ϕ) | p(t1, . . . , tn)← ϕ ∈ P and
σ is a variable assignment}.

The grounding of a logic program consists of a set of closed rules. We use the
name “ground” because it is a standard terminology.

A central role for defining and studying the semantics of logic programs plays
the TP operator introduced by van Emden and Kowalski (van Emden and Kowal-
ski, 1976).

Definition 2.19 The two-valued immediate consequence operator TP : I → I
for a logic program P is defined as

TP (I) = {A ∈ baseD(Π) | A← B ∈ ground(P ) and D, I |= B}.

Most of the semantics of logic programs correspond to different types of fix-
points of the TP operator. For a definite normal program P the TP operator is
monotone. In this case the least fixpoint of TP coincides with the least model of
P (van Emden and Kowalski, 1976).

The immediate consequence operator of logic programs with negation may not
be monotone. There is, however, a correspondence between pre-fixpoints of TP
and models of P .

Proposition 2.4 I |= P if and only if TP (I) ⊆ I.

One of the first semantics of logic programs with negation is Clark’s completion
semantics (Clark, 1978). It interprets the collection of all rules with the same
predicate symbol p in the head as the if-and-only-if definition of p.

Definition 2.20 The completion comp(P ) of a program P is a first-order theory
defined as follows. First, every rule in P of the form

p(t1, . . . , tn)← ϕ

is rewritten as

p(x1, . . . , xn)← ∃y. x1 = t1 ∧ . . . ∧ xn = tn ∧ ϕ
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where y = FV (t1) ∪ . . . ∪ FV (tn). Then, for every predicate symbol p ∈ Π we
replace the (possibly empty) set of all rules with p in the head

p(x1, . . . , xn)← ϕ1.

...
p(x1, . . . , xn)← ϕm.

with the formula
∀̃p(x1, . . . , xn)↔ (ϕ1 ∨ . . . ∨ ϕm).

The original definition of the completion also includes the axioms of the equality
predicate and the unique name axioms. However, these are incorporated in the
structure D of the pre-defined symbols. Models of the theory comp(P ) formalize
the intuition of supported models. A model I of P is supported if for every atom
A ∈ I there exists a rule A← ϕ ∈ ground(P ) such that I |= ϕ. Finally, supported
models correspond to fixpoints of the TP operator. So, we have the following
result.

Proposition 2.5 ((Apt et al., 1988)) The following statements are equivalent:

1. I is a supported model of P ;

2. I |= comp(P );

3. TP (I) = I.

2.6 Approximation Theory

Approximation Theory (AT) is an algebraic theory which studies approximations
of the fixpoints of non-monotone lattice functions. (Denecker et al., 2000; Denecker
et al., 2002; Denecker et al., 2004).

2.6.1 Bilattices

The basic concept in approximation theory is that of a bilattice. In the literature
there are different definitions of a bilattice (Ginsberg, 1988; Fitting, 1991a). For
our purposes it suffices to consider a bilattice as the product of a lattice endowed
with two partial orders:

Definition 2.21 (Bilattice) Let 〈L,≤〉 be a lattice. A bilattice is a structure
〈L2,≤t,≤p〉 where ≤t and ≤p are partial orders called the truth order and the
precision order respectively and defined as follows:

truth order: (x, y) ≤t (x1, y1) if and only if x ≤ x1 and y ≤ y1
precision order: (x, y) ≤p (x1, y1) if and only if x ≤ x1 and y1 ≤ y
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Figure 2.1: The structures T WO, T HREE , and FOUR.

We denote a bilattice simply with L2. The restriction of L2 to pairs (x, y) such
that x ≤ y is denoted with Lc.

We call the elements (x, y) of the bilattice L2 approximations. The element x
is called the under-estimate and the element y is called the over-estimate of the
approximation (x, y). A pair (x, y) such that x ≤ y is called consistent and if x = y
it is called exact. A consistent pair (x, y) ∈ Lc can be seen as an approximation
of all elements in the interval [x, y] = {z ∈ L | x ≤ z ≤ y} which is non-empty.
The precision order ≤p corresponds to the precision of the approximation, that is
(x, y) ≤p (x1, y1) if and only if [x, y] ⊇ [x1, y1]. Exact pairs (x, x) approximate a
single element x and represent the embedding of L in L2 (or Lc).

Proposition 2.6 The posets 〈L2,≤t〉 and 〈L2,≤p〉 are lattices. If L is complete
lattice then so are 〈L2,≤t〉 and 〈L2,≤p〉.

The structure of the set of consistent elements Lc is given by the following
proposition.

Proposition 2.7 ((Fitting, 1991a)) If L is complete lattice then (Lc,≤t) is a
complete lattice and (Lc,≤p) is a complete semilattice.

Example 2.7 Consider the lattice T WO = {f , t} of classical truth values ordered
as f < t. We denote the bilattice T WO2 of T WO with FOUR and the set of
consistent approximations T WOc with T HREE (Figure 2.1).

The exact pairs (f , f) and (t, t) are the embedding of the classical truth values
f and t respectively. Only the pair (f , t) approximates more than one truth value,
namely the set {f , t}, and corresponds to the value of undefined, denoted with u.
The pair (t, f) does not approximate any element and corresponds to the truth
value of inconsistent, denoted with i.

The truth order ≤t is used to define conjunction and disjunction in FOUR
which are interpreted as greatest lower bound ∧t and least upper bound ∨t re-
spectively. Negation in FOUR is defined as ¬(x, y) = (¬y,¬x). In particular,
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¬f = t, ¬t = f , ¬u = u, and ¬i = i. This interpretation of the logical connectives
in the bilattice FOUR is the same as Belnap’s four-valued logic (Belnap, 1997).

By Proposition 2.7, the poset 〈T HREE ,≤t〉 is a complete lattice. Consequently,
the operations ∧t and ∨t are well-defined. They have the same interpretation as
the Kleene’s strong three-valued logic. �

Example 2.8 Let L = ℘(D) be the powerset lattice of some domain D. The
bilattice L2 consists of pairs of sets (S1, S2). A set S ∈ L can be viewed as a
two-valued function S : D → TWO. Sometimes it is convenient to look at a pair
of two-valued functions (S1, S2) as a four-valued function S̃ : D → FOUR defined
as S̃(x) = (S1(x), S2(x)).

The set of consistent approximations Lc of L consists of all pairs of sets (S1, S2)
such that S1 ⊆ S2 ⊆ L. We refer to such pairs as three-valued sets or three-valued
relations. A three-valued set S̃ = (S1, S2) can be viewed as a pair of functions
S1, S2 : D → TWO such that S1(x) ≤ S2(x) for all x ∈ D or as a function
S̃ : D → T HREE defined as S̃(x) = (S1(x), S2(x)). �

2.6.2 Approximating Operators

Bilattices are used to approximate fixpoints on lattice operators. To this end we
introduce the concept of approximating operator.

Definition 2.22 (Approximating Operator) Let O : L→ L be an operator on
a complete lattice L. We say that A : L2 → L2 is an approximating operator of
O : L→ L if A satisfies the following conditions:

• A extends O, i.e. A(x, x) = (O(x), O(x)) for all x ∈ L;

• A is ≤p-monotone;

• A is symmetric, i.e. if A(x, y) = (u, v) then A(y, x) = (v, u).

We denote the projection of A(x, y) on the first and second components with
A1 and A2, that is if A(x, y) = (u, v) then A1(x, y) = u and A2(x, y) = v.

From the ≤p-monotonicity of an approximating operator A follows the exist-
ence of a ≤p least-fixpoint. We refer to this fixpoint as Kripke-Kleene and denote
with KK(A). It approximates all fixpoints of the original operator O.

Proposition 2.8 Let A : L2 → L2 be an approximating operator of O : L → L.
Then KK(A) is consistent and KK(A) ≤p (x, x) for every fixpoint x of O.

With every approximating operator A we can associate a stable operator in
the following way.

Definition 2.23 ((Exact) Stable Operator) Let A : L2 → L2 be an approxim-
ating operator of O : L→ L.
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• The exact stable operator CA : L→ L of A is defined as CA(y) = lfp(A1(·, y))
(or equivalently CA(x) = lfp(A2(x, ·))).

• The SA : L2 → L2 of A is defined as SA(x, y) = (CA(y), CA(x)).

Because for every y ∈ L, the operators A1(·, y) and A2(y, ·) are monotone, the
operators CA and SA are well-defined.

The fixpoints of the stable operator SA of A are called stable fixpoints of A.
The exact stable fixpoints of A are also the fixpoints of the exact stable operator
CA and their set is denoted with ST (A).

Proposition 2.9 Let A : L2 → L2 be an approximating operator of O : L → L.
The stable operator SA : L2 → L2 of A is an approximating operator of the exact
stable operator CA : L→ L.

As a consequence, the stable operator S is also ≤p-monotone and has a least
fixpoint which we call the well-founded fixpoint of A and denote with WF (A). It
has the same property and relationship with the exact stable fixpoints of A as the
Kripke-Kleene fixpoint in Proposition 2.8. In particular it is consistent and for
every exact stable fixpoint x ∈ ST (A), WF (A) ≤p (x, x).

The well-founded fixpoint of A is at least as precise as the Kripke-Kleene
fixpoint.

Proposition 2.10 KK(A) ≤p WF (A) for every approximating operator A.

Proposition 2.11 Let A : L2 → L2 be an approximating operator of O : L → L.
Every stable fixpoint of A is a ≤t-minimal fixpoint of A.

This proposition implies that the stable fixpoints of A are a subset of the
fixpoints of A. Also, the exact stable fixpoints of A are exact fixpoints of A which
are also fixpoints of O. So we have the following corollary.

Corollary 2.12 Let A : L2 → L2 be an approximating operator of O : L → L.
The exact stable fixpoints of A are minimal fixpoints of O.

For an operator O : L→ L which is monotone or anti-monotone we can define
an approximating operator based entirely on O.

Proposition 2.13 Let O : L→ L be a monotone operator on a complete lattice L.
The operator A : L2 → L2 defined as A(x, y) = (O(x), O(y)) is an approximating
operator of O. Moreover, WF (A) = (lfp(O), lfp(O)).

Proposition 2.14 Let O : L → L be an anti-monotone operator on a complete
lattice L. The operator A : L2 → L2 defined as A(x, y) = (O(y), O(x)) is an
approximating operator of O.
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2.6.3 Consistent Approximations

One of the important contributions of Approximation Theory is that the different
classes of fixpoints of an approximating operator A : L2 → L2 of O depend entirely
on the set of consistent elements Lc (Denecker et al., 2002; Denecker et al., 2004).
So, we consider the restriction of an approximating operator to the set of consistent
elements Lc. It is defined in the same way as in Definition 2.22 except that we do
not need the condition of symmetry.

Definition 2.24 (Consistent Approximating Operator) Let O : L → L be
an operator on a complete lattice L. We say that A : Lc → Lc is a consistent
approximating operator of O if the following conditions are satisfied:

• A extends O, i.e. ∀x ∈ L : A(x, x) = (O(x), O(x));

• A is ≤p-monotone.

We now give an alternative definition of the stable operator SP which has the
same set of consistent stable fixpoints as SP . Recall the definition of the stable
operator: SA(a, b) = (lfp(A1(·.b)), lfp(A2(a, ·))). For consistent approximations,
the operator A1(·, b) is defined only on the domain [⊥, b]. However, it is possible
that for some element x ∈ [⊥, b], A1(x, b) 6∈ [⊥, b]. Similarly, the operator A2(a, ·)
is defined on the domain [a,>] but it is possible that for some element y ∈ [a,>],
A2(a, y) 6∈ [a,>]. A set of consistent approximations for which the operators
A1(·, b) and A2(a, ·) are well-defined on the domains [⊥, b] and [a,>] is the set
post(A) = {(a, b) | (a, b) ≤p A(a, b)} of post-fixpoint of A. Such approximations
are called A-reliable.

Proposition 2.15 If (a, b) ∈ post(A) then for every x ∈ [⊥, b], A1(x, b) ∈ [⊥, b]
and for every y ∈ [a,>], A2(a, y) ∈ [a,>].

Definition 2.25 (Consistent Stable Operator) The lower and upper stable
operators ClA : L→ L and CuA : L→ L are defined as follows:

ClA(y) = lfp(A1|[⊥,y](·, y))

CuA(x) = lfp(A2|[x,>](x, ·))

The consistent stable operator ScA : post(A)→ Lc is defined as

ScA(x, y) = (ClA(y), CuA(x)).

Proposition 2.16 Let Ac : Lc → Lc be the restriction of an approximating oper-
ator A : L2 → L2 to the set of consistent elements Lc.

• a consistent pair (x, y) is a fixpoint of A if and only if (x, y) is a fixpoint of
Ac;
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• a consistent pair (x, y) is a fixpoint of SA if and only if (x, y) is a fixpoint
of ScA.

We now show a simpler characterization of exact fixpoints of the consistent
stable operator ScA.

Proposition 2.17 Let A : Lc → Lc be a consistent approximating operator of
O : L→ L. An element x ∈ L is an exact fixpoint of the consistent stable operator
ScA if

1. x is a fixpoint of O, i.e. x = O(x);

2. x = ClA(x).

2.6.4 Precision of Approximations

We now introduce a precision order between consistent approximating operators
and study the relationship between the fixpoints of operators with different preci-
sion. We also show that for every operator O, there exists a most precise consistent
approximating operator, called an ultimate approximation. This operator plays an
important role in the definition of the various semantics.

Definition 2.26 Let A : Lc → Lc and B : Lc → Lc be two consistent approxim-
ating operators. We say that A is less precise than B, denoted with A ≤p B, if
A(x, y) ≤p B(x, y) for all (x, y) ∈ Lc.

Clearly, if A ≤p B and A approximates an operator O then B also approximates
O. Let Appx(O) denote the set of all consistent approximating operators of O.

Proposition 2.18 〈Appx(O),≤p〉 is a complete lattice.

The bottom element of this lattice is the trivial approximation TO defined as
TO(x, x) = (O(x), O(x)) for exact approximations and TO(x, y) = (⊥,>) for all
other approximations (x < y). More interesting is the most precise approximating
operator of O called the ultimate approximating operator of O and denoted with
UO. It can be given the following constructive characterization.

Proposition 2.19 Let O : L→ L be an operator on a complete lattice L. Then

UO(x, y) = (
∧

z∈[x,y]

O(z),
∨

z∈[x,y]

O(z))

When we increase the precision of an approximating function we obtain more
precise Kripke-Kleene and well-founded fixpoints and more exact stable fixpoints.

Proposition 2.20 Let A,B ∈ Appx(O). If A ≤p B then:



2.6. Approximation Theory 29

• KK(A) ≤p KK(B);

• WF (A) ≤p WF (B);

• ST (A) ⊆ ST (B).

Consequently, the ultimate approximating operator of O has the most precise
Kripke-Kleene and well-founded fixpoints and the largest number of exact stable
fixpoints compared with any other approximating operator of O.

The ultimate approximating operator UO of a monotone lattice operator O has
the form of Proposition 2.13

Proposition 2.21 Let O : L → L be a monotone operator. Then UO(x, y) =
(O(x), O(y)).

Together with Proposition 2.13 about the stable fixpoints of operators of ap-
proximating operators of the form A(x, y) = (O(x), O(y)) we obtain the following
result.

Proposition 2.22 Let O : L → L be a monotone operator on a complete lattice
L. Then WF (UO) = (lfp(O), lfp(O)).

The ultimate approximating operator of an anti-monotone operator has the
form of Proposition 2.14.

Proposition 2.23 Let O : L→ L be an anti-monotone operator. Then UO(x, y) =
(O(y), O(x)).

2.6.5 Stratification of Operators

Other results from Logic Programming which were lifted to the algebraic setting
of Approximation Theory are the standard model semantics of stratified logic
programs (Apt et al., 1988) and the splitting theorem for answer set semantics
(Lifschitz and Turner, 1994). Both results are based on the idea that the domain L
of an operator O : L→ L can be split in two parts L1 and L2 such that L ∼= L1×L2

and for every element (x1, x2) ∈ L1×L2, the value y1 of (y1, y2) = O(x1, x2) does
not depend on x2 but only on x1. In other words, the restriction of O to L1 is
a well-defined operator. We apply the stratification theory of operators to define
standard model semantics of stratified aggregate programs (Section 3.3.2) and we
use the stratification theory of approximating operators to show a splitting theorem
for aggregate programs (Section 4.2.2). Our presentation follows the unpublished
draft (Gilis and Denecker, 2002; Vennekens et al., 2003).

Let 〈Li〉i∈W be a collection of posets 〈Li,≤i〉 indexed by W . The product
L =

⊗
i∈W Li is defined as⊗

i∈W
Li = {x : W →

⋃
i∈W

Li | x(i) ∈ Li}.
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If W = {1, . . . , n} is a finite index set then the product
⊗

i∈W Li is the same
as the cartesian product L1 × · · · × Ln:⊗

i∈{1,...,n}

Li = L1 × · · · × Ln = {〈x1, . . . , xn〉 | xi ∈ Li}.

The partial orders ≤i on the posets Li induce an order ≤ on L as follows:

x ≤ y if and only if ∀i ∈W : x(i) ≤i y(i).

Definition 2.27 A complete lattice isomorphism between two posets L1 and L2 is
a bijective function h : L1 → L2 which preserves the operations

∧
and

∨
whenever

they are defined, i.e.
h(

∧
1

x∈X

x) =
∧

2
x∈X

h(x)

and similarly for
∨

. If such function exists we say that L1 and L2 are isomorphic
and denote with L1

∼= L2.

Let � be a well-founded order on W . For an element i ∈W we denote with � i
the set � i = {j ∈W | j � i} and similarly, with ≺ i the set ≺ i = {j ∈W | j ≺ i}.

Definition 2.28 (Stratification) Let O : L→ L be an operator on a poset L. A
collection 〈Li〉i∈W is a stratification of O if L ∼=

⊗
i∈W Li and for every x, y ∈ L

and i ∈W , if x|�i = y|�i then O(x)|�i = O(y)|�i.

The following proposition gives an alternative characterization of stratification
of operators which is often more convenient to work with.

Proposition 2.24 The collection 〈Li〉i∈W is a stratification of O : L→ L if and
only if for each i ∈ W and u ∈ L|≺i there exists an operator Oui : Li → Li such
that for every x ∈ L if x|≺i = u then (O(x))(i) = Oui (x(i)).

Clearly, if the operators Oui exist then they are unique. We call these operators
components of O.

The first property of a stratification of an operator O is that fixpoints of O
correspond to fixpoints of its components. More precisely:

Proposition 2.25 Let 〈Li〉i∈W be a stratification of O : L→ L. Then

x ∈ fp(O) if and only if ∀i ∈W : x(i) ∈ fp(Ox|≺i

i ).

The components of a stratifiable monotone operator are also monotone.

Proposition 2.26 Let O : L → L be a monotone operator and 〈Li〉i∈W be a
stratification of O. For every i ∈ W and u ∈ L|≺i, the component Oui : Li → Li
is a monotone operator.
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It is possible that a non-monotone stratifiable operator O still has monotone
components. In such case we define inductively a fixpoint of O which is the least
fixpoint of every component.

Definition 2.29 (Standard Fixpoint) Let 〈Li〉i∈W be a stratification of O :
L→ L such that for every i ∈W and u ∈ L|≺ i, the component Oui is monotone.
The standard fixpoint of O is an element s ∈ L such that

∀i ∈W : s(i) = lfp(Os|≺i

i ).

We can show that the standard fixpoint is a minimal fixpoint.

Proposition 2.27 Let 〈Li〉i∈W be a stratification of O : L → L such that for
every i ∈ W and u ∈ L|≺i, the component Oui is monotone. Then the standard
fixpoint s of O is a minimal fixpoint of O.

We now look at stratification of approximations. Let 〈Li〉i∈W be a stratification
of O : L → L and A : L2 → L2 be an approximating operator of O. We first
point out that the bilattice L2 = (

⊗
i∈W Li)2 is isomorphic to the product lattice⊗

i∈W L2
i . Similarly, the set of consistent approximations Lc = (

⊗
i∈W Li)c is

isomorphic to the product lattice
⊗

i∈W Lci . We say that 〈Li〉i∈W is a stratification
of A : L2 → L2 if 〈L2

i 〉i∈W is a stratification of A. Stratification of a consistent
approximating operator Lc is defined in a similar way. Clearly, all previous results
about stratified monotone operators apply to A.

The result on stratification of approximating operators which is relevant to our
work is the following.

Proposition 2.28 Let A : L2 → L2 be a stratifiable approximating operator on a
product bilattice

⊗
i∈W L2

i . Then (x, y) is a consistent stable fixpoint of A if and
only if for every i ∈ W , (x, y)(i) is a consistent stable fixpoint of the component
A

(x,y)|≺i

i .

2.6.6 Approximations in Logic Programming

The major non-monotonic semantics of logic programs can be obtained as an
instance of Approximation Theory.

Let baseD(Π) be the D-base of a set of predicate symbols Π for a structure D.
The basic lattice structure is the set of all interpretations of a logic program I =
℘(baseD(Π)). The bilattice I2 consists of pairs of interpretations (I1, I2). We call
such pairs four-valued interpretations. As discussed in Example 2.8 a four-valued
interpretation (I1, I2) can be considered as a four-valued function Ĩ : baseD(Π)→
FOUR. The set Ic of consistent four-valued interpretations consists of pairs
(I1, I2) such that I1 ⊆ I2. We call such elements three-valued interpretations. The
atoms in I1 are those assigned a value of true, the atoms in I2 − I1 are assigned a
value of undefined, and the atoms in baseD(Π)− I2 are assigned a value of false.
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In logic programming we are interested to approximate the immediate con-
sequence operator TP . It is useful to give an equivalent definition of TP by con-
sidering interpretations as boolean functions instead of sets:

TP (I)(A) =
∨
{HI(B) | A← B ∈ ground(P )} (2.1)

An approximating operator of TP has been defined in the same way as (2.1)
by evaluating the bodies in four-valued logic (Fitting, 2002; Przymusinksi, 1990).
The truth value of first-order formulas in four and three-valued interpretations is
defined in a similar way as the two-valued case (Definition 2.17) by using the truth
order ≤t to interpret the logical connectives. In addition to the structure D and a
variable assignment σ, H takes a four-valued interpretation Ĩ of the user-defined
predicates.

Definition 2.30 (Three-valued truth function) The three-valued truth func-
tion for first-order formulas λ(Ĩ , F ). HĨ(F ) : I2 × L → FOUR is defined as:

HĨ(p(t1, . . . , tn)) =

{
(f , f), if (Jt1K, . . . , JtnK) 6∈ pD

(t, t), if (Jt1K, . . . , JtnK) ∈ pD
for a pre-defined predicate p ∈ Pred(Σ)

HĨ(p(t1, . . . , tn)) = Ĩ(p(Jt1K, . . . , JtnK)) for a user-defined predicate p ∈ Π
HĨ(¬ϕ) = ¬HĨ(ϕ)
HĨ(ϕ ∨ ψ) = HĨ(ϕ) ∨t HĨ(ψ)
HĨ(ϕ ∧ ψ) = HĨ(ϕ) ∧t HĨ(ψ)
HĨ(∃x. ϕ(x)) =

∨
t

d∈D
HĨ(ϕ(d))

HĨ(∀x. ψ(x)) =
∧
t

d∈D
HĨ(ψ(d))

Definition 2.31 The four-valued immediate consequence operator ΨP : I2 → I2

for a logic program is defined as

ΨP (Ĩ)(A) =
∨

t
{HĨ(B) | A← B ∈ ground(P )}.

The restriction of ΨP to the set Ic of consistent elements is the three-valued
immediate consequence operator denoted with ΦP : Ic → Ic.

The Kripke-Kleene fixpoint of ΦP (obviously) is equal to the Kripke-Kleene
model of P (Fitting, 1985).

Exact stable fixpoints of ΦP correspond to stable models (Gelfond and Lif-
schitz, 1988). To see this, let GL(P ; I) denote the Gelfond-Lifschitz transform-
ation of a program P with respect to an interpretation I. It is easy to show
that Ψ1

P (I1, I2) = TGL(P ; I2)(I1). Thus lfp(Ψ1
P (·, I)) is equal to the least model of

GL(P ; I). Consequently, I is an exact stable fixpoint of ΨP if and only if I is a
stable model of P .
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The definition of the well-founded fixpoint of ΨP in the bilattice I2 and its
computation using ordinal powers of the stable operator SΨP

is the same as the
alternating fixpoint definition of the well-founded semantics (Van Gelder, 1989).
The computation of the well-founded fixpoint based on the ordinal powers of the
consistent stable operator ScΦP

is very similar to the bottom-up evaluation tech-
nique based on the doubled program of Kemp, Srivastava, and Stuckey (Kemp
et al., 1995).

Finally, consistent stable fixpoints correspond to three-valued stable models, as
defined by Fitting (Fitting, 1991b; Fitting, 1993; Fitting, 1997) and Przymusinksi
(Przymusinksi, 1990).

The semantics of logic programs obtained from the ultimate approximating
operator UP of TP has been considered by (Denecker et al., 2004). For some
programs this operator is strictly more precise than the ΦP operator.

Example 2.9 Consider the program P1:

p← p.

p← not p.

Its Kripke-Kleene and well-founded fixpoint are ({}, {p}) (i.e. p is undefined) and
it has no stable models. On the other hand, the TP operator of this program is
monotone. It coincides with the immediate consequence operator of the program
P2 = {p.}. Hence, they have the same ultimate models. Since the Kripke-Kleene
model of P2 is the 2-valued interpretation {p}, this is also the ultimate Kripke-
Kleene, ultimate well-founded and the unique ultimate stable model of P1. �
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Chapter 3

Aggregate Programs and
Two-valued Semantics

In this chapter we introduce the syntax of aggregate atoms and aggregate pro-
grams. We also extend several two-valued semantics of logic programs to aggreg-
ate programs: the least fixpoint semantics of definite normal logic programs (van
Emden and Kowalski, 1976), the completion semantics (Clark, 1978), and the
standard model semantics of stratified normal logic programs (Apt et al., 1988).

The definitions of the classes of definite aggregate programs and weakly strat-
ified aggregate programs are very similar to monotonic and stratified monotonic
aggregate programs (Mumick et al., 1990). However, our definitions are almost
syntactic (they depend on monotonicity properties of aggregate relations) while
the definitions of (Mumick et al., 1990) are semantic. The main reason to introduce
these semantics is to show that the (ultimate) three-valued stable semantics of ag-
gregate programs which we define in Chapter 4 extend the semantics of definite
and weakly stratified aggregate programs in the same way the three-valued stable
semantics of normal logic programs (Przymusinksi, 1990) extends the semantics
of definite and stratified normal logic programs. This property is not satisfied
by many of the previous proposals for well-founded (Kemp and Stuckey, 1991)
and stable semantics (Dell’Armi et al., 2003b; Gelfond, 2002; Kemp and Stuckey,
1991).

The definitions of definite and weakly stratified aggregate programs in this
chapter are given for aggregate programs with full first-order bodies. They were
presented for a restricted propositional language in (Pelov et al., 2003; Pelov et al.,
2004). However, the semantics of weakly stratified aggregate programs was given
indirectly by a translation to a stratified non-aggregate program. This chapter
contains a direct definition of a standard model which is based on the stratification
theory of operators (Gilis and Denecker, 2002; Vennekens et al., 2003).

35
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3.1 Aggregates

In this section we give a precise definition of aggregates and study some basic
properties like monotonicity.

An aggregate is typically understood as a function from a multiset to a single
element. A multiset (also called a bag) is similar to a set except that an object
can occur multiple times.

Definition 3.1 (Multiset) A multiset M on domain D is a function M : D →
Card where Card is the class of cardinal numbers.

For every element x, M(x) gives the multiplicity of x. We use the notation
x ∈ M whenever M(x) > 0. We denote the collection of all multisets on D with
M(D). Of special interest are multisets with a finite number of elements.

Definition 3.2 (Finite Multiset) A multiset with finite multiplicity is a func-
tion M : D → N where N is the set of natural numbers. A finite multiset is a
multiset with finite multiplicity such that M(x) > 0 only for a finite number of
elements.

We denote the set of all finite multisets on D with FM(D). The size of a finite
multiset M is defined as |M | =

∑
x∈DM(x).

We denote finite multisets using a set notation where an element is repeated as
many times as its multiplicity. For example the multisetM containing the elements
a and b with multiplicity M(a) = 2 and M(b) = 1 is denoted with M = {a, a, b}.

The subset relation between multisets is defined as follows: M1 ⊆ M2 if and
only if M1(x) ≤ M2(x) for all x ∈ D. The additive union M = M1 ]M2 of M1

and M2 is defined as M(x) = M1(x) +M2(x) for all x ∈ D. Finally, the multiset
difference M = M1 −M2 of M1 and M2 is defined as M(x) = M1(x) −M2(x) if
M1(x) ≥ M2(x) and M(x) = 0 otherwise. A common way to construct multisets
is as the image M = f(S) of a set S ⊆ D1 under f : D1 → D2 defined as M(y) =
|{x ∈ S | f(x) = y}|. A set S is a special case of a multiset where the multiplicity
of every element x ∈ S is one.

For a multiset M and a set S we define MS as the restriction of M to the
elements of S, i.e.,

MS(x) =

{
M(x), if x ∈ S
0, if x 6∈ S

.

For a multiset M on (a subset of) R, let M− = M (−∞,0] and M+ = M [0,∞).
Aggregates are typically functions. However, for our work it is more convenient

to treat an aggregate as a relation between a multiset and an element.

Definition 3.3 (Aggregate Functions and Relations) Let D1 and D2 be sets.
An aggregate function is any function f : M(D1)→ D2. An aggregate relation is
any relation r ⊆M(D1)×D2.
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We use f to denote an aggregate function and r to denote an aggregate relation.
Whenever convenient we use an aggregate function f in a context which requires
an aggregate relation. In such situations f is understood as its graph Gf which is
an aggregate relation defined as (M,d) ∈ Gf if and only if f(M) = d.

3.1.1 Standard Aggregates

We now define a number of standard aggregate functions and relations which we
use throughout the text. We start with aggregates on finite multisets of numbers.

Definition 3.4

• card : FM(D)→ N defined as card(M) =
∑
x∈M

M(x);

• sum : FM(R)→ R defined as sum(M) =
∑
x∈M

x.M(x);

• prod : FM(R)→ R defined as prod(M) =
∏
x∈M

xM(x);

• avg : FM(R)× R - a partial aggregate function defined only for non-empty
multisets as (M,d) ∈ avg if d = sum(M)/card(M).

All these aggregate functions become aggregate relations when extended to
infinite multisets — they are false for any infinite multiset M and real number n.

Example 3.1 We give the result of applying the aggregate functions in Defini-
tion 3.4 for some multisets:

card({1, 1, 2, 2}) = 4
sum({1, 1, 2, 2}) = 6

prod({1, 1, 2, 2}) = 4
avg({1, 1, 2, 2}) = 1.5 �

The aggregate relations below are defined for a poset 〈D,≤〉. For these relations
the multiplicity of the elements in the multiset is not significant.

Definition 3.5

• inf, sup ⊆ M(D) ×D - partial aggregate functions defined as (M,d) ∈ inf
if and only if d is the greatest lower bound of M and (M,d) ∈ sup is true if
d is the least upper bound of M .

• inf, sup : M(D) → D where 〈D,≤〉 is a complete lattice are total aggregate
functions.
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• lb,ub ⊆M(D)×D - aggregate relations defined as (M,d) ∈ lb if and only
if d is a lower bound of M and (M,d) ∈ ub is true if d is an upper bound of
M .

• min,max ⊆M(D)×D - (M,d) ∈ min if and only if d is a minimal element
of M and (M,d) ∈ max if and only if d is a maximal element of M . For
general posets a given multiset can have none, one, or more minimal element.

On a totally ordered set D, min and max represent partial functions.

3.1.2 Derived Aggregate Relations

One advantage of representing aggregates as relations is that we can obtain new
aggregate relations by composition of an existing aggregate with another relation.

Definition 3.6 The composition of an aggregate function f : M(D1) → D2 with
a binary relation P ⊆ D2×D3 is an aggregate relation fP ⊆M(D1)×D3 defined
as (M,d) ∈ fP if and only if (f(M), d) ∈ P . The composition of an aggregate
relation r ⊆ M(D1) × D2 with a binary relation P ⊆ D2 × D3 is an aggregate
relation rP ⊆ M(D1) × D3 defined as (M,d) ∈ rP if and only if there exists
a ∈ D2 such that (M,a) ∈ r and (a, d) ∈ P .

Typically, the binary relation P is some partial order relation on the domain
D. For example the card≥ aggregate relation means that the number of the
elements in the multiset is greater than or equal to the second argument. Another
useful composition is card(n) where (n) is the “modulo n” relation defined as
(x, y) ∈ (n) if x mod n = y. It can be used to implement the even an odd
aggregates: (M, 0) ∈ card(2) if and only if |M | is even and (M, 1) ∈ card(2) if
and only if |M | is odd.

An aggregate relation can also be composed from the left with a relation on
multisets. We consider only a composition with the submultiset relation.

Definition 3.7 The subset aggregate r⊆ of r is defined as the composition of the
superset relation on multisets ⊇ and r: (M,d) ∈ r⊆ if and only if there exists a
multiset M ′ such that M ⊇M ′ and (M ′, d) ∈ r.

3.1.3 Monotone Aggregates

For an aggregate function f : M(D1) → D2 and a poset 〈D2,≤〉, we can apply
the notion of monotonicity and anti-monotonicity of functions (Section 2.1): f is
monotone if M1 ⊆ M2 implies f(M1) ≤ f(M2) and f is anti-monotone if M1 ⊆
M2 implies f(M1) ≥ f(M2). The next two propositions list standard aggregate
functions which are monotone with respect to some partial order.
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Proposition 3.1 Let 〈D,≤〉 be a complete lattice. The aggregate function inf is
anti-monotone with respect to ≤ and the aggregate function sup is monotone with
respect to ≤.

aggregate domain partial
function order
inf lattice 〈D,≤〉 ≤
sup lattice 〈D,≤〉 ≥
card N ≥
sum R+ ≥
sum R− ≤
prod R[1,∞) ≥
prod R[0,1) ≤

Table 3.1: Monotone Aggregate Functions on Finite Multisets

Proposition 3.2 The aggregate functions on Table 3.1 are monotone with respect
to the given partial order for finite multisets on the given domain.

Monotonicity and anti-monotonicity of aggregate relations is defined in the
following way.

Definition 3.8 Let r ⊆M(D1)×D2 be an aggregate relation. We say that r is:

• monotone if (M1, d) ∈ r and M1 ⊆M2 implies (M2, d) ∈ r;

• anti-monotone if (M2, d) ∈ r and M1 ⊆M2 implies (M1, d) ∈ r.

The next proposition gives aggregate relations which are anti-monotone.

Proposition 3.3 The aggregate relations lb,ub ⊆M(D)×D on a poset 〈D,≤〉
are anti-monotone.

We point out that a monotone aggregate function is not a monotone aggregate
relation according to Definition 3.8. Instead, the composition of an aggregate
function f with the inverse of the order with respect to which it is monotone
results in a monotone aggregate relation.

Proposition 3.4 Let f : M(D1) → D2 be an aggregate function which is mono-
tone with respect to a partial order relation ≤ on D2. Then f≥ is a monotone
aggregate relation.
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For example, the aggregate relation card≥ is monotone.
There is a simple way to turn an arbitrary aggregate relation into a monotone

one. As soon as an aggregate relation r is true for some pair (M,d) we define the
completion of r to be true for any pair (M ′, d) where M ⊆M ′.

Definition 3.9 (Monotone Completion of Aggregate Relations)
The completion of an aggregate relation r : M(D1)×D2 is the aggregate relation
r↑ ⊆M(D1)×D2 defined as the smallest relation satisfying:

1. r ⊆ r↑;

2. if (M,d) ∈ r and M ⊆M ′ then (M ′, d) ∈ r↑.

The next proposition gives some basic properties of the completion of an ag-
gregate.

Proposition 3.5

1. r↑ is a monotone aggregate relation,

2. if r is a monotone aggregate relation then r↑ = r.

One useful application of the monotone completion of aggregate relations is to
extend a monotone aggregate relation on finite multisets to infinite multisets.

Example 3.2 Consider the aggregate function card : FM(D) → N which is
monotone with respect to≥. The derived aggregate relation card≥ ⊆ FM(D)×N
is a monotone aggregate relation. If we extend card≥ to infinite multisets then
it is false for any infinite multiset. The completion card↑≥ ⊆ M(D) × N of
card≥ ⊆ M(D) × N is an aggregate relation defined as (M,d) ∈ card↑≥ if and
only if M is finite and |M | ≥ d or M is infinite. Note that the restriction of card↑≥
to finite multisets coincides with card≥. �

Finally, it is interesting to note that taking the subset aggregate r⊆ of r is just
another way to construct the completion of r.

Proposition 3.6 r⊆ = r↑

Proof. ⊆) (M,d) ∈ r⊆ implies that there exists M ′ ⊆ M such that (M ′, d) ∈ r.
Because r ⊆ r↑ then (M ′, d) ∈ r↑. Finally, because r↑ is the monotone closure of
r then (M,d) ∈ r↑.
⊇) (M,d) ∈ r↑ implies that there exists M ′ ⊆M such that (M ′, d) ∈ r which

implies that (M,d) ∈ r⊆. �
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3.2 Aggregate Atoms and Programs

We now introduce the syntax and semantics of aggregate programs. We do this
by extending a first-order language L with aggregate atoms. Many authors com-
bine the denotation of multisets and aggregates in a single syntactic expression.
However, we find that there is a clear distinction between the two concepts and
introduce separate denotations. The denotation of multisets is further separated
into a set expression and a lambda expression. The multiset is obtained as the
image of the denotation of the set expression (which is a set) under the denotation
of the lambda expression (which is a function).

A first-order set expression or set expression for short of type s1× · · · × sn has
the form {(x1, . . . , xn) | ϕ} where ϕ is a first-order formula called the condition of
the set expression and for each i = 1, . . . , n xi is a variable of sort si. The variables
xi are local for the expression, i.e. FV ({(x1, . . . , xn) | ϕ}) = FV (ϕ)−{x1, . . . , xn}.
In practice {x1, . . . , xn} is a subset of the free variables of ϕ. A lambda expression
of type s1×· · ·× sn → w has the form λ(x1, . . . , xn). u where for each i = 1, . . . , n
xi is a variable of sort si and u is a term of sort w. Again, the variables xi are local
for the lambda expression, i.e. FV (λ(x1, . . . , xn). u) = FV (u)− {x1, . . . , xn}.

Definition 3.10 (Aggregate Signature) An aggregate signature Σ is a tuple
of the form 〈S; F ; P ; A〉 where 〈S; F ; P 〉 is a signature and A is a set of
pairs r : {s1} × s2 where s1, s2 ∈ S, r is an aggregate symbol, and {s1} × s2 is
the type of r.

We use Aggr(Σ) to denote the set A of aggregate symbols. For r : {s1} × s2,
the sort s1 is the type of the multiset argument and the sort s2 is the type of the
result of the aggregate.

Definition 3.11 An aggregate atom has the form r(f, s, t) where r : {m} × w ∈
Aggr(Σ) is an aggregate symbol, f is a lambda expression of type s1×· · ·×sn → m,
s is a set expression of type s1 × · · · × sn, and t is a term of sort w.

The next problem is an example where the multiplicity of the elements in a
multiset is important.

Example 3.3 (Power Plant Maintenance) A power plant has a number of
units which have to be scheduled for maintenance. There is a restriction on the
total capacity of the units in maintenance. The relation capacity(U,C) defines
that a unit U has a capacity C. The predicate in maint(U, S,E) specifies that
unit U is in maintenance during the period starting at time point S (inclusive)
and ending at time point E (exclusive). The total capacity TC of the units in
maintenance at time point T can be defined with the following aggregate atom:

sum(λ(U,C). C,
{(U,C) | ∃S,E. in maint(U, S,E) ∧ S ≤ T < E ∧ capacity(U,C)},
TC).
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Because several units may have the same capacity we pair the capacity with the
unit name. The lambda expression then projects on the second argument with the
capacity which is summed. �

For making proofs about aggregate programs it is convenient to use a simpler
notation of aggregate atoms without lambda expressions of the form r(s, t). In
this case we assume that the aggregate is applied on the multiset obtained from the
projection of the set denoted by s on the first argument, i.e. r(s, t) is a shorthand
for r(λ(x1, . . . , xn). x1, s, t). Every aggregate atom

r(λ(x1, . . . xn). u, {(x1, . . . , xn) | ϕ}, t)

can be rewritten in this simpler notation as

r({(z, x1, . . . , xn) | ϕ ∧ z = u}, t).

For example, the aggregate atom from Example 3.3 can be represented in this
notation as:

sum({(C,U) | ∃S,E. in maint(U, S,E) ∧ S ≤ T < E ∧ capacity(U,C)}, TC).

Let Laggr be the first-order language with aggregates built over an aggregate
signature Σ.

3.2.1 Semantics

Aggregate structures are structures which in addition provide interpretation of the
aggregate symbols as aggregate relations.

Definition 3.12 (Aggregate Structure) A Σ-aggregate structure D consists
of the following:

• for each sort s ∈ S a domain Ds;

• for each function symbol f : s1 × · · · × sn → w ∈ Func(Σ) a function
fD : Ds1 , . . . , Dsn → Dw;

• for each predicate symbol p : s1 × · · · × sn ∈ Pred(Σ) a relation pD ⊆ Ds1 ×
· · · ×Dsn

;

• for each aggregate symbol r : {s1} × s2 ∈ Aggr(Σ) an aggregate relation
rD ⊆M(Ds1)×Ds2 .

Given an aggregate structure D to define the semantics of a first-order language
with aggregate Laggr we define a valuation function for set expressions and lambda
expressions, denoted with J·K, and extend the truth functionH to aggregate atoms.
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The value J{x1, . . . , xn | ϕ}KσD of a set expressions is a set. It consists of all tuples of
elements (d1, . . . , dn) ∈ Dn such that the condition ϕ is true in D after substituting
d1, . . . , dn for x1, . . . , xn:

J{x1, . . . , xn | ϕ}KσD = {(d1, . . . , dn) ∈ Dn | D |=σ{x1=d1,...,xn=dn} ϕ}

The value Jλx1, . . . , xn. uKσD of a lambda expression is a function f : Dn → D

defined as f(x1, . . . , xn) = JuKσ
{x1=d1,...,xn=dn}

D .
Let r(f, s, t) be an aggregate atom and M be the multiset M = JfK(JsK). Then

HσD(r(f, s, t)) = t if and only if (M, JtKσD) ∈ rD. For an aggregate atom r(s, t)
without lambda expression, the semantics is defined as HσD(r(s, t)) = t if and only
if (π1(JsKσD), JtKσD) ∈ rD. By a slight abuse of notation we also drop the projection
function π1 and simply write (JsKσD, JtK

σ
D) ∈ rD.

There are problems which require aggregates and that can be modeled entirely
in the first-order logic with aggregates which we just defined. One example is the
well-known magic square problem.

Example 3.4 (Magic Square) Given is a n×n grid which has to be filled with
the integer numbers from 1 to n2 such that the sum of the numbers in all rows,
columns, and two diagonals is equal to the same number M(n), known as the
magic constant:

M(n) =
n(n2 + 1)

2
Let Σ be an aggregate signature consisting of the following sorts: pos for the
positions of the table, num for the numbers in the table, and nat for the sum
of the numbers. We use a function symbol f : pos × pos → num specifying the
number in the corresponding row and column and a constant mc : num giving the
magic number. In addition we use the aggregate symbol sum : {num} × nat The
problem is modeled by the following theory T :

mc = n ∗ (n ∗ n+ 1)/2.
∀(x1, x2, y). x1 = x2 ∨ f(x1, y) 6= f(x2, y).
∀(x, y1, y2). y1 = y2 ∨ f(x, y1) 6= f(x, y2).

∀y. sum(λx. f(x, y), {x | t},mc).
∀x. sum(λy. f(x, y), {y | t},mc).
sum(λ(x, y). f(x, y), {(x, y) | x = y},mc).
sum(λ(x, y). f(x, y), {(x, y) | x+ y = n+ 1},mc).

The first line computes the value of the magic constant. The second and third
sentences specify that the numbers in all columns and rows have to be different.
The last four sentences specify that the sum of the numbers in all rows, columns,
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and two diagonals must be equal to the magic constant mc. To find a solution of
a magic square instance of size n we consider an aggregate Σ-structure D which
associates with the sort pos the domain Dpos = {1, . . . , n}, with the sort num
the domain Dnum = {1, . . . , n2} and with the sort nat the domain Dnat = N. If
D |= T then the interpretation of f given by D is a solution of the problem. �

3.2.2 Aggregate Programs

An aggregate program is a program in which the bodies of the rules are aggregate
formulas. A normal aggregate program is an aggregate program in which the bodies
of all rules are conjunctions of literals and aggregate atoms. For a rule r of a normal
aggregate program we use body(r) to denote the body of r, pos(r) to denote the
set of all positive literals in the body of r, neg(r) to denote the set of all negative
literals in the body of r, and aggr(r) to denote the set of all aggregate atoms in
the body of r.

Having defined two-valued satisfiability of aggregate atoms we can define a
two-valued immediate consequence operator T aggrP for aggregate programs.

Definition 3.13 The two-valued immediate consequence operator T aggrP : I → I
for an aggregate program P is defined as:

T aggrP (I) = {A | A← B ∈ ground(P ) and I |= B}.

3.3 Two-valued Semantics

We present several semantics of aggregate programs which are based on the T aggrP

operator and can be defined entirely in two-valued logic. The semantics of definite
and (weakly) stratified aggregate programs are defined only on restricted classes
of aggregate programs while the completion semantics is defined for any aggregate
program.

3.3.1 Definite Aggregate Programs

Definite aggregate programs are the simplest class of aggregate programs. Their
main property is that they have a monotone T aggrP operator and that its least
fixpoint is considered as the intended model.

We define the syntactic notions of positive and negative formulas. For aggregate
atoms the definition depends not only on the syntax of the atom but also on the
interpretation of the aggregate symbol. We can do that because aggregate symbols
always have a fixed interpretation given by an aggregate structure D. Taking into
account the monotonicity properties of aggregate relations allows us to give a
more precise definition. In particular we distinguish the cases when the aggregate
symbol is interpreted as a monotone or anti-monotone aggregate relation.
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We start by defining the notion of positive and negative occurrences of atoms
in a formula.

Definition 3.14 (Positive and Negative Occurrences of Atoms)

• an atom A occurs positively in A;

• if an atom A occurs positively (resp. negatively) in a formula ϕ then A occurs
positively (resp. negatively) in ∃x. ϕ, ∀x. ϕ, ϕ ∨ ψ, and ϕ ∧ ψ;

• if A occurs positively (resp. negatively) in ϕ then A occurs negatively (resp.
positively) in ¬ϕ;

• if A occurs positively (resp. negatively) in ϕ and rD is a monotone aggregate
relation then A occurs positively (resp. negatively) in r(f, {x | ϕ}, t);

• if A occurs positively (resp. negatively) in ϕ and rD is an anti-monotone ag-
gregate relation then A occurs negatively (resp. positively) in r(f, {x | ϕ}, t);

We note that an atom can occur both positively and negatively in the same
formula, for example p in p∨¬p. Also if a formula ϕ does not contain non-monotone
aggregate relations then every atom in ϕ occurs either positively or negatively (or
both) in ϕ. However, for an aggregate atom A with a non-monotone aggregate
relation, the atoms in A occur neither positively nor negatively in A.

A simple way to determine the polarity of an atom (or a sub-formula) ψ is
to count the number of negations on top of ψ. If they are even then ψ oc-
curs positively. If they are odd then ψ occurs negatively. Aggregate atoms with
anti-monotone aggregate relations count as negations and aggregate atoms with
non-monotone aggregate relations “block” the counting and they occur neither
positively nor negatively.

Definition 3.15 (Positive and Negative Aggregate Formulas)
An aggregate formula ϕ is positive (resp. negative) if all atoms in ϕ occur only
positively (resp. only negatively) in ϕ.

If the formula ϕ is an aggregate atom of the form r(f, {x | ϕ}, t) there are two
cases in which it can be positive. The first one is when the aggregate symbol r is
interpreted as a monotone aggregate relation rD and ϕ is a positive formula. The
second case is when r is interpreted as an anti-monotone aggregate relation and ϕ
is a negative formula. Similarly, the aggregate atom r(f, {x | ϕ}, t) is negative if
rD is a monotone aggregate relation and ϕ is negative or rD is an anti-monotone
aggregate relation and ϕ is positive.

Proposition 3.7 Satisfiability of positive aggregate formulas is monotone and sat-
isfiability of negative aggregate formulas is anti-monotone.
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Proof. Let ψ be an aggregate formula and I and J be two interpretations such
that I ⊆ J . We show by induction on the structure of ψ that if it is positive then
I |= ψ implies J |= ψ and if ψ is negative then J |= ψ implies I |= ψ. For positive
and negative formulas without aggregates this property is a standard result in the
theory of first-order logic. We consider only the case when ψ is an aggregate atom
of the form r(f, {x | ϕ}, t). Let SI = J{x | ϕ}KI and SJ = J{x | ϕ}KJ .

First, let ϕ be a positive aggregate atom. We can distinguish two cases.

1. Let r be interpreted by a monotone aggregate relation rD. In this case ϕ
must be a positive formula and so is ∀x. ϕ. By the inductive hypothesis
I |= ∀x. ϕ implies J |= ∀x. ϕ. Consequently, SI ⊆ SJ . Finally, because rD

is a monotone aggregate relation then (SI , d) ∈ rD implies (SJ , d) ∈ rD thus
I |= ϕ implies J |= ϕ.

2. Let r be interpreted by an anti-monotone aggregate relation rD. In this case
ϕ must be a negative formula and so is ∀x. ϕ. By the inductive hypothesis
J |= ∀x. ϕ implies I |= ∀x. ϕ. Consequently, SJ ⊆ SI . Finally, because rD is
an anti-monotone aggregate relation then (SI , d) ∈ rD implies (SJ , d) ∈ rD

thus I |= ϕ implies J |= ϕ.

The proof of anti-monotonicity of negative aggregate atoms is similar and is
omitted. �

We point out that the classes of positive and negative formulas are a strict
subset of the classes for which the satisfiability relation is monotone (resp. anti-
monotone). For example the formula p∨¬p is a tautology and hence it is monotone,
however it is neither positive nor negative.

Definition 3.16 A definite aggregate program is an aggregate program such that
the bodies of all rules are positive aggregate formulas.

The class of definite aggregate programs is an extension of the class of definite
logic programs and has a monotone immediate consequence operator.

Theorem 3.8 If P is a definite aggregate program then T aggrP is monotone.

Proof. Follows immediately from Proposition 3.7. �

For programs with a monotone immediate consequence operator it is generally
accepted that the intended semantics is given by the least fixpoint of this operator.

The Company Controls problem (Kemp and Stuckey, 1991; Mumick et al.,
1990; Ross and Sagiv, 1997; Van Gelder, 1992) is a typical example of a definite
aggregate program.

Example 3.5 (Company Controls) A sort comp represents companies and a
sort shares interpreted over the real interval [0..1] represents a fraction of the
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shares. The interpreted predicate owns stock has type comp× comp×shares and
owns stock(X,Y, S) means that a company X owns a fraction S of the stock of a
company Y . The defined predicate controls has type comp×comp; controls(X,Y )
denotes that company X has a controlling interest in a company Y . This is the
case when X owns (directly or through an intermediate company that X controls)
more than 50% of the stock of Y . The predicate cv(X,Z, Y, S) means X controls
a fraction S of the stocks of Y through an intermediate company Z.

cv(X,X, Y, S)← owns stock(X,Y, S).
cv(X,Z, Y, S)← controls(X,Z) ∧ owns stock(Z, Y, S).

controls(X,Y )← sum>(λ(Z, S). S, {(Z, S) | cv(X,Z, Y, S)}, 0.5).

For numbers in the interval [0..1], the sum aggregate function is monotone and
cv(X,Z, Y, S) is a positive formula, so the aggregate atom in the third rule is
monotone. Since none of the bodies contain negation this is a definite aggregate
program with a monotone T aggrP operator. Moreover, its least fixpoint provides
the intended interpretation. This is because the controls predicate has to be
interpreted as the transitive closure over sum≥ of the owns stock relation. �

3.3.2 Stratified Aggregate Programs

We now define the classes of stratified and weakly stratified1 aggregate programs.
Both classes extend the class of stratified logic programs (Apt et al., 1988; Lloyd,
1987). For stratified aggregate programs aggregate atoms are treated in the same
way as negative literals: all predicate symbols in the set expression of an aggregate
atom have to be defined in a strictly lower level than the predicate symbol in the
head of the rule. So, this class of programs does not include aggregate programs
with recursion over aggregation. On the other hand, weakly stratified aggregate
program is a weaker notion of stratification. The conditions for the predicates in a
single stratum are essentially the same as for definite aggregate programs: it may
contain positive aggregate atoms with predicates in the set expression defined in
the same level.

A stratification of an aggregate program P is a partition 〈Πi〉i∈W of the user-
defined predicate symbols of Π where W is some index set. For every predicate
symbol p ∈ Π the level ‖p‖ of p is the index i for which p ∈ Πi.

Definition 3.17 ((Weakly) Stratified Aggregate Program) An aggregate
program P is weakly stratified if there exists a stratification 〈Πi〉i∈W of Π and a
well-order � on W such that for every rule p(t)← ϕ ∈ P and for every predicate
symbol q in ϕ:

1Our notion of weak stratification is not related with weakly stratified logic programs
(Przymusinska and Przymusinski, 1990).
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• ‖q‖ � ‖p‖ if all atoms with q occur positively in ϕ;

• ‖q‖ ≺ ‖p‖ if some atom with q does not occur positively in ϕ.

A stratified aggregate program must, in addition, satisfy:

• ‖q‖ ≺ ‖p‖ if q occurs in a set expression of an aggregate atom in ϕ.

The class of weakly stratified aggregate programs is strictly larger than the
class of stratified aggregate programs.

Let Pi ⊆ P be the sub-program of P containing only rules with predicate
symbols of level i. Note that the rules of Pi use predicate symbols only of level i
or lower levels. Let Ii = ℘(baseD(Πi)).

Proposition 3.9 If P is a (weakly) stratified aggregate program with stratification
〈Πi〉i∈W then 〈Ii〉i∈W is a stratification of T aggrP .

Proof. We use the characterization of stratifiability of Proposition 2.24. Fix a level
i ∈ W , and an interpretation U ∈ I|≺i. Let (T aggrP )Ui : Ii → Ii be the operator
defined as follows (T aggrP )Ui (J) = T aggrPi

(U ∪ J). Let I ∈ I be an interpretation
which agrees with U , i.e. I|≺i = U .

T aggrP (I)|i = T aggrPi
(I)

= T aggrPi
(I|�i) because Pi contains only predicates of

level i or lower
= T aggrPi

(U ∪ (I|i)) because I|≺i = U

= (T aggrP )Ui (I|i) by definition of (T aggrP )Ui �

Lemma 3.10 Let P be a (weakly) stratified aggregate program and 〈Πi〉i∈W be a
stratification of P . Then for every i ∈W and U ∈ I|≺i, the operator (T aggrP )Ui (J) =
T aggrPi

(U ∪ J) is monotone.

Now, we can apply the definition of standard fixpoint (Definition 2.29) and
define a standard model MP of a stratified aggregate program. We can also ap-
ply Proposition 2.27 and obtain a result that the standard model is a minimal
fixpoint of T aggrP and consequently a minimal supported model of P . For logic
programs without aggregates, our definition agrees with the one from standard
logic programs (Apt et al., 1988; Lloyd, 1987).

Note that definite aggregate programs are weakly stratified — the entire pro-
gram can be put in a single stratum. Thus, the Company Controls program from
Example 3.5 is also a weakly stratified aggregate program. However, it is not strat-
ified. The next example contains a program which is stratified but not definite.
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Example 3.6 (Shortest Path) Let nodes be a sort representing nodes and c a
sort representing weights, interpreted with some set of real numbers Dc ⊆ R. The
graph is defined by a predicate edge : n× n× c. A tuple edge(X,Y, L) represents
an edge from X to Y with weight L. Consider the following formulation of the
problem of finding the length of the shortest path between two nodes which can
be found in (Van Gelder, 1992, Example 4.1).

sp(X,Y, S)← min(λC. C, {C | cp(X,Y,C)}, S).

cp(X,Y,C)← edge(X,Y,C).
cp(X,Y,C1 + C2)← cp(X,Z,C1) ∧ edge(Z, Y,C2).

The aggregate relation min is non-monotone, so the aggregate atom min(. . .) in
the first rule is neither positive nor negative. Consequently, the program is not
definite. However, the program is stratified. The first stratum contains the cp/3
predicate and the sub-program Pcp containing only the definition of cp/3 is a
definite program. The predicate cp/3 computes the transitive closure of the graph
and cp(X,Y,C) is true in the least model of Pcp if and only if there is a path
between X and Y with length C. The second stratum contains only the definition
of sp/3 and sp(a, b, w) is true in the standard model of the program if and only if
the shortest path between a and b has a length w. Note that if the graph contains
a path from a node a to itself with a negative length then sp(a, a, w) will be false
for all values w ∈ Dc in the cost domain. �

3.3.3 Supported Models

Although the extension of the supported model semantics to aggregate programs
is straightforward we still discuss it shortly because it provides the intended se-
mantics for several examples with “recursion” over aggregates. The definition of
supported models does not require any change for aggregate programs. We also
have the same characterization of supported models as Proposition 2.5 for logic
programs without aggregates.

Proposition 3.11 The following statements are equivalent:

1. I is a supported model of P ;

2. I |= comp(P );

3. T aggrP (I) = I.

As a first example of a problem under the completion semantics we consider the
following version of the Party Invitation problem (Ross and Sagiv, 1997; Zaniolo
and Wang, 1999).
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Example 3.7 (Party Invitation I) A number of people are invited to a party.
A person p will accept the invitation if and only if at least k of his (her) friends
also accept the invitation. The friendship relation is given by a binary predicate
friend(X,Y ) meaning that Y is a friend of X. The input also consists of a relation
thr(X,T ) giving the lower bound T on the number of friends of X. The problem
is modeled by the program consisting of the following single rule:

accept(X)← thr(X,T ) ∧ card≥(λY. 1, {Y | friend(X,Y ) ∧ accept(Y )}, T ).

Note that the aggregate relation card≥ is monotone and the aggregate atom in
the rule is also monotone. So, this is a definite aggregate program with a monotone
T aggrP operator. However, taking the least fixpoint of this operator may not be
the appropriate semantics of this problem. In fact the statement of the problem
suggest that the completion semantics may be more appropriate.

Consider an input consisting of two persons a and b such that a will accept if
and only if b does and vice versa. The precise input is:

friend(a, b). thr(a, 1).
friend(b, a). thr(b, 1).

The least fixpoint of the T aggrP operator is ∅, i.e. none of the persons accept the
invitation. However, comp(P ) has a second model, namely {a, b} which can also
be considered as a correct solution. The statement of the problem does not exclude
the possibility that a and b communicate with each other about their decisions to
attend the party. �

In a more elaborate version of the problem one can specify a degree of friendship
which can be both positive and negative (Van Gelder, 1992, Example 6.3). This
implies that the resulting program will have a non-monotone T aggrP operator.

Example 3.8 (Party Invitation II)
The sort pers represents persons. The pre-defined predicate comp has a type
pers × pers × real and comp(X,Y, P ) means that person X has a compatibility
measure P with person Y . If P is a negative number that means that X dislikes
Y with degree P . A person P will accept the invitation if and only if the sum of
the compatibilities of all other people who accept the invitation is greater than or
equal than some threshold K, given in a relation thr(P,K) of type pers × real.
The program for this version consists of the following rule.

accept(X)←thr(X,K)∧
sum≥(λ(Y, P ). P, {(Y, P ) | comp(X,Y, P ) ∧ accept(Y )},K).

Now, because the input multiset of the sum≥ aggregate may contain both positive
and negative numbers the aggregate atom is not monotone and the T aggrP operator
is non-monotone.



3.3. Two-valued Semantics 51

Again, we argue that Clark’s completion semantics agrees with the intended
semantics of the problem. However, unlike the Party Invitation I problem where
there is always at least one solution, this version may not have solutions for some
inputs.

Consider a situation where a person a will accept if and only if b accepts and
b will accept if and only if a does not. This input can be defined as:

comp(a, b, 1). thr(a, 1).
comp(b, a,−1). thr(b, 0).

Instantiating and simplifying the program with this input we obtain the program
P1:

accept(a)← sum≥(λ(Y, P ). P, {(Y, P ) | accept(b) ∧ Y = b ∧ P = 1}, 1).
accept(b)← sum≥(λ(Y, P ). P, {(Y, P ) | accept(a) ∧ Y = a ∧ P = −1}, 0).

In classical logic, satisfiability of the aggregate atoms in the bodies of the two rules
is the same as the satisfiability of accept(a) and ¬accept(b) respectively. So, the
program P1 is equivalent to P2:

accept(a)← accept(b).
accept(b)← ¬accept(a).

Finally, the completion comp(P2) is the following first-order theory:

accept(a)↔ accept(b).
accept(b)↔ ¬accept(a).

Clearly, comp(P2) does not have any models. �

Another problem for which the completion semantics is sufficient is the follow-
ing puzzle2 from (Hurley, 1971) suggested to me by Maarten Mariën.

Example 3.9 (Hundred I) There is a piece of paper with 100 sentences written
on it:

1. Exactly one sentence on this page is false.

2. Exactly two sentences on this page are false.
...

99. Exactly 99 sentences on this page are false.

100. Exactly 100 sentences on this page are false.
2http://rec-puzzles.org/new/sol.pl/logic/hundred
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How many sentences are false and how many are true?
Let n be a sort interpreted with the interval of natural numbers [1..100]. Let

s : n be a predicate denoting that sentence i is true. The problem is modeled with
the following one rule program.

s(X)← card({Y | not s(Y )}, X).

To find the solution of the problem first observe that all statements are mutu-
ally exclusive, so at most one can be true. If they are all false then s(100) must
be true which is a contradiction. The other possibility is that 99 of the statements
are false so s(99) must be true.

Clearly, classical models of Clark’s completion of the program provide the
intended semantics. This is because there is no reason to exclude self-supported
models. Indeed, P has a single supported model in which s(99) is the only true
atom which agrees with the solution above. �

Example 3.10 (Hundred II) One variation of the Hundred I example is ob-
tained be replacing “exactly” by “at least” in the question. The corresponding
program is

s(X)← card≥({Y | not s(Y )}, X).

To find a solution to this variant, suppose that x statements are false. Then
statements s(1) to s(x) will be true and s(x+1) to s(100) will be false. We obtain
the equation x = 100− x, so x = 50.

Again, the completion semantics is the right semantics of this problem. Indeed,
comp(P ) has a single model which coincides with this solution.

Note that this time the T aggrP operator is anti-monotone because the aggregate
atom card≥({Y | not s(Y )}, X) is a negative formula. Anti-monotone operators
have a ≤p-maximal oscillating pair (I1, I2), i.e. T aggrP (I1) = I2, T aggrP (I2) = I1,
and for any other oscillating pair (J1, J2) of T aggrP , (I1, I2) ≤p (J1, J2). For this
program the maximal oscillating pair of T aggrP is (∅, {s(x) | x ∈ [1..100]}. �

3.4 Related Work

In logic programming, aggregate expressions have been denoted in different ways.
A common way (Kemp and Stuckey, 1991; Mumick et al., 1990) is a group by
expression of the form:

group by(p(x,y), [x], C = f(u(x,y)))

where x are the grouping variables which together with C are the free variables
for the expression and C is the result of computing the aggregate function f. It is
equivalent in our notation to:

f(λy. u(x,y), {y | p(x,y)}, C).
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Some authors (Sudarshan et al., 1993; Van Gelder, 1992) argue that it is
convenient to allow the computation of aggregates on sub-multisets of the input
multiset. This can be accomplished within our framework without introducing any
additional syntax by means of the subset aggregate r⊆. A more detailed study on
the use of the subset aggregate is given in Section 5.3.3.

The class of monotonic aggregate programs (Mumick et al., 1990) is very similar
to the class of definite aggregate programs. A monotonic programs is a program in
which every rule is monotonic. A monotonic rule is a rule r such that I |= body(r)
and I ⊆ J implies J |= r for any pair of interpretations I and J . Although this is
a semantic definition of monotonicity, the authors introduce a sufficient syntactic
condition for monotonicity of a rule. Essentially, an aggregate atom can appear
only in formulas of the form

∃z. r(λx. u, {x | q(x)}, z) ∧ p(z, t) (3.1)

where p is a pre-defined relation. Moreover, the satisfiability of this formula must
be monotone. In our syntax (3.1) can be expressed as the aggregate atom

rP (λx. u, {x | q(x)}, t) (3.2)

with the derived aggregate relation rP . Then, the condition that the satisfiability
of (3.1) is monotone is equivalent to the condition that rP is a monotone aggregate
relation (and consequently (3.2) is a positive aggregate atom). The notion of
positive aggregate atoms is simpler and, in our opinion, more natural than the
condition of monotonic literals of (Mumick et al., 1990). In the same way we
extend the least fixpoint semantics of definite aggregate programs to the standard
model semantics of weakly stratified aggregate programs, (Mumick et al., 1990)
extend the semantics of monotonic programs to stratified monotonic programs.

Finally, we mention a line of research which considers the least fixpoint se-
mantics of aggregate programs with a monotone T aggrP operator under non-standard
orders between interpretations (Ross and Sagiv, 1997; Van Gelder, 1993) and does
not have an analog in logic programming. (Denecker et al., 2001b) contains some
discussion on the relationship with this approach.

3.5 Conclusions

In this chapter we introduced the syntax of aggregate atoms and programs and
defined several semantics which can be obtained from the two-valued immediate
consequence operator T aggrP . Instead of studying only aggregate functions we
considered arbitrary aggregate relations. An important idea in our approach is
the construction of derived aggregate relations as the composition of aggregate
functions and relations on their domains. This allowed us to define monotonicity
and anti-monotonicity of aggregate relations and atoms in a natural way which is
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independent on any domain specific order relation. Based on these properties, we
defined the semantics of three restricted classes of aggregate programs: definite,
stratified, and weakly stratified. These classes of programs and their semantics are
extensions of the corresponding classes and semantics in logic programming (van
Emden and Kowalski, 1976; Apt et al., 1988).

One interesting result from our study of examples is that the programs of
several examples which have recursion over aggregation should not be considered
as recursive definitions but as if-and-only-if definitions. For such programs classical
models of Clark’s completion of the program (Clark, 1978) provide the intended
semantics. To our knowledge this semantics of aggregate programs has not been
considered in the literature before.



Chapter 4

Three-Valued Stable
Semantics of Aggregate
Programs

In this chapter we define several three-valued stable semantics of aggregate pro-
grams. These semantics are obtained as stable fixpoints of several consistent ap-
proximating operators of the immediate consequence operator T aggrP of aggregate
programs. The first semantics which we study is obtained from the ultimate
approximating operator of T aggrP and extends the ultimate semantics of logic pro-
grams without aggregates (Denecker et al., 2004). This semantics is interesting
because it is the most precise semantics according to Approximation Theory. This
means that it has the most precise well-founded model and the number of total
stable models is larger than that of any other semantics obtained from a consist-
ent approximating operator of T aggrP . One concern with the ultimate semantics is
that even for logic programs without aggregates it is more expensive to compute
the ultimate well-founded and stable models than the standard well-founded and
stable models.

The other three-valued stable semantics which we define (Section 4.2) are all
extensions of the three-valued stable semantics of logic programs (Przymusinksi,
1990) (and consequently of the stable (Gelfond and Lifschitz, 1988) and well-
founded (Van Gelder et al., 1991) semantics). According to Approximation The-
ory, the three-valued semantics of logic programs (Przymusinksi, 1990) can be
obtained from the three-valued operator ΦP defined by Fitting (Fitting, 1985).
We show how this operator can be extended to a consistent approximating oper-
ator ΦaggrP of T aggrP . The operator ΦaggrP is based on extending aggregate relations
to three-valued relations on three-valued multisets. We give conditions for these
extensions that guarantee that the ΦaggrP operator is a consistent approximating
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operator of T aggrP . Such extensions are called approximating aggregate relations.
Each of them gives rise to a different three-valued stable semantics.

In Section 4.3 we give one possible definition of approximating aggregate rela-
tions which is defined in a uniform way for all aggregate relations. It is based on
the ideas and constructions of ultimate approximations. Consequently, the three-
valued semantics which it defines is the most precise three-valued stable semantics
in this family. We show that this semantics extend the least fixpoint semantics of
definite aggregate programs and the standard model semantics of weakly stratified
aggregate programs.

The last section in this chapter (Section 4.4) presents some preliminary results
on extending the stable semantics of disjunctive logic programs (Przymusinski,
1991) to programs with aggregates. It is based on a novel algebraic characterization
of stable models based on non-deterministic operators.

The ultimate well-founded and stable semantics of aggregate programs (Sec-
tion 4.1) have been published in (Denecker et al., 2001b) and the three-valued
stable semantics (Section 4.2) in (Pelov et al., 2004).

4.1 Ultimate Three-Valued Stable Semantics

The first semantics of aggregate programs based on approximation theory which
we study is the one based on the ultimate approximating operator UaggrP of T aggrP

(Denecker et al., 2001b). Using Proposition 2.19 it can be defined as follows.

Definition 4.1 The ultimate approximating operator UaggrP : Ic → Ic of T aggrP :
I → I is defined as:

UaggrP (I1, I2) = (
⋂

I∈[I1,I2]

T aggrP (I),
⋃

I∈[I1,I2]

T aggrP (I) ).

Definition 4.2 The set of ultimate three-valued stable models of an aggregate
program P is defined as the set of fixpoints of the consistent stable operator of
UaggrP . We call the well-founded fixpoint of UaggrP the ultimate well-founded model
of P and the exact stable fixpoints of UaggrP , ultimate stable models.

The UaggrP operator has all the properties of an ultimate approximating oper-
ator. The following result is an instance of Proposition 2.22.

Proposition 4.1 If the T aggrP operator is monotone then the program P has a
two-valued ultimate well-founded model which is also the unique ultimate stable
model and is equal to lfp(T aggrP ).

In particular definite aggregate programs have a monotone T aggrP operator, so
the ultimate semantics agrees with the least model semantics of such programs.
There are, however, programs with a monotone immediate consequence operator
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which are not definite and for which the well-founded model is three-valued while
the ultimate well-founded model is two-valued. One such program is given in Ex-
ample 2.9. The following example, suggested by John Schlipf, is an example of an
aggregate program which is not definite but has a monotone T aggrP operator. The
ultimate well-founded model of this program agrees with the intended interpreta-
tion while the less precise semantics of aggregate programs which we define later
are too weak (Example 4.7).

Example 4.1 (Borel Sets) Let R be the set of real numbers. Borel sets are
defined by the following monotone inductive definition:

• any open set of real numbers is a Borel set;

• for any countable set C of Borel sets,
⋂
C and

⋃
C are Borel sets;

• if B is a Borel set then R−B is a Borel set.

To model this definition as an aggregate program consider the following ag-
gregate signature

Σ = 〈{s}; {open : s}; {compl : s→ s}; {infω, supω : {s} × s}〉.

The Σ-structure D interprets the sort s with the set ℘(R) of all subsets of the
real numbers, the predicate open is interpreted with the set of open sets, and
the function compl is interpreted as set complement: complD(S) = R − S. The
aggregate relations infω and supω are the restrictions of inf and sup to countable
input multisets. The program defining Borel sets contains a single user-defined
predicate borel : s.

borel(S)← open(S).
borel(compl(S))← borel(S).

borel(S)← infω({B | borel(B)}, S).
borel(S)← supω({B | borel(B)}, S).

Note that the aggregate relations infω and supω are non-monotone, so the program
is not definite. However the T aggrP operator is monotone and borel(S) ∈ lfp(T aggrP )
if and only if S is a Borel set. By Proposition 4.1, the program has a two-valued
ultimate well-founded model which is equal to lfp(T aggrP ). �

The ultimate semantics also extends the standard model semantics of stratified
aggregate programs.

Proposition 4.2 A stratified aggregate program P has a two-valued ultimate well-
founded model which is also the unique ultimate stable model and is equal to the
standard model of P .
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We do not provide a direct proof of this proposition. Instead, in Section 4.3.2
we show that the three-valued stable semantics agrees with the semantics of strat-
ified aggregate programs. Since the ultimate well-founded model is more precise
than the well-founded fixpoint of any other approximating operator of T aggrP (Pro-
position 2.20) the result follows.

Next, we present a translation from an aggregate program to a ground normal
logic program which preserves the ultimate semantics.

Definition 4.3 The translation lp(P ) of P is defined as follows:

lp(P ) = {A← L | A← F ∈ ground(P ) and L is a set of literals
with atoms from baseD(Π) such that L |= F}.

The lp(·) translation preserves the two-valued immediate consequence operat-
ors.

Proposition 4.3 T aggrP (I) = T aggrlp(P )(I)

Proof. ⊇) Suppose that A ∈ T aggrlp(P )(I). This means that there exists a rule A ←
L ∈ ground(lp(P )) = lp(P ) such that I |= L. By definition of lp(P ) there exists
a rule A ← F ∈ ground(P ) such that L |= F . This implies that I |= F and
consequently, A ∈ T aggrP (I).
⊆) Suppose that A ∈ T aggrP (I). This means that there exists a rule A ← F ∈

ground(P ) such that I |= F . Let L be the set of all literals which are true in I
and defined as

L = {A | A ∈ I} ∪ {¬A | A 6∈ I}.

Clearly L |= F and so A← L ∈ lp(P ) and A ∈ T aggrlp(P )(I). �

If the T aggrP operators of P and lp(P ) are the same then the two programs will
have the same ultimate approximating operator UaggrP . So, we have:

Proposition 4.4 P and lp(P ) have the same set of ultimate three-valued stable
models.

4.2 Three-Valued Stable Model Semantics

One of the concerns with the ultimate three-valued stable semantics is that it
has a high computational complexity even for programs without aggregates (De-
necker et al., 2004). Computing the ultimate well-founded model is co-NP-hard
and deciding the existence of a two-valued ultimate stable model is Σp2-complete.
In this section we investigate a family of less precise consistent approximating
operators of T aggrP . Our goal is to extend the three-valued stable semantics of
aggregate programs defined by Przymusinski (Przymusinksi, 1990). According
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to Approximation Theory (Denecker et al., 2000) this semantics can be obtained
as consistent stable fixpoints of the three-valued Fitting operator ΦaggrP (Fitting,
1985) which is a consistent approximating operator of T aggrP . By extending this
operator to a consistent approximating operator of aggregate programs we obtain
a three-valued stable semantics which extends the one of logic programs without
aggregates (Przymusinksi, 1990).

We first extend the valuation function of set expressions for three-valued inter-
pretations. The value of a set expression is a three-valued multiset.

Definition 4.4 (Three-Valued Multiset) A three-valued multiset is a pair of
multisets (M1,M2) such that M1 ⊆M2. A three-valued multiset (M1,M2) is finite
if M2 is a finite multiset.

This definition also covers finite sets and finite three-valued sets because they
are special cases of multisets and three-valued multisets.

Definition 4.5 Let {x1, . . . , xn | ϕ} be a first-order set expression and Ĩ a three-
valued interpretation. The value J{x1, . . . , xn | ϕ}KĨ is a three-valued set S̃ : Ds1 ×
· · · ×Dsn → T HREE defined as S̃(d1, . . . , dn) = Hσx1=d1,...,xn=dn

Ĩ
(ϕ).

Lemma 4.5 For every set expression s if Ĩ ≤p J̃ then JsKĨ ≤p JsKJ̃ and for every
2-valued interpretation I, JsK(I,I) = (JsKI , JsKI).

The value of a lambda expressions λx. e(x) depends only on the interpretation
D of the pre-defined symbols and does not change in three-valued logic. In three-
valued logic the combination of a set expression s and a lambda expression f define
a three-valued multiset (M1,M2) obtained by applying the function F = JfKD
to the two components of the three-valued set (S1, S2) = JsKĨ , i.e. (M1,M2) =
(F (S1), F (S2)).

In three-valued logic aggregate symbols are interpreted by three-valued ag-
gregate relations. Instead of providing immediately a definition of three-valued
aggregate relations we first give the basic properties which such three-valued ag-
gregate relations have to satisfy such that the corresponding ΦaggrP operator will
approximate T aggrP . Depending on the particular choice of three-valued aggregate
relations we obtain different semantics.

Definition 4.6 (Approximating Aggregate Relation) Let r ⊆M(D1)×D2

be an aggregate relation. We say that the three-valued relation Ar : M(D1)c×D2 →
T HREE is an approximating aggregate relation of r if it satisfies the following
properties:

• Ar extends r, i.e. Ar((M,M), d) = (r(M,d),r(M,d));

• Ar is ≤p-monotone in the first argument, i.e. if (M1,M2) ≤p (N1, N2) then
Ar((M1,M2), d) ≤p Ar((N1, N2), d).
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Definition 4.7 (Three-Valued truth function) The three-valued truth func-
tion for first-order formulas λ(Ĩ , ϕ). HĨ(ϕ) : Ic × L → T HREE (Definition 2.30)
is extended to a three-valued truth function for first-order aggregate formulas
λ(Ĩ , ϕ). Haggr

Ĩ
(ϕ) : Ic × Laggr → T HREE as follows:

Haggr
Ĩ

(r(λx. e, {x | ϕ}, t)) = Ar(Jλx. eK(J{x | ϕ}KĨ), JtKD)

where Ar : M(D)c × D → T HREE is an approximating aggregate relation of
r : M(D)×D → TWO.

The three-valued truth function Haggr
Ĩ

is ≤p-monotone and extends the two-
valued truth function for aggregate formulas HaggrI .

Lemma 4.6 For every aggregate formula ϕ if Ĩ ≤p J̃ then Haggr
Ĩ

(ϕ) ≤p HaggrJ̃
(ϕ)

and for every 2-valued interpretation I, Haggr(I,I)(ϕ) = (HaggrI (ϕ),HaggrI (ϕ)).

Proof. (Sketch) We only need to prove the statement for aggregate atoms. It
follows from Lemma 4.5 and the definition of approximating aggregates. �

Using the simplified notation of aggregate atoms without lambda expressions,
the above definition simplifies to

HĨ(r(s, t)) = Ar(JsKĨ , JtKD).

We now define an approximating operator ΦaggrP of T aggrP as follows.

Definition 4.8 The three-valued immediate consequence operator ΦaggrP : Ic →
Ic for an aggregate program P is defined as:

ΦaggrP (Ĩ)(A) =
∨

t
{Haggr

Ĩ
(B) | A← B ∈ ground(P )}.

Proposition 4.7 The ΦaggrP operator is a consistent approximating operator of
T aggrP .

Proof. Follows from Lemma 4.6. �

Definition 4.9 The set of three-valued stable models (or partial stable models)
of an aggregate program P are defined as the set of fixpoints of the consistent stable
operator Sc

Φaggr
P

of ΦaggrP (see Section 2.6.3).

For logic programs without aggregates the ΦaggrP operator coincides with the
Fitting ΦP operator (Fitting, 1985) and the ΨP operator defined by Przymusinski
(Przymusinksi, 1990). So, the three-valued stable semantics of aggregate pro-
grams is an extension of the three-valued stable models of normal logic programs
(Przymusinksi, 1990).



4.2. Three-Valued Stable Model Semantics 61

4.2.1 Aggregate Programs with Finite Multisets

All standard aggregates min, max, card, sum, prod, and avg are not well-defined
for most multisets of infinite size. On the other hand, with the exception of avg
on the empty multiset, all these aggregates are total functions on finite multisets.
So, the algorithms, properties, and program transformations of these aggregates
which we study are valid only for finite multisets. In this section we investigate
properties of aggregate programs which guarantee that the input of the aggregates
are finite multisets and, consequently, we can apply the results which we have
obtained.

Definition 4.10 An aggregate atom with finite multisets is a (Σ(Π),D)-aggregate
atom of the form r({x | ϕ}, t) such that for every three-valued interpretation Ĩ,
J{x | ϕ}KĨ is a finite three-valued set. An aggregate program with finite multisets
is an aggregate program P such that every aggregate atom is an aggregate atom
with finite multisets.

The conditions of the set expressions of the aggregate atoms of most of typical
aggregate programs have a common form.

Example 4.2 Consider the program of the Party Invitation II problem from Ex-
ample 3.8:

accept(X)←thr(X,K)∧
sum≥(λ(Y, P ). P, {(Y, P ) | comp(X,Y, P ) ∧ accept(Y )},K).

Note that comp : pers×pers× real is a pre-defined relation which is always finite.
This is because the third argument is functionally dependent on the first two
arguments and the sort pers is interpreted with a finite domain. Note also that
accept : pers is a user-defined predicate which is again interpreted over a finite
domain. Thus the interpretation of the set expression {(Y, P ) | comp(X,Y, P ) ∧
accept(Y )} is always a finite three-valued set. �

The intuition from this example is formalized by the following proposition.

Proposition 4.8 An aggregate atom r({x | ϕ}, t) is an aggregate atom with finite
multisets if every predicate symbol p : s1 × · · · × sn of the condition ϕ is either a
pre-defined predicate symbol with finite extension (i.e. pD is finite) or p is a user-
defined predicate and all sorts s1, . . . , sn are interpreted with finite domains.

The programs of most of the problems we have considered fall in the class of
aggregate programs with finite multisets. This is the case for the two versions
of the Party Invitation problem (Example 3.7 and Example 3.8). Some other
programs needs to be formulated in a slightly different way to become aggregate
programs with finite multisets.
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Example 4.3 The program of the Company Controls problem from Example 3.5
is not an aggregate program with finite multisets. To see this consider the rule
containing the aggregate atom:

controls(X,Y )← sum>(λ(Z, S). S, {(Z, S) | cv(X,Z, Y, S)}, 0.5).

The user-defined predicate cv has a type comp × comp × comp × shares. So, in
the least interpretation Ĩ = (∅, baseD(Π)) in the precision order ≤p,

J{(Z, S) | cv(X,Z, Y, S)}KĨ = (∅, {(c, x) | c ∈ Dcomp, x ∈ Dshares = [0, 1]}).

The over-estimate of the three-valued set is obviously an infinite set. �

The program can be reformulated in a such a way as to have only finite multis-
ets. The idea is simply to drop the last argument of the cv predicate.

Example 4.4 (Company Controls with Finite Multisets) Consider the fol-
lowing formulation of the Company Control problem from Example 3.5. The user-
defined predicate cv has a type comp × comp × comp and controls has a type
comp× comp.

cv(X,X, Y )← ∃S. owns stock(X,Y, S).
cv(X,Z, Y )← controls(X,Z) ∧ ∃S. owns stock(Z, Y, S).

controls(X,Y )← sum>( {λ(Z, S). S,
(Z, S) | cv(X,Z, Y ) ∧ owns stock(Z, Y, S)}
0.5).

This formulation of the problem is clearly an aggregate program with finite multis-
ets. �

Finally, there are problems which cannot be formulated as aggregate programs
with finite multisets. This is the case, for example, with the Shortest Path problem.

Example 4.5 Consider the rule for the sp : n×n×c predicate from the programs
of the Shortest Path problem from Example 3.6 and Example 4.6.

sp(X,Y, S)← min(λC. C, {C | cp(X,Y,C)}, S).

If the cost-domain c is interpreted with an infinite domain then for the interpret-
ation Ĩ = (∅, baseD(Π)),

J{C | cp(X,Y,C)}KĨ = (∅, {n | n ∈ Dc}).

In fact, it is possible to have graphs with infinitely many paths if the graph is
infinitely large or if there is a cycle with non-negative length in a path between
two nodes. �
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4.2.2 Splitting Theorem

In Section 3.3.2 we applied the theory of stratification of operators to the T aggrP

operator to define a standard model semantics of (weakly) stratified aggregate
programs. We now develop a different application of this theory by considering a
stratification of the consistent approximating operator ΦaggrP . It is analogous to
the splitting theorem in logic programming (Lifschitz and Turner, 1994). Similarly
to the stratification of an aggregate program, the splitting of a program agrees
with the dependency graph. However, the conditions are weaker and a single
stratum may contain all types of cycles. We also restrict our attention to index
sets which are well-ordered instead of well-founded. The splitting theorem for
aggregate programs which we show is used to prove that the weakly stratified
aggregate programs have a single three-valued stable model which is equal to the
standard model. The results hold for any choice of an approximating aggregate.

Definition 4.11 Let P be a Σ(Π)-aggregate program. A splitting sequence of
length µ of P is a collection 〈Πα〉α<µ of disjoint subsets of Π such that

⋃
α<µ Πα =

Π and for every rule p(t)← ϕ ∈ P if p ∈ Πα then the set of predicate symbols of
ϕ are in

⋃
β≤α Πβ.

For a splitting sequence 〈Pα〉α<µ of P let Iα = ℘(baseD(Πα)). Clearly I =⊗
α<µ Iα. Also, for a three-valued interpretation Ĩ = (I1, I2) let Ĩ|α = (I1 ∩

baseD(Πα), I2 ∩ baseD(Πα)), i.e. the restriction of Ĩ only to atoms with predicates
in Πα.

Lemma 4.9 Let 〈Πα〉α<µ be a splitting sequence of an aggregate program P . Then
〈Iα〉α<µ is a stratification of the approximating operator ΦaggrP : Ic → Ic.

Proof. We use the characterization of stratifiability of Proposition 2.24. Let α < µ

and Ũ ∈ Ic|<α. Define the component (ΦaggrP )Ũα : Icα → Icα as follows

(ΦaggrP )Ũα (J̃) = ΦaggrPα
(Ũ ⊗ J̃).

Let Ĩ ∈ Ic be a three-valued interpretation which agrees with Ũ , i.e. Ĩ|≺α = Ũ .

ΦaggrP (Ĩ)|α = ΦaggrPα
(Ĩ)

= ΦaggrPα
(Ĩ|�i)

= ΦaggrPα
(Ũ ⊗ Ĩ|α) because Ĩ|≺α = Ũ

= (ΦaggrP )Ũα (Ĩ|α) by definition of (ΦaggrP )Ũα �

We note that for normal logic programs in which the rules are conjunctions of
literals the component (ΦaggrP )Ũα can be defined as Φaggr

P/Ũ
where P/Ũ is the program

obtained from ground(P ) by substituting all atoms at strata lower than α with
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their truth values given by Ũ . However, this is not possible for logic programs
which contain first-order formulas in the rule bodies. In particular, if a formula
contains quantifiers or set expressions then some atoms may have variables in their
arguments in ground(P ). So, such atoms cannot be substituted with their truth
value.

Theorem 4.10 (Splitting Theorem) Let 〈Πα〉α<µ be a splitting sequence of an
aggregate program P . A three-valued interpretation Ĩ is a three-valued stable model
of P if and only if for every α < µ, Ĩ|α is a consistent stable fixpoint of the
component (ΦaggrP )Ĩ|≺α

α .

Proof. Follows form Lemma 4.9 and Proposition 2.28. �

To explain how the splitting theorem is used to characterize three-valued stable
models let 〈Πα〉α<µ be a splitting sequence of an aggregate program P . In the
first step we compute the set of consistent stable fixpoints of the operator (ΦaggrP )0
which correspond to three-valued stable models of the program P0. The three-
valued stable models of a stratum α+1 are defined as the union of the three-valued
stable fixpoints of the (ΦaggrP )Ũα+1 operator for every three-valued stable model Ũ
of Pα.

Unlike stratified programs for which every stratum has a single stable model
(which is the least fixpoint of the T aggrP operator on this stratum), the strata
defined by a splitting sequence 〈Πα〉α<µ may have several three-valued stable mod-
els.

4.2.3 Related Work

A definition of a well-founded and valid semantics based on three-valued multisets
and three-valued aggregate functions has already been proposed by Sudarshan et
al. (Sudarshan et al., 1993). Our definition of three-valued multisets is equivalent
to the one given in (Sudarshan et al., 1993). Also, the way three-valued multisets
are computed in (Sudarshan et al., 1993) is the same as the valuation of a set
expression in a three-valued interpretation. Finally, aggregate functions and rela-
tions in (Sudarshan et al., 1993) are defined for three-valued multisets and have to
be monotone. So, they are similar to the approximating aggregate relations which
we consider

The syntax of logic programs with first-order rule bodies which we use is sim-
ilar to the syntax of logic programs with nested expressions (Lifschitz et al., 1999).
The first visible difference is that the later is purely propositional and does not
support quantifiers. On the other hand programs with nested expressions can have
disjunction and nested formulas also in the head of the rules. A more important
difference is that the logical foundations of the stable semantics of the two lan-
guages are very different. While our semantics is based on evaluating rule bodies in
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Kleene’s strong three-valued logic T HREE , the one of nested expression is based
on the logic of here-and-there, HT (Lifschitz et al., 2001). A simple example of
the difference between the two logics is that ¬¬p is equivalent in T HREE to p
while it is not in the logic of here-and-there.

We postpone the discussion of several recent extensions of the stable semantics
of logic programs with weight constraints (Simons et al., 2002), set constraints
(Marek and Remmel, 2004) and monotone cardinality atoms (Marek et al., 2004)
to Chapter 6 because these extensions are defined for a propositional language.

4.3 The Three-valued Stable Semantics based on
the Ultimate Approximating Aggregate

The three-valued truth function of aggregate atoms (Definition 4.7) and con-
sequently, the three-valued stable semantics of aggregate programs are paramet-
rized by the interpretation of aggregate symbols by approximating aggregate re-
lations. In the next chapter we investigate in detail the semantics obtained by
interpreting aggregate symbols with the most precise approximating aggregate re-
lation, called the ultimate approximating aggregate. This three-valued aggregate
relation is defined for all aggregate relations in a uniform way using the construc-
tion of ultimate approximations (Section 2.6.4). In this section we show how this
semantics is related with the semantics of definite and stratified aggregate pro-
grams.

Definition 4.12 (Ultimate Approximating Aggregate) Let r ⊆M(D)×D
be an aggregate relation. The ultimate approximating aggregate of r is a function
Ur : M(D)c ×D → T HREE. It is defined as

r((M1,M2), d) = (U1
R((M1,M2), d), U2

r ((M1,M2), d))

where U1
r , U

2
r : M(D)c × D → TWO are the projections of Ur on the first and

second component, defined as follows:

U1
r ((M1,M2), d) = t if and only if ∀M ∈ [M1,M2] : (M,d) ∈ r

U2
r ((M1,M2), d) = t if and only if ∃M ∈ [M1,M2] : (M,d) ∈ r

Proposition 4.11 Ur is an approximating aggregate relation of r.

We first restate some results which have already been proven for the ultimate
approximating operator.

The ultimate approximating aggregate Ur is the most precise in the ≤p-order
among all possible approximating aggregate relations.

Proposition 4.12 Ar((M1,M2), d) ≤p Ur((M1,M2), d) for every approximating
aggregate relation Ar of r, three-valued multiset (M1,M2), and element d ∈ D.
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For monotone and anti-monotone aggregates the truth value can be computed
directly on the boundary multisets.

Proposition 4.13 Let r : M(D1) ×D2 be a monotone aggregate relation. Then
((M1,M2), d) ∈ U1

r if and only if (M1, d) ∈ r and ((M1,M2), d) ∈ U2
r if and only

if (M2, d) ∈ r.

Proposition 4.14 Let r : M(D1) × D2 be an anti-monotone aggregate relation.
Then ((M1,M2), d) ∈ U1

r if and only if (M2, d) ∈ r and ((M1,M2), d) ∈ U2
r if and

only if (M1, d) ∈ r.

4.3.1 Examples

The following formulation of the shortest path problem is a natural example of a
program which is not stratified and uses recursion over non-monotone aggregate
relation.

Example 4.6 (Shortest Path) Let Σ = 〈{n, c}; {edge : n× n× c}; ∅〉 be the
signature of directed weighted graphs from Example 3.6. A tuple edge(X,Y, L)
represents an edge from X to Y with length L. Consider the following formulation
of the problem of finding the shortest path which can be found in (Van Gelder,
1992, Example 4.1).

sp(X,Y, S)← min(λC. C, {C | cp(X,Y,C)}, S).

cp(X,Y,C)← edge(X,Y,C).
cp(X,Y,C1 + C2)← sp(X,Z,C1) ∧ edge(Z, Y,C2).

The only difference between this program and the formulation of the shortest path
in Example 3.6 is that we have replaced the call to cp/3 in the second clause of
cp/3 with a call to sp/3. We have incorporated the knowledge that any shortest
path of length n+1 must be an extension of a shortest path of length n. This fact
is the basis of Dijkstra’s algorithm. However, the program is no longer stratified
because the sp/3 predicate depends on itself through the min aggregate relation
which is non-monotone. Moreover, the program may have a three-valued well-
founded model. In particular if there exists a path between a node a and a node b
which contains a loop with a negative length then sp(a, b, w) will be undefined in
the well-founded model for any path between a and b with length w. This is also
the case for the ultimate well-founded model.

Even graphs with positive weights can contain a three-valued well-founded
model. There is an example of an infinite graph in (Ross and Sagiv, 1997) in
which for two nodes a and b the set

Wab = {w | there is a path between a and b with length w}
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is unfounded. In such case all atoms sp(a, b, w) with w ∈Wab will be undefined in
the well-founded model of the above program. �

The next example shows that program defining Borel sets which has a mono-
tone T aggrP operator but is not definite, even the three-valued stable semantics
based on the ultimate approximating aggregate is too weak.

Example 4.7 (Borel Sets) Reconsider the program from Example 4.1:

borel(S)← open(S).
borel(compl(S))← borel(S).

borel(S)← infω({B | borel(B)}, S).
borel(S)← supω({B | borel(B)}, S).

The well-founded model of the program is (I1, I2) where

I1 = {borel(S) | S is an open set or a complement of an open set},
I2 = {borel(S) | S is a Borel set}.

The under-estimate I1 is the least fixpoint of the definite program consisting
only of the first two rules. Let (S1, S2) = J{B | borel(B)}K(I1,I2) and (J1, J2) =
ΦaggrP (I1, I2). To see why the model (I1, I2) cannot be improved, i.e. (I1, I2) =
(J1, J2), consider a subset s ⊆ R in the half-open interval (S1, S2]. We have that
borel(s) ∈ J1 if and only if

H1
(I1,I2)

(infω({B | borel(B)}, s)) = U1
infω

((S1, S2), s) = t

or
H1

(I1,I2)
(supω({B | borel(B)}, s)) = U1

supω
((S1, S2), s) = t.

However, both U1
infω

((S1, S2), s) and U1
supω

((S1, S2), s) are false because it is not
the case that for all countable sets S ∈ [S1, S2],

⋂
S = s or

⋃
S = s. �

4.3.2 Definite and Weakly Stratified Aggregate Programs

We now show that definite aggregate programs have a single three-valued stable
model which is total.

The key to the proof of this result is that in a three-valued interpretation
(I1, I2), the under-estimate H1

(I1,I2)
(ϕ) of the truth-value of a positive formula ϕ

depends only on I1 and the over-estimate H2
(I1,I2)

(ϕ) depends only on I2.

Lemma 4.15 Let (I1, I2) be a three-valued interpretation. If ϕ is a positive ag-
gregate formula then H(I1,I2)(ϕ) = (HI1(ϕ),HI2(ϕ)). If ϕ is a negative aggregate
formula then H(I1,I2)(ϕ) = (HI2(ϕ),HI1(ϕ)).
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Proof. By induction on the structure of ϕ. We give the proof only for positive
aggregate formulas. The proof for negative aggregate formulas is symmetric.

• for a pre-defined atom A, H(I1,I2)(A) does not depend on (I1, I2);

• for a user defined atom p(t1, . . . , tn):

H(I1,I2)(p(t1, . . . , tn)) = (I1, I2)(p(Jt1K, . . . , JtmK))
= (I1(p(Jt1K, . . . , JtmK)), I2(p(Jt1K, . . . , JtmK)));

• for a formula with negation ¬ϕ:

H(I1,I2)(¬ϕ) = ¬H(I1,I2)(ϕ) by Definition 2.30
= ¬(HI2(ϕ),HI1(ϕ)) by inductive hypothesis
= (¬HI1(ϕ),¬HI2(ϕ)) by definition of ¬ (Ex. 2.7)
= (HI1(¬ϕ),HI2(¬ϕ)); by Definition 2.17

• for a conjunction ϕ ∧ ψ:

H(I1,I2)(ϕ ∧ ψ) = H(I1,I2)(ϕ) ∧t H(I1,I2)(ψ)

= (H1
(I1,I2)

(ϕ) ∧H1
(I1,I2)

(ψ),H2
(I1,I2)

(ϕ) ∧H2
(I1,I2)

(ψ))

= (HI1(ϕ) ∧HI1(ψ),HI2(ϕ) ∧HI2(ψ))
= (HI1(ϕ ∧ ψ),HI2(ϕ ∧ ψ));

• the proofs for formulas of the form ϕ ∨ ψ, ∃x. ϕ, and ∀x. ϕ are analogous;

• for an aggregate atom r({x | ϕ}, t) we consider only the case when rD is a
monotone aggregate relation and ϕ is a positive aggregate formula. First,
note that ∀x. ϕ is also positive, so

H(I1,I2)(∀x. ϕ) = (HI1(∀x. ϕ),HI2(∀x. ϕ)).

Consequently,

J{x | ϕ}K(I1,I2) = (J{x | ϕ}KI1 , J{x | ϕ}KI2).

Let d = JtK. We have:

H(I1,I2)(r({x | ϕ}, t)) = Ur(J{x | ϕ}K(I1,I2), d)
= Ur((J{x | ϕ}KI1 , J{x | ϕ}KI2), d)

(by Proposition 4.13) = (r(J{x | ϕ}KI1 , d),r(J{x | ϕ}KI2 , d))
= (HI1(r({x | ϕ}, t)),HI2(r({x | ϕ}, t))). �
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Theorem 4.16 Let P be a definite aggregate program. Then P has a single three-
valued stable model (M,M) which is two-valued and is the well-founded model.
Moreover M = lfp(T aggrP ).

Proof. From Lemma 4.15 follows that if P is a positive aggregate program then
ΦaggrP (I1, I2) = (T aggrP (I1), T aggrP (I2)). The statement of the theorem follows from
Proposition 2.13. �

Next we show that the three-valued stable semantics extends the semantics of
weakly stratified aggregate programs.

Theorem 4.17 Let P be a weakly stratified aggregate program. Then P has a
single three-valued stable model (MP ,MP ) which is two-valued and is the well-
founded model where MP is the standard model of P .

Proof. (Sketch) By a combination of Theorem 4.10 (the Splitting Theorem) and
Theorem 4.16. �

4.3.3 Related Work

The idea of ultimate approximations is closely related to the work on supervalu-
ations initiated by van Fraassen. Aggregate relations are very similar to generalized
quantifiers. An extensive study of generalized quantifiers in three-valued logic is
done by van Eijck (van Eijck, 1996). Our definition of ultimate approximating
aggregates is the same as supervaluation quantifiers of (van Eijck, 1996).

Aggregate Atoms as Negative Literals

A common way to define stable semantics of aggregate programs is by a reduct of
a program where aggregate atoms are treated as negative literals. This was first
done by Kemp and Stuckey (Kemp and Stuckey, 1991) for normal logic programs
and later used for the semantics of ASet-Prolog (Gelfond, 2002; Heidt, 2001) for
logic programs with subset and aggregate atoms and for the stable semantics of
disjunctive logic programs used by the dlv system (Dell’Armi et al., 2003b). We
make a comparison for the common subset of our syntax and that of the other
works, namely normal aggregate programs.

The reduct of a normal aggregate program P with respect to an interpretation
I is a program P I obtained from ground(P ) by:

• deleting all rules r ∈ ground(P ) for which a negative literal or an aggregate
atom in the body of r is false in I;

• deleting all negative literals and aggregate in the remaining rules.
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The reduct P I of P is thus a definite normal logic program with a monotone
immediate consequence operator. An interpretation I is a R-stable model1 of P if
and only if I = lfp(TP I ).

As pointed our already by (Kemp and Stuckey, 1991) a program can have
non-minimal stable models.

Example 4.8 Consider the following (definite) aggregate program:

p(a)← card≥({X | p(X)}, 1).

This program has two R-stable models: ∅ and {p(a)}, one of which ({p(a)}) is not
minimal. On the other hand under our semantics it has a single stable model ∅.
Note also that this is a definite aggregate program with monotone T aggrP operator
with a least fixpoint ∅. �

Thus, for programs with monotone T aggrP operator for which the least fixpoint
of T aggrP is the intended model, R-stable models are not adequate semantics.

Example 4.9 Consider the Company Controls problem from Example 3.5 which
has a monotone T aggrP operator. Consider an input with three companies Dcomp =
{a, b, c} where every company owns 30% shares of the other two companies, i.e.
the graph defined by the owns stock relation is complete. Clearly, no company
controls any other company. The program has a single three-valued stable model
which is two-valued and all atoms are false. On the other hand the program has
8 R-stable models. For every company x ∈ Dcomp we have one R-stable model in
which controls(x, y) is false for all y ∈ Dcomp and another R-stable model in which
controls(x, y) is true for all companies y ∈ Dcomp. For example, the interpretation
of the controls predicate by one R-stable model is

{controls(a, a), controls(a, b), controls(a, c)}.

Clearly, this is not an intended model. �

As the above examples illustrates the stable semantics which we define and that
of (Dell’Armi et al., 2003b; Heidt, 2001; Kemp and Stuckey, 1991) can disagree
even for definite aggregate programs. However, we can establish a correspondence
for aggregate programs which use only negative aggregate atoms (as in Defini-
tion 3.15).

Proposition 4.18 If an aggregate program P contains only negative aggregate
atoms then exact stable models coincide with R-stable models.

1We call stable models of (Dell’Armi et al., 2003b; Heidt, 2001; Kemp and Stuckey, 1991)
R-stable (R from reduct) to distinguish the notion from stable models which we define.
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Proof. (Sketch) Let (I1, I2) be a three-valued interpretation. We will show that
TP I2 (I1) = (ΦaggrP )1(I1, I2):

A ∈ TP I2 (I1) (*)

if and only if there exists a rule r ∈ ground(P ) such that A = head(r), I2 |=
aggr(r) ∧ neg(r), and I1 |= pos(r). Because aggr(r) consists only of negative
aggregate atoms then by Lemma 4.15, the last two statements are equivalent to
H1

(I1,I2)
(pos(r)∧aggr(r)∧neg(r)) = t. Continuing the proof we obtain that (*) is

true if and only if
∨
{H1

(I1,I2)
(body(r)) | A = head(r) and r ∈ ground(P )} if and

only if A ∈ (ΦaggrP )1(I1, I2). �

4.4 Stable Semantics of Disjunctive Aggregate
Programs

In this section we extend the stable model semantics for disjunctive logic programs
(Gelfond and Lifschitz, 1991; Przymusinski, 1991) to programs with aggregates.
Unfortunately, approximation theory (Denecker et al., 2000; Denecker et al., 2004)
cannot be applied to this class of programs. We develop a novel algebraic charac-
terization of the minimal model and stable semantics of disjunctive logic programs
based on non-deterministic operators.

4.4.1 Preliminaries

A disjunctive aggregate rule has the form

A1 ∨ · · · ∨Am ← L1 ∧ · · · ∧ Ln

where m ≥ 1, n ≥ 0, Ai are atoms with user-defined predicate symbols from Π
and Li are Σ(Π)-literals. A disjunctive aggregate program is a (possibly infinite)
set of disjunctive aggregate rules. We also use the notation head(r) and body(r)
to denote the head and the body of a disjunctive rule r. We say that a disjunctive
aggregate program P is definite if it contains only positive literals and positive
aggregate atoms in the rule bodies. A positive clause over a set of atoms At is
an expression A1 ∨ . . . ∨ An where Ai ∈ At. The disjunctive base base∨D(Π) of
a program P is defined as the set of all finite positive clauses with atoms from
baseD(Π). For a set of clauses C, let At(C) denote the set of all atoms in C.

An interpretation I satisfies a positive clause A1 ∨ . . . ∨ An, denoted with
I |= A1 ∨ . . . ∨ An, if Ai ∈ I for some i between 1 and n. An interpretation I
satisfies a ground rule r, denoted with I |= r, if I |= body(r) implies I |= head(r).
An interpretation I is a model of a program P , denoted with I |= P , if I |= r
for every rule r ∈ ground(P ). A model I of P is minimal if there does not exist
a model N of P such that N ⊂ M . The set of all models of a program P is
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denoted with Mod(P ) and of all minimal models with MM(P ). We say that an
interpretation I covers an interpretation J if I ⊆ J .

4.4.2 Non-deterministic Operators

Let L be a poset. A non-deterministic operator on L is an operator N : L→ ℘(L).
There are many possible ways to extend the partial order relation ≤ on L to

an order of subsets of L. The one which is relevant for us is the Smyth pre-order
(Smyth, 1978) denoted with ≤S and defined as follows:

Smyth pre-order: A ≤S B if and only if ∀b ∈ B. ∃a ∈ A. a ≤ b

If A ≤S B we say that A covers B. If ≤S is restricted to sets which are anti-chains
(contain only minimal elements) then it is a partial order relation, otherwise it
is a pre-order, i.e. it is not anti-symmetric. This is illustrated by the following
example.

Example 4.10 Consider the poset 〈N,≤〉 where ≤ is the standard order on the
set of natural numbers N. Take the sets A = {1} and B = {1, 2}. It is the case
that A ≤S B and B ≤S A but clearly A 6= B. �

A fixpoint of a non-deterministic operator N is an element x such that x ∈
N(x). The set of all fixpoints of N is denoted with fp(N) and the set of all
minimal fixpoints of N with mfp(N). A pre-fixpoint of N (in the Smyth-order ≤S)
is an element x such that N(x) ≤S {x}, i.e. there exists y ∈ N(x) such that y ≤ x.
The set of all such pre-fixpoints is denoted with preS(N).

The following basic result about pre-fixpoints of≤S-monotone non-deterministic
operators is used later.

Lemma 4.19 Let N : L → 2L be a ≤S-monotone non-deterministic operator on
a poset L. If x is a minimal pre-fixpoint of N then x is also a fixpoint of N .

Proof. Let x be a pre-fixpoint of N , i.e. there exists y ∈ N(x) such that y ≤ x.
If we assume that x is not a fixpoint of N then x 6∈ N(x) which implies y < x.
From the ≤S-monotonicity of N and y < x follows that for y ∈ N(x) there exists
z ∈ N(y) such that z ≤ y. So, y is also a pre-fixpoint of N which is strictly smaller
than x. This contradicts with the assumption that x is a minimal pre-fixpoint. �

4.4.3 Immediate Consequence Operators of Disjunctive Pro-
grams

Our first task is to study immediate consequence operators for disjunctive aggreg-
ate programs and establish a correspondence between different types of fixpoints
of the operators and different types of models of the program. The presence of
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disjunction in the head of rules means that when the body of a rule is satisfied by
an interpretation there is a choice between all atoms in the head. This suggests
that we have to consider non-deterministic operators which for a single interpret-
ation return a set of interpretations. Instead of giving a precise definition of such
operator we study a family of operators which satisfy some common requirements.
For every interpretation in the result of the operator we leave open the choice how
many atoms from the heads of the satisfied rules are selected as long as for every
atom in every head there is at least one interpretation which covers it. It turns out
that all operators which satisfy our requirements have the same basic properties.

The operators are defined in two steps. In the first step we collect the set of
the heads of all rules whose bodies are satisfied by an input interpretation I.

Definition 4.13 The head reduct of a disjunctive aggregate program P is a func-
tion

RaggrP : I → ℘(base∨D(Π))

defined as:

RaggrP (I) = {head(r) | r ∈ ground(P ) and I |= body(r)}

In the second step, we use a function which returns some set of models of
RaggrP (I) satisfying certain conditions.

Definition 4.14 (Selection Function) A selection function is a function

Sel : ℘(base∨D(Π))→ ℘(I)

which for every set of positive clauses C returns a set of interpretations Sel(C)
satisfying the following conditions:

Sel(C) ⊆Mod(C) (P1)

Sel(C) ≤S Mod(C) (P2)
∀I ∈ Sel(C) : I ⊆ At(C) (P3)

The first condition ensures that the selection function returns only models of
C and the second condition ensures that all models of C are covered by some
interpretation in Sel(C). Note that an empty set of clauses has a single minimal
model which is the empty interpretation, so Sel(∅) = {∅} for any selection function
Sel.

It is easy to show that the value Sel(C) of any selection function Sel satisfying
the above conditions always includes the set of minimal models of C.

Proposition 4.20 MM(C) ⊆ Sel(C), for any selection function Sel.

Proof. Let I ∈ MM(C) ⊆ Mod(C). By (P2), there exists J ∈ Sel(C) such that
J ⊆ I. By (P1), J ∈Mod(C) and since I is a minimal model then J = I. �
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In fact, the set of minimal models MM(C) is one possible selection function.

Proposition 4.21 MM(C) is a selection function.

Proof. (P1) follows from Proposition 4.20 and (P2) follows from Corollary 4.28 of
Proposition 4.27. �

Another possible selection function is the set Mod(C) of all models of C using
only atoms from C. The selection functions MM and Mod are the two extreme
cases of selection functions in the sense that MM(C) ⊆ Sel(C) ⊆ Mod(C) for
any selection function Sel. A more interesting selection function is the exactly one
function EO. For a set of positive clauses C it returns all interpretations obtained
by selecting one atom A ∈ D from every clause H ∈ C. Formally, a satisfier of a
set of positive clauses C is a function s : C → At(C) such that s(H) ∈ H for every
clause H ∈ C. The exactly one selection function EO is defined as:

EO(C) = {Img(s) | s is a satisfier of C}

where Img(s) = {s(D) | D ∈ C} is the image of s. If C is empty we assume that
there exists a unique function s : ∅ → ∅. So, EO(∅) = {∅}.

We now show that any selection function Sel is ≤S-monotone.

Lemma 4.22 Let C1 and C2 be two sets of positive clauses. If C1 ⊆ C2 then
Sel(C1) ≤S Sel(C2).

Proof. Let J2 ∈ Sel(C2). By property (P1) J2 |= C2. Since C1 ⊆ C2 then also
J2|At(C1) |= C1. By (P2) there exists J1 ∈ Sel(C1) such that J1 ⊆ J2|At(C1) ⊆ J2.�

The definition of a non-deterministic operator based on a selection function is
straightforward.

Definition 4.15 (Non-deterministic Operator) Let Sel be a selection func-
tion. The non-deterministic operator Naggr

P : I → ℘(I) based on Sel is defined
as:

Naggr
P (I) = Sel(RaggrP (I)).

The results in the rest of this section hold for any choice of selection function.
For logic programs without disjunction in the head, any non-deterministic op-

erator coincides with the van Emden-Kowalski immediate consequence operator.

Proposition 4.23 Let P be an aggregate program without disjunction. Then
Naggr
P (I) = {T aggrP (I)}.

Proof. For normal programs RaggrP (I) consists only of atoms. Consequently, it has
a single model using atoms from At(RaggrP ) (which is also minimal) and is RaggrP (I)
itself. So, Naggr

P (I) = Sel(RaggrP (I)) = {RaggrP (I)} = {T aggrP (I)}. �
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Our next task is to establish a correspondence between different types of fix-
points of Naggr

P and different types of models of P . The following simple result
about the head reduct will be useful in the subsequent proofs.

Lemma 4.24 If I |= P then I |= RaggrP (I).

Proof. For every C ∈ RaggrP (I) there exists a rule r ∈ P such that head(r) = C
and I |= body(r). From I |= r follows that I |= A for some A ∈ C which implies
I |= C. �

The first result is a characterization of models of P as pre-fixpoints of Naggr
P .

Proposition 4.25 I |= P if and only if there exists J ∈ Naggr
P (I) such that J ⊆ I,

i.e., Mod(P ) = preS(Naggr
P ).

Proof. ⇐) For every rule r ∈ P if I 6|= body(r) then I |= r. If I |= body(r) then
C = head(r) ∈ RaggrP (I). Suppose that there exists some J ∈ Naggr

P (I) such that
J ⊆ I. By (P1) we know that every such J is a model of RaggrP (I) and in particular
J |= C. Consequently I |= C.
⇒) If I |= P then by Lemma 4.24 I |= RaggrP (I). By (P2) there exists J ∈

Sel(RaggrP (I)) such that J ⊆ I, so J ∈ Naggr
P (I). �

4.4.4 Definite Disjunctive Programs

Definite aggregate programs without disjunction have a single minimal model.
Moreover, the T aggrP operator is monotone and its least fixpoint is equal to the
minimal model of P . On the other hand, definite disjunctive aggregate programs
can have several minimal models. However, we can still establish a correspondence
between the minimal models of P and the minimal fixpoints of Naggr

P which is the
goal of this subsection.

We first look at monotonicity of Naggr
P . Recall that the result of this operator

is a set of interpretations.

Proposition 4.26 If P is a definite disjunctive aggregate program then Naggr
P is

≤S-monotone, i.e. I ≤ J implies Naggr
P (I) ≤S Naggr

P (J).

Proof. If I ⊆ J then RaggrP (I) ⊆ RaggrP (J) and, by Lemma 4.22,

Sel(RaggrP (I)) ≤S Sel(RaggrP (J))

which implies
Naggr
P (I) ≤S Naggr

P (J). �

A non-trivial result about definite disjunctive programs is that the set of min-
imal models of a program P covers the set of all models of P (Seipel et al., 1997).
This property depends on the fact the the heads of rules are finite disjunctions
and it does not hold if we allow infinite disjunctions.
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Proposition 4.27 Let P be a definite disjunctive aggregate program. Then

MM(P ) ≤S Mod(P ).

Proof. The proof of this result in (Seipel et al., 1997) is easily lifted to aggregate
programs. �

Corollary 4.28 If C is a set of positive clauses then MM(C) ≤S Mod(C).

The next example demonstrates that Proposition 4.27 does not hold if we allow
arbitrary first-order formulas or closed aggregate atoms which are not positive in
the bodies of rules.

Example 4.11 Consider the following normal aggregate program P :

r : p(x)← card({z | p(z)}, y). (4.1)

Suppose that the predicate p is interpreted over the set N of natural numbers.
Obviously, an interpretation I satisfies a ground instance card({z | p(z)}, n) of
the aggregate atom in the body of r if and only if |I| is finite. We show that I is
a model of P if and only if |I| is infinite.

1. Let I be an interpretation of infinite size. Then the size of the set J{z | p(z)}KI
is also infinite. So, I does not satisfy the body of any rule in ground(P ).
Hence I |= ground(P ).

2. Suppose that P has a finite model M with size n = |I|. But then for every
a ∈ N, M satisfies the body of the rule p(a) ← card({z | p(z)}, n) ∈
ground(P ). So, for every a ∈ N, p(a) must be true in M . This implies that
M has an infinite size which contradicts with the assumption.

Because the set of all subsets of N does not have minimal sets, the program P
does not have minimal models. Also note that the T aggrP operator of (4.1) is non-
monotone because T aggrP (I) = {p(n) | n ∈ N} if I is finite and T aggrP (I) = ∅ if I is
infinite.

A program which has the same properties as (4.1) can be constructed without
aggregates:

r1 : p(x)← ∃y. ¬p(y) ∧ ∀z. y < z → ¬p(z).

Again, we can show that I |= body(r1) if and only if I is finite. This implies that
interpretation I of this program is a model if and only if I has an infinite size. �

The main result about non-deterministic operators is that for a definite dis-
junctive aggregate program the set of minimal models is equal to the set of minimal
fixpoints of NP .
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Theorem 4.29 If P is a definite disjunctive aggregate program then

MM(P ) = mfp(Naggr
P ).

Proof. ⇒) By Proposition 4.25 there is a one to one correspondence between mod-
els of P and pre-fixpoints of Naggr

P . So, minimal models are minimal pre-fixpoints
and by Lemma 4.19 they are fixpoints.
⇐) Let M be a minimal fixpoint of Naggr

P . By Proposition 4.25, M is a model
of P . Suppose that M is not a minimal model. Then, by Proposition 4.27, there
exists a minimal model M ′ of P which is strictly smaller than M . But then M ′ is
a fixpoint of Naggr

P (by the opposite direction of this proof) so M is not a minimal
fixpoint which is a contradiction. �

The next example shows that the above result does not hold for general dis-
junctive programs for any selection function.

Example 4.12 Consider the following disjunctive logic program P :

a ∨ b.
c← not d.

The interpretation I = {a, d} is a minimal model of P . However, I is not a
fixpoint of Naggr

P for any selection function. Let C = RaggrP (I) = {a ∨ b}. Us-
ing the set of all models Mod as a selection function we have (Naggr

P )Mod(I) =
Mod(C) = {{a}, {b}, {a, b}} 63 I. The result holds for any selection function Sel
since Sel(C) ⊆Mod(C). �

Theorem 4.29 generalizes a result for definite aggregate programs without dis-
junction about the equivalence between the least fixpoint of the T aggrP operator
and the least model of P — mfp(T aggrP ) = MM(P ). One result from the theory of
monotone operators which we could not generalize is the computation of the least
fixpoint by ordinal powers as in Proposition 2.3.

4.4.5 Approximating Operators and Stable Models

The goal of this section is to define a set of total stable models of disjunctive pro-
grams with aggregates. We exploit ideas from approximation theory and define
the notion of a non-deterministic approximating operator AaggrP of the Naggr

P op-
erator. Unlike deterministic approximating operators where both the domain and
the range of the TP operator are approximated, here we approximate only the
domain of the Naggr

P operator. Consequently, we define only a two-valued stable
semantics and not the entire class of three and four valued stable models (which
include the well-founded model).

The definition of AaggrP is very similar to that of Naggr
P but to compute the

head reduct we evaluate rule bodies in three-valued logic.
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Definition 4.16 The extended head reduct for a disjunctive aggregate program
P is a function EaggrP : Ic → ℘(base∨D(Π)) defined as:

EaggrP (I1, I2) = {head(r) | r ∈ ground(P ) and (Haggr(I1,I2)
)1(body(r)) = t}

Note that we use only the under-estimate of the truth value of the body. The
second step in the definition of AaggrP is exactly the same as for Naggr

P .

Definition 4.17 Let P be an aggregate program, Sel a selection function and
Naggr
P : I → ℘(I) a non-deterministic operator based on Sel. The approximating

operator AaggrP : Ic → ℘(I) of Naggr
P is defined as:

AaggrP (I1, I2) = Sel(EaggrP (I1, I2)).

Example 4.13 We compute the value of the AaggrP operator for the program P
from Example 4.12. Let I = {a, c}. We have

AaggrP (∅, I) = Sel(EaggrP (∅, I)) = Sel({a ∨ b, c}).

As a selection function take the set of all models Mod. We have Mod({a∨b, c}) =
{{a, c}, {b, c}, {a, b, c}} which is also the result of (AaggrP (∅, I))Mod. �

The operator AaggrP has similar properties and relationship with Naggr
P as an

approximating operator according to Approximation Theory.

Proposition 4.30

• AaggrP extends Naggr
P , i.e. AaggrP (I, I) = Naggr

P (I).

• AaggrP is monotone in the following sense:

(I1, I2) ≤p (J1, J2) implies AaggrP (I1, I2) ≤S AaggrP (J1, J2).

The proposition is a consequence of the analogous properties of the extended
head reduct and Lemma 4.22.

Lemma 4.31

• EaggrP (I, I) = RaggrP (I);

• (I1, I2) ≤p (J1, J2) implies EaggrP (I1, I2) ⊆ EaggrP (J1, J2).

Stable models of disjunctive aggregate programs are defined as follows.

Definition 4.18 An interpretation I is a stable model of P if I ∈ mfp(AaggrP (·, I)).
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We note that the operator AaggrP (·, I) is defined only on the domain [∅, I]. So,
if I is a stable model of P then it is the single fixpoint of AaggrP (·, I).

The notion of a stable model is well defined as it does not depend on the
selection function used to define the operator AaggrP . That property follows directly
from our next result.

Proposition 4.32 Let P be a disjunctive program and let Sel be a selection func-
tion. Then mfp((AaggrP )Sel(·, I)) = mfp((AaggrP )MM (·, I)).

Example 4.14 Reconsider the program P from Example 4.12:

a ∨ b.
c← not d.

It has four minimal models MM(P ) = {{a, c}, {b, c}, {a, d}, {b, d}}. However,
only two of them, {a, c} and {b, c}, are stable models of P . To see why take, for
example, I = {a, c}. To verify that I is a stable model of P we have to show that
no subset I ′ ⊆ I is a fixpoint of the operator AaggrP (·, I) that is I ′ 6∈ AaggrP (I ′, I).
We demonstrate this for I ′ = ∅. In Example 4.13 we already computed the value
M of (AaggrP )Mod(∅, I) which isM = {{a, c}, {b, c}, {a, b, c}} and we have I ′ 6∈ M.
So, I ′ = ∅ is not a fixpoint of AaggrP (·, I). �

Theorem 4.33 Stable models of disjunctive aggregate programs are minimal mod-
els.

Before proving this theorem we need some intermediate results.

Lemma 4.34 M is a model of EaggrP (M, I) if and only if M is a pre-fixpoint of
AaggrP (·, I).

Proof. Similar to the proof of Proposition 4.25.

The next result is a property of the pre-fixpoints of the AaggrP (·, I) operator
which is similar to Proposition 4.27.

Proposition 4.35 If M is a pre-fixpoint of AaggrP (·, I) then there exists a minimal
pre-fixpoint N of AaggrP (·, I) such that N ⊆M .

Proof. The proof is adapted from the proof of Proposition 4.27 from (Seipel et al.,
1997).

Let preM = {J ∈ pre(AaggrP (·, I)) | J ⊆M}. We prove below that every chain
K ⊆ preM has a lower bound M∗ in preM . Using Zorn’s lemma this implies that
preM has a minimal element N which satisfies the condition of the proposition.
Let K ⊆ preM be a chain of pre-fixpoints and let

M∗ =
∧
K.
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Obviously, M∗ is a lower bound of K. We only need to show that M∗ is a pre-
fixpoint. Let C∗ = EaggrP (M∗, I) and fix a clause

A1 ∨ . . . ∨Ak ∈ C∗.

Since K is a chain, we get that

J = {J ∩ {A1, . . . , Ak} | J ∈ K}

is a chain too. Because all elements in J have a finite cardinality then there exists
J ′ ∈ J with minimal cardinality and J ′ ⊆ J for every J ∈ J . Let M ′ ∈ K be the
interpretation such that J ′ = M ′ ∩ {A1, . . . , Ak}. From M∗ ⊆M ′ then

C∗ = EaggrP (M∗, I) ⊆ EaggrP (M ′, I) = C ′

and consequently
A1 ∨ . . . ∨Ak ∈ C ′.

Since M ′ is a pre-fixpoint of AaggrP (·, I) then (by Lemma 4.34) M ′ is a model of
C ′ and so M ′ |= A1 ∨ . . . ∨Ak, i.e. J ′ = M ′ ∩ {A1, . . . , Ak} 6= ∅. Moreover,

∀J ∈ K : J ′ ⊆ J

which implies that J ′ ⊆M∗. So M∗ is also a model of C∗ and, by Lemma 4.34, a
pre-fixpoint of AaggrP (·, I) . �

Proof. (Theorem 4.33) Let I ∈ mfp(AaggrP (·, I)) be a stable model of P . In par-
ticular I is a fixpoint of AaggrP (·, I), i.e. I ∈ AaggrP (I, I). Because AaggrP extends
Naggr
P (Proposition 4.30), I ∈ Naggr

P (I) and by Proposition 4.25 I is a model
(pre-fixpoint) of P .

To prove minimality suppose that there exists an interpretation J such that

J is a model of P (*)

and J ⊂ I. By Proposition 4.25, (*) implies that there exists K such that K ∈
Naggr
P (J) and K ⊆ J . Because J ⊂ I then (J, I) is a three-valued interpretation

and, moreover, (J, I) ≤p (J, J). By the monotonicity of AaggrP (Proposition 4.30)
this implies

AaggrP (J, I) ≤S AaggrP (J, J) = Naggr
P (J) 3 K.

By the definition of ≤S there exists M ∈ AaggrP (J, I) such that M ⊆ K. Since
K ⊆ J then M ⊆ J , so J is a pre-fixpoint of AaggrP (·, I). Next, by Proposition 4.35,
there exists a minimal pre-fixpoint J ′ of AaggrP (·, I) such that J ′ ⊆ J ⊂ I. Finally,
by Lemma 4.19, J ′ is also a fixpoint of AaggrP (·, I) but this contradicts with the
fact that I is a minimal fixpoint. �
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4.4.6 Comparison with Other Semantics

We show that the stable semantics of disjunctive aggregate programs extends
both the stable semantics of disjunctive logic programs (Gelfond and Lifschitz,
1991; Przymusinski, 1991) and exact stable models of aggregate programs without
disjunction as defined earlier.

First, we recall the definition of the stable semantics of disjunctive logic pro-
grams without aggregates. The reduct P I of a disjunctive logic program P without
aggregates with respect to an interpretation I is a program P I obtained from
ground(P ) as follows:

1. delete all rules for which a negative literal in the body is not satisfied by I;

2. delete all negative literals from the remaining rules.

Definition 4.19 An interpretation I is a stable model of P if I ∈MM(P I). The
set of all stable models of P is denoted with SM(P ).

For a disjunctive logic programs without aggregates we drop the aggr index
from the names of head reducts and operators. Taking into account the fact that
the bodies of all rules are conjunctions of literals, the definition of the extended
head reduct can be simplified as:

EP (I1, I2) = {head(r) | r ∈ ground(P ), I1 |= pos(r), and I2 6|= neg(r)}

For programs without aggregates, the extended head reduct EP and the ap-
proximating operator AP are well-defined for four-valued interpretations and not
only for three-valued interpretations.

We first show how the AP operator is related with the NP operator on a reduct
of P .

Lemma 4.36 AP (I1, I2) = NP I2 (I1).

We are now ready to show the correspondence.

Proposition 4.37 I ∈ SM(P ) if and only if I ∈ mfp(AaggrP (·, I)).

Proof. I ∈ SM(P ) if and only if I ∈MM(P I) by definition of SM(P ), if and only
if I ∈ mfp(NP I ) by Theorem 4.29, if and only if I ∈ mfp(AP (·, I)) by Lemma 4.36.

Remember that the AP operator is defined on four-valued interpretations while
AaggrP is defined on three-valued interpretations. So, we need to show that I ∈
mfp(AP (·, I)) if and only if I ∈ mfp(AaggrP (·, I)). An interpretation I is a least
fixpoint of AP (·, I) if (i) I ∈ AP (I, I) and (ii) there does not exist an interpretation
J ⊂ I such that J ∈ AP (J, I). Clearly both conditions depend only on the value
of AP on consistent interpretations (J, I). �



82 Chapter 4. Three-Valued Stable Semantics of Aggregate Programs

We now show that the stable semantics of non-disjunctive logic programs based
on non-deterministic approximating operators agrees with the semantics based on
the ΦaggrP operator.

Proposition 4.38 If P is an aggregate program without disjunction then

AaggrP (I1, I2) = {(ΦaggrP )1(I1, I2)}.

Corollary 4.39 If P is an aggregate program without disjunction then I is a stable
model of P (according to Definition 4.18) if and only if P is an exact stable model
of P .

Some instances of the two-valued non-deterministic operator NP could be used
to characterize some other semantics of disjunctive logic programming. For ex-
ample, the possible model semantics (Sakama, 1989). We have not investigated
further this line of research because it is not directly relevant to our goals.

Most of the operators associated with disjunctive logic programs which have
been studied so far are deterministic. They operate either on (closed) sets of pos-
itive clauses, called states, or sets of interpretations. In either case such operators
are not relevant for us, as we are interested in characterizing stable models which
are single interpretations. Most of the operators which are based on sets of inter-
pretations use the Smyth pre-order relation. This should not come as a surprise
considering that this order was originally introduced to model non-deterministic
computations (Smyth, 1978).

Non-deterministic operators were studied in the context of programs with
monotone cardinality atoms (mc-atoms) (Marek et al., 2004) and set constraint
atoms (sc-atoms) (Marek and Remmel, 2004). Sc-atoms are similar to aggregate
atoms and mc-atoms to aggregate atoms with the card≥ aggregate relation. The
non-determinism comes from the fact that sc-atoms and mc-atoms also appear
in the head of rules. The main difference with our approach is that we focus on
minimality of stable models while (Marek et al., 2004; Marek and Remmel, 2004)
do not. However, there are some similarities. For example (Marek et al., 2004)
has the same characterization of models as pre-fixpoints as in Proposition 4.25.
It is possible to apply the framework and results in this section to sc-programs
and mca-programs or to propositional aggregate programs with aggregate atoms
in the head and obtain a stable model semantics in which stable models are al-
ways minimal. The important question is whether such semantics have any useful
applications and advantages over the semantics of (Marek et al., 2004; Marek and
Remmel, 2004).

4.5 Conclusions

According to Approximation Theory any consistent approximating operator of
T aggrP gives rise to a three-valued stable semantics. In this chapter we proposed
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and investigated two such operators — the ultimate approximating operator and a
family of operators extending the ΦP operator of normal logic programs. From this
family we proposed to use the operator interpreting aggregate symbols again with
their ultimate approximations. However, during our investigations we considered
several other approximating operators, all of them extending the ΦP operator. In
this light finding a criteria for selecting an approximating operator becomes an
important issue.

The ultimate approximations of operators have several attractive properties
which make them a preferred choice: they induce the most precise semantics; they
have a constructive definition; they generalize the theory of monotone induction.
One concern with the ultimate approximations is that generally they are more
expensive to compute. The second concern is that their definition is not composi-
tional. For example for the three-valued truth function HĨ of first-order logic the
truth value of a formula is a function of the truth values of its subformulas. This
is not the case if we consider the ultimate valuation function UH of the two-valued
truth function H.

The guiding principle in defining the three-valued stable semantics of aggregate
programs and in particular defining the three-valued truth function for aggregate
atoms has been this general principle of compositionallity. First of all, we have
separated the denotation of sets from the denotation of aggregates. Then we
defined the interpretation of aggregates (both in two and in three-valued logic)
as a function of the interpretation of the set and lambda expressions. Further,
the membership of each element in the denotation of a set expression is decided
independently of the other elements. We want to point out that it is possible
to define a truth function of aggregate atoms or an evaluation function of set
expressions which are not compositional. The resulting approximating operator
will be more precise than the ΦaggrP operator based on ultimate approximating
aggregates and will still extend the ΦaggrP operator.

The result that the three-valued stable semantics based on the ultimate ap-
proximating aggregate extends the least fixpoint semantics of definite aggregate
programs and the standard model of weakly stratified aggregate programs is spe-
cific only to aggregate atoms with monotone or anti-monotone aggregate relations.
So, we want to point out that any semantics in which the approximating aggreg-
ate relations of monotone and anti-monotone aggregate relations coincide with
the ultimate approximating aggregate will have the same property no matter how
the non-monotone aggregate relations are extended to approximating aggregate
relations.

The results on the stable model semantics of disjunctive logic programs based
on non-deterministic operators was obtained using properties of disjunctive logic
programs. A central role played the fact that programs have only finite disjunc-
tions in the head. We think that it is interesting to provide a purely algebraic
characterization of the semantics in a similar way as Approximation Theory. We
believe that our results are an important step in this direction. We have identi-
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fied several concepts and properties which may prove useful. For example, Smyth
monotonicity and pre-fixpoints of non-deterministic operators. Another property
which is used in several results, including the proof of minimality of stable mod-
els, is that NP (I) is covered by the set of minimal interpretations in NP (I). It
is interesting to give a simple algebraic characterization of the structure of the
set NP (I) which implies this property. One approach to this problem which uses
results and intuitions from Domain Theory (Abramsky and Jung, 1994) is by
Rounds and Zhang (Rounds and Zhang, 2001). They show that the function Mod
which returns the set of all models for a set of positive clauses is an isomorphism
between logically closed sets of disjunctions and Scott-compact saturated sets of
interpretations.

The obvious next step is to extend our fixpoint characterization to the entire
set of three-valued stable models (Przymusinski, 1991) and not just the total.
This could be done by considering non-deterministic approximating operators of
the form A : Lc → ℘(Lc).



Chapter 5

The Three-valued Stable
Semantics Based on the
Ultimate Approximating
Aggregate

In Section 4.2 we defined a family of three-valued stable semantics of aggregate
programs all of them extending the three-valued stable semantics of normal logic
programs (Przymusinksi, 1990). The semantics depend on the interpretation of
aggregate symbols with three-valued aggregate relations. We also considered the
semantics obtained by interpreting aggregate symbols with the ultimate approx-
imating aggregate relations. In this chapter we investigate in more depth this
semantics. This semantics is interesting because it is the most precise semantics
(according to Approximation Theory) from the family of three-valued stable se-
mantics which we defined in Section 4.2.

In the first section we study basic algebraic properties of the ultimate approx-
imating aggregate relation. We also present efficient algorithms for computing
the approximating aggregate of most of the standard aggregate functions and re-
lations. These algorithms are used for complexity analysis and they can also be
used in a practical implementation of the semantics.

In Section 5.3 we study transformations of aggregate atoms to formulas which
are equivalent in three-valued logic. For some aggregate relations, for example
min and max, we can translate aggregate atoms to formulas without aggregate
atoms. In other cases, for example sum≥, we can translate an aggregate atom with
a non-monotone aggregate relation to a formula which uses only monotone and
anti-monotone aggregate relations. The transformations serve several purposes:

85
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to study properties of aggregate programs; to transform an aggregate program to
an equivalent program which is simpler and can be executed by a system with
a limited support for aggregates; to discussing related work. At the end of the
section we present a general translation which is defined for all aggregate atoms
and does not exploit any properties of specific aggregate relations.

In Section 5.4 we show a prototype implementation of the well-founded se-
mantics in XSB Prolog for aggregate programs using only monotone aggregate
relations (Section 5.4). Together with the example in Section 5.5 this can be
considered as the culmination of our research. Although we do not give formal
proofs we provide strong evidence that the implementation is correct for the well-
founded semantics of aggregate programs discussed in this section. So, we are able
to travel the whole path from a model theoretic semantics based on solid algebraic
foundations to a simple and intuitive implementation in Prolog.

Almost none of the material in this chapter has been published. Only the
general translation of aggregate atoms in Section 5.3.6 has been published in (Pelov
et al., 2003) for a propositional language.

5.1 Ultimate Approximating Aggregates

We now give a concrete definition of the approximating aggregate relation Ar

for every aggregate relation r. We interpret r with its ultimate approximating
operator Ur.

Definition 5.1 (Ultimate Approximating Aggregate) Let r ⊆ M(D) × D
be an aggregate relation. The ultimate approximating aggregate of r is a function
Ur : M(D)c ×D → T HREE. It is defined as

r((M1,M2), d) = (U1
R((M1,M2), d), U2

r ((M1,M2), d))

where U1
r , U

2
r : M(D)c × D → TWO are the projections of Ur on the first and

second component, defined as follows:

U1
r ((M1,M2), d) = t if and only if ∀M ∈ [M1,M2] : (M,d) ∈ r

U2
r ((M1,M2), d) = t if and only if ∃M ∈ [M1,M2] : (M,d) ∈ r

5.1.1 Algebraic Properties

For monotone and anti-monotone aggregates the truth value can be computed
directly on the boundary multisets.

Proposition 5.1 Let r : M(D1) × D2 be a monotone aggregate relation. Then
((M1,M2), d) ∈ U1

r if and only if (M1, d) ∈ r and ((M1,M2), d) ∈ U2
r if and only

if (M2, d) ∈ r.
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Proposition 5.2 Let r : M(D1) × D2 be an anti-monotone aggregate relation.
Then ((M1,M2), d) ∈ U1

r if and only if (M2, d) ∈ r and ((M1,M2), d) ∈ U2
r if and

only if (M1, d) ∈ r.

It is interesting to look at the definition of Uf for aggregate functions. We study
under what conditions an aggregate function f can be replaced by a conjunction
of f≤ and f≥. Because ∧ is interpreted in the logic T HREE as meet under the ≤t
order we can study the equivalent question whether Uf = Uf≤ ∩t Uf≥ . First note
that Uf≤∩tUf≥ is an approximating aggregate of f. Because Uf is the most precise
approximation of f we immediately obtain the inequality Uf ≥p Uf≤∩tUf≥ and we
only need to study the other direction. We look separately at the two components.

Proposition 5.3 Let f : M(D1) → D2 be an aggregate function and ≤ a partial
order on D2. Then U1

f = U1
f≥
∩ U1

f≤
.

Proof.

((M1,M2), d) ∈ U1
f≥
∩ U1

f≤

⇔((M1,M2), d) ∈ U1
f≥
∧ ((M1,M2), d) ∈ U1

f≤

⇔(∀M ∈ [M1,M2] : f(M) ≥ d) ∧ (∀M ∈ [M1,M2] : f(M) ≤ d)
⇔∀M ∈ [M1,M2] : d ≤ f(M) ≤ d
⇔∀M ∈ [M1,M2] : f(M) = d

⇔((M1,M2), d) ∈ U1
f �

Unfortunately, we do not have such equivalence for the second component.

Example 5.1 For the three-valued multiset (∅, {1, 3}) we have that

Usum((∅, {1, 3}), 2) = (f , f)

because sum(M) 6= 2 for all multisets M ∈ [∅, {1, 3}]. On the other hand

Usum≥((∅, {1, 3}), 2) = (f , t) and

Usum≤((∅, {1, 3}), 2) = (f , t)

and so their conjunction is also equal to (f , t). �

A sufficient condition to obtain equivalence for the second component is the
aggregate function to be continuous. Let L be a lattice and S ⊆ L. We say that
S is a convex if for all x, y ∈ S, [x, y] ⊆ S.

Definition 5.2 An aggregate function f is continuous if for any convex of multis-
ets A, the image f(A) of A under f is a convex.
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Proposition 5.4 If f is a continuous aggregate function then U2
f = U2

f≥
∩ U2

f≤
.

Proof. The inclusion ⊆ follows from the fact that Uf is the most precise approx-
imation of f. So, we only need to prove the other direction, i.e. U2

f ⊇ U2
f≥
∩ U2

f≤
.

Suppose that ((M1,M2), d) ∈ U2
f≥
∩ U2

f≤
. Then there exists M ′,M ′′ ∈ [M1,M2]

such that f(M ′) ≥ d and f(M ′′) ≤ d. Because f is continuous then there exists
M ∈ [M1,M2] such that f(M) = d. Hence ((M1,M2), d) ∈ U2

f . �

From the common aggregate functions only card is continuous.

Proposition 5.5 The aggregate function card : FM(D) → N is continuous for
any domain D.

Proof. Let A ⊆ FM(D) be a convex set of multisets over D. We have to show
that the set C = card(A) is a convex set. Take two numbers c1, c2 ∈ C such
that c1 ≤ c2. Let M1,M2 ∈ A be multisets such that card(M1) = c1 and
card(M2) = c2. Because A is a convex then [M1,M2] ⊆ A. Clearly, for any
c ∈ [c1, c2] there exists a multiset M ∈ [M1,M2] such that card(M) = c. Because
M ∈ A then C = card(M) ∈ X. This implies that [c1, c2] ⊆ C. Thus C is a
convex and card is a continuous function. �

The aggregate functions sum and prod are well defined on different domains,
for example N, Z, and R. To avoid showing continuity (or discontinuity) for many
different domains we observe the following property. If an aggregate function is
continuous on a larger domain, for example R it will also be continuous on a
smaller domain, for example N.

Proposition 5.6 Let f : FM(D)→ D be an aggregate function and P be a subset
of D such that the aggregate function

f|P : FM(P )→ P : M 7→ f(M)

is a well-defined function, i.e., f(M) ∈ P for any multiset M ∈ FM(P ). If f is
a continuous aggregate function then f|P is also continuous.

Proof. The key issue in the proof is that convexity is defined with respect to a set.
So, if a set X is a convex in D, i.e.

∀a, b ∈ X : a ≤ b→ ∀z ∈ D : a ≤ z ≤ b→ z ∈ X

then X is also a convex for any subset of D and in particular in the set P ⊆ D:

∀a, b ∈ X : a ≤ b→ ∀z ∈ P : a ≤ z ≤ b→ z ∈ X.

So for a convex set A ⊆ FM(P ) of finite multisets over P if the set f(A) is a
convex in D then it is also a convex in P . �
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This proposition implies that if an aggregate function is not continuous for
a smaller domain then it is not continuous for a larger domain. In the next
proposition we show that sum and prod are not continuous for the domain N
which implies that they are not continuous for any larger domain.

Proposition 5.7 The aggregate functions sum : FM(N)→ N, prod : FM(N)→
N, and avg : FM(R)→ R are not continuous.

Proof. (sum) Consider the convex set A = {{1}, {1, 2}}. The image of A under
sum is the set

sum(A) = {sum({1}), sum({1, 2})} = {1, 3}

which is not a convex because 2 ∈ [1, 3] but 2 6∈ {1, 3}.
(prod) Consider the convex set B = {{1}, {1, 3}}. The image of B under prod

is the set prod(B) = {1, 3} which is again not a convex.
(avg) The image of B under avg is the set avg(B) = {1, 2.5} which is not a

convex. �

Proposition 5.8 If L is a lattice containing a chain with three elements then the
aggregate functions inf : FM(L)→ L and sup : FM(L)→ L are not continuous.

Proof. Consider the chain {a, b, c} ⊆ L ordered as a < b < c. The image of the
convex set A = {{c}, {a, c}} under inf is the set inf(A) = {a, c} which is not a
convex because b ∈ [a, c] but b 6∈ {a, c}. For the aggregate function sup consider
the image of the convex set B = {{a}, {a, c}} under sup which is again the set
{a, c}. �

Note that if L is a totally ordered set then inf(M) = min(M) and sup(M) =
max(M) for any finite multiset M on L. So, we have the following corollary.

Corollary 5.9 The aggregate functions min,max : FM(D) → D are not con-
tinuous for any set of numbers D ⊆ R.

5.1.2 Algorithms

In this section we present algorithms for computing the ultimate approximating
aggregate of some common aggregate functions. Such algorithms are useful for
several purposes. First of all, they can be used in a practical implementation of
the three-valued stable semantics. Second, they are important for the complexity
analysis of the semantics. The formulas for sum are also used in discussing the
relationship with the language of weight constraint rules.

For monotone and anti-monotone aggregate relations, for example lb and ub
(Proposition 3.3), the algorithms are given by Proposition 5.1 and Proposition 5.2.
Our first result concerns extrema aggregates defined on possibly infinite multisets.

Proposition 5.10 The algorithms on Table 5.1 are correct.
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r ((M1,M2), d) ∈ U1
r iff ((M1,M2), d) ∈ U2

r iff
min d ∈M1 ∧min(M2, d) d ∈M2 ∧min(M1 ] {d}, d)
max d ∈M1 ∧max(M2, d) d ∈M2 ∧max(M1 ] {d}, d)
inf inf(M1, d) ∧ inf(M2, d) inf(M1 ]M [d,>]

2 , d)
sup sup(M1, d) ∧ sup(M2, d) sup(M1 ]M [⊥,d]

2 , d)

Table 5.1: Algorithms for Extrema Aggregates

Next, look at the aggregate functions card, sum, and prod defined on finite
multisets.

Proposition 5.11 (Ucard)

((M1,M2), d) ∈ U1
card if and only if |M1| = d = |M2|

((M1,M2), d) ∈ U2
card if and only if |M1| ≤ d ≤ |M2|

For sum and prod we can only give efficient algorithms for the first com-
ponent of their ultimate approximations. We show in Section 5.1.3 that deciding
the second component of the ultimate approximating aggregates are NP-complete
problems. So, it is unlikely to find efficient algorithms.

Proposition 5.12 (U1
sum and U1

prod)

((M1,M2), d) ∈ U1
sum iff

∑
M1 = d and ∀x ∈ (M2 −M1) : x = 0

((M1,M2), d) ∈ U1
prod iff

∏
M1 = d and ∀x ∈ (M2 −M1) : x = 1

We now look at combined aggregate relations of the form f≥ and f≤ where
f : FM(D1) → D2 is an aggregate function on finite multisets and ≤ is a total
order on D2. For all three aggregate functions card, sum, and prod we can give
efficient algorithms for U1

f≥
and U2

f≥
. We start with the following general result.

Let minf,maxf : FM(D1)c → FM(D1) be functions which take as an input a
finite three-valued multiset (M1,M2) and return a multiset M ∈ [M1,M2] such
that f(M) is minimal (resp. maximal) over the set [M1,M2], i.e.

∀M ∈ [M1,M2] : f(minf(M1,M2)) ≤ f(M)
∀M ∈ [M1,M2] : f(maxf(M1,M2)) ≥ f(M)

Note that for a given aggregate function f and a three-valued multiset (M1,M2)
there may be more than one multiset in the interval [M1,M2] with a minimal value
of f. For example minsum(∅, {0}) can return either ∅ or {0}.

The values of Uf≤ and Uf≥ can be computed using the minf and maxf functions
in the following way.
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Lemma 5.13 Let f : FM(D1) → D2 be an aggregate function and ≤ be a total
order on D2. Then:

((M1,M2), d) ∈ U1
f≥

if and only if f(minf(M1,M2)) ≥ d

((M1,M2), d) ∈ U2
f≥

if and only if f(maxf(M1,M2)) ≥ d

and similarly for Uf≤ :

((M1,M2), d) ∈ U1
f≤

if and only if f(maxf(M1,M2)) ≤ d

((M1,M2), d) ∈ U2
f≤

if and only if f(minf(M1,M2)) ≤ d.

Proof. First note that since {f(M) |M ∈ [M1,M2]} is a finite totally ordered set
it always has a minimal and a maximal element. We give the proof for f1

≥:

((M1,M2), d) ∈ U1
f≥

⇔∀M ∈ [M1,M2] : (M,d) ∈ f≥

⇔∀M ∈ [M1,M2] : f(M) ≥ d
⇔∀x ∈ {f(M) |M ∈ [M1,M2]} : x ≥ d
⇔f(minf(M1,M2)) ≥ d.

The proofs of the other cases are analogous. �

So, to decide the first and second components of Uf≥((M1,M2), d) we need to
compute the values minf(M1,M2) and maxf(M1,M2). For card it is clear that
the minimal value is obtained for the multiset M1 and the maximal value for the
multiset M2.

Proposition 5.14 mincard(M1,M2) = M1 and maxcard(M1,M2) = M2.

Proposition 5.15

minsum(M1,M2) = M+
1 ]M

−
2

maxsum(M1,M2) = M−
1 ]M

+
2 .

Proof. The multiset M with a minimal sum is obtained by taking all elements
from M1 and all negative numbers from M2 −M1, that is

minsum(M1,M2) = M1 ] (M2 −M1)− = M+
1 ]M

−
1 ] (M−

2 −M
−
1 ) =

M+
1 ]M

−
2 . �
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We want to point out that there is a close relation between the formulas of sum
and the monotonicity properties of sum. Recall that the aggregate function sum
is monotone on multisets of positive numbers and anti-monotone on multisets of
negative numbers. If you look at the formulas from Proposition 5.15 they partition
the multisets M1 and M2 to multisets with positive and negative numbers. The
minimal and maximal elements are obtained by adding the sum of one partition
from the under-estimate and another partition from the over-estimate.

Finally, we look at the derived aggregate relations prod≤ and prod≤. First,
we give algorithms for the aggregate relations restricted to positive real numbers
and then to integer numbers. Then we combine the results to obtain algorithms
for prod on the entire set of real numbers.

Observe that prod is monotone for multisets on the interval [1,∞) and anti-
monotone on the interval [0, 1] and non-monotone on negative numbers. So, it has
a similar algorithm as the sum aggregate. For the aggregate function prod we use
a sup-script to denote its domain.

Proposition 5.16 For the aggregate function prodR+
: FM(R+)→ R+,

minR+

prod(M1,M2) = M
[1,∞)
1 ]M [0,1)

2

maxR+

prod(M1,M2) = M
[0,1)
1 ]M [1,∞)

2 .

On positive integer numbers, product is monotone. Thus minN
prod(M1,M2) =

M1 and maxN
prod(M1,M2) = M2. If there are negative numbers in M1 or in M2

then to obtain a multiset with minimal product we try to select a multiset which
has an odd number of negative numbers.

Proposition 5.17 The algorithms on Figure 5.1 and Figure 5.2 are correct for
the aggregate function prodZ : FM(Z)→ Z.

Proof.
Line 3) If

∏
M2 < 0 then clearly removing from M2 any number different than

1 will only increase the product (since the numbers are integer).
Line 5) If 0 ∈M1 then the product of any multiset M ∈ [M1,M2] will be zero

so we just return the smallest multiset.
Line 9) In this case 0 ∈ (M2−M1). We compute the multisetM ′ with a minimal

product in the interval [M1,M
0
2 ] where M0

2 is obtained from M2 by removing all
zeros. If the product of M ′ is less than zero then we return it. Adding 0 to M ′

will increase the product and by the correctness of the rest of the algorithm on
the input (M1,M

0
2 ) follows that M ′ is the multiset with minimal product.

Line 10) In this case 0 ∈ (M2−M1) and
∏

minZ
prod(M1,M

0
2 ) > 0. This implies

that M2 −M1 contains only non-negative numbers so the multiset with minimal
product is M1 ] {0}.

Line 14) If M2 −M1 does not contain any negative numbers then the multiset
with minimal product is M1.
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1 funct minZ
prod(M1,M2) =

2 let p2 :=
∏
M2

3 if (p2 < 0) then M2

4 elsif (p2 = 0) then
5 if 0 ∈M1 then M1

6 else
7 let M0

2 := M2 −M{0}
2

8 let M ′ := minZ
prod(M1,M

0
2 )

9 if
∏
M ′ < 0 then M ′

10 else M1 ] {0}
11 fi
12 fi
13 else
14 if (M2 −M1)− = ∅ then M1

15 else
16 M2 − {max((M2 −M1)−)}
17 fi
18 fi

Figure 5.1: Algorithm for minZ
prod on integers.

1 funct maxZ
prod(M1,M2) =

2 let p2 :=
∏
M2

3 if (p2 > 0) then M2

4 elsif (p2 = 0) then
5 if 0 ∈M1 then M1

6 else
7 let M0

2 := M2 −M{0}
2

8 let M ′ := maxZ
prod(M1,M

0
2 )

9 if
∏
M ′ > 0 then M ′

10 else M1 ] {0}
11 fi
12 fi
13 else
14 if (M2 −M1)− = ∅ then M1

15 else
16 M2 − {max((M2 −M1)−)}
17 fi
18 fi

Figure 5.2: Algorithm for maxZ
prod on integers.
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Line 16) If the product of M2 is positive and M2 −M1 does contain negative
numbers then by removing one negative number from M2 −M1 the product will
become negative. If we remove a negative number with a minimal absolute value
then the product of the remaining multiset will be minimal. �

The only differences between the two algorithms for minZ
prod and maxZ

prod are
the comparisons on lines 3 and 9 and the recursive call on line 8. Note that after
the recursive call on line 8 the multiset M2 does not contain 0. Consequently, the
product cannot be 0 and the case p2 = 0 will not be considered again. So, the
algorithms make at most one recursive call.

Finally, we present algorithms for minR
prod and maxR

prod on the entire set of real
numbers.

Proposition 5.18 The algorithm on Figure 5.3 is correct for the aggregate func-
tion prodR : FM(R)→ R.

Proof. The algorithms have the same general structure as the algorithms for
minZ

prod and maxZ
prod on integers on Figure 5.1 and Figure 5.2.

Line 5) We first remove from M2, the multiset M (0,1]
21 . This is correct because

the multiset with minimal product has a negative product. Thus adding to it any
set of numbers in the interval (0, 1) will only increase the product.

Line 6) If M21 does not contain any numbers in the interval (−1, 0) then
multiset in the interval [M1,M2] with a minimal product is clearly M ′

2.
Line 8) Let N be the multiset with minimal product. It cannot contain an

even number of elements from the multiset M (−1,0)
21 because removing all those

numbers will yield a multiset with smaller product. Suppose that N contains an
odd number of elements from the multiset M (−1,0)

21 . Because
∏
N < 0 then N

must contain all the elements in M (−∞,−1]
21 except the largest one x. However, we

can obtain a multiset with smaller product by adding x to N and removing one
element from the multiset M (−1,0)

21 .
Lines 12 and 14) In this case we still have to remove an even number of elements

to keep the sign of the product negative. Obviously, removing all but the smallest
element a from the multiset M (−1,0)

21 will yield a multiset with smaller product
(Line 14). However, if the multiset M

(−∞,−1)
21 is not empty and its maximal

element multiplied by a is smaller than 1 (Line 11) then removing these two
elements will yield a multiset with even smaller product (Line 12).

Line 19) The proof is the same as in Proposition 5.17.
Line 21) If the product of M2 is positive and M21 does not contain negative

numbers then the multiset with minimal product is clearly equal to M1 ]M (0,1)
21 .

Line 23 If the product of M2 is positive and M21 does contain negative numbers
then we can find a multiset such that its product is negative. In this case we remove
all elements in the interval (0, 1] which may only increase the product.
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1 funct minR
prod(M1,M2) =

2 let p2 :=
∏
M2

3 let M21 := (M2 −M1)
4 if (p2 < 0) then
5 let M ′

2 := M2 −M (0,1]
21

6 if M (−1,0)
21 = ∅ then M ′

2

7 else
8 if |M (−1,0)

21 | is even then M ′
2 −M

(−1,0)
21

9 else
10 let a := min(M (−1,0)

21 )
11 if M (−∞,−1)

21 6= ∅ and max(M (−∞,−1)
21 ) ∗ a < 1 then

12 M ′
2 −M

(−1,0)
21 − {max(M (−∞,−1)

21 )}
13 else
14 M ′

2 −M
(−1,0)
21 ] {a}

15 fi
16 fi
17 fi
18 elsif (p2 = 0) then
19 the same code as in Figure 5.1 for p2 = 0
20 else
21 if M−

21 = ∅ then M1 ]M (0,1)
21

22 else
23 let M ′

2 := M2 −M (0,1]
21

24 if M (−1,−0)
21 = ∅ then M ′

2 −max(M (−∞,1]
21 )

25 else
26 if |M (−1,−0)

21 | is odd then M ′
2 −M

(−1,0)
21

27 else
28 let a := min(M (−1,0)

21 )
29 if M (−∞,−1)

21 6= ∅ and max(M (−∞,−1)
21 ) ∗ a < 1 then

30 M ′
2 −M

(−1,0)
21 − {max(M (−∞,−1)

21 )}
31 else
32 M ′

2 −M
(−1,0)
21 ] {a}

33 fi
34 fi
35 fi
36 fi

Figure 5.3: Algorithm for minR
prod for product on reals.
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Line 24) If all negative numbers are in the interval (−∞,−1], i.e. M (−1,0)
21 = ∅,

then by removing one of them we obtain a multiset with a negative product.
Moreover, if this is the largest element from the multiset M (−1,0)

21 = ∅ then we
obtain a multiset with the smallest product. This line is analogous to Line 16
from the algorithm of minZ

prod on Figure 5.1.
Finally, lines 26–34 are analogous to lines 8–16 but instead we want to remove

an odd number of elements instead of even. �

An algorithm for maxR
prod can be obtained from the algorithm for minR

prod by
simply changing the comparison on line 4 from < to > and on line 19 using the
code from the algorithm for maxZ

prod on integers (Figure 5.2). We finally point out
that the two algorithms can also be applied for product on rational numbers.

5.1.3 Complexity

In this section we study the complexity of ultimate approximating aggregates.
The size of the input is measured by the size |M | of the input multiset. From the
definition we can immediately obtain upper bounds.

Proposition 5.19 If the complexity of deciding r is in the class ∆p
k then deciding

U1
r is in the class Πp

k+1 and deciding U2
r is in the class Σpk+1.

Because most of the aggregate relations are polynomial then deciding U1
r and

U2
r will be in the classes co-NP and NP respectively.

Using Proposition 5.1 we can show that for monotone aggregate relations the
complexity does not increase.

Proposition 5.20 If r is a monotone aggregate relation then the problems U1
r

and U2
r are in the same complexity class as r.

Finally, we give generic results for subset aggregates.

Proposition 5.21 If the complexity of deciding r is in the class ∆p
k then the

decision problems r⊆, U1
r⊆

, and U2
r⊆

are all in the class Σpk+1.

Proof. (Sketch) We only need to show the complexity of r⊆. The complexities of
U1

r⊆
and U2

r⊆
follow from Proposition 5.20 because r⊆ is a monotone aggregate

relation. To decide if (M,d) ∈ r⊆ we have to guess a subset M ′ ⊆ M such that
(M ′, d) ∈ r. So, if r ∈ ∆p

k then r⊆ ∈ Σpk+1. �

Note that in contrast to Proposition 5.19 both the first and the second com-
ponents are in the Σpk+1 class.

For many specific aggregate functions the complexity remains polynomial:

Proposition 5.22 If r is any of the aggregate relations card, min, max, inf,
sup, sumQ

≤, sumQ
≥, prodQ

≤, prodQ
≥ then U1

r , U
2
r ∈ P.
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Proof. (Sketch) The algorithms for card are given in Proposition 5.11.
The algorithms for min, max, inf, and sup are given in Table 5.1. For min

and max we assume that the partial order relation is polynomial time computable.
For inf we assume that the meet operation is polynomial time computable and
for sup that join is polynomial time computable.

The algorithms for sumQ
≥ and sumQ

≤ are given by Lemma 5.13 and Proposi-
tion 5.15 and for prodQ

≥ and prodQ
≤ by Lemma 5.13 and Proposition 5.18. �

For sum and prod there is a difference in the complexity of the first and the
second component.

Proposition 5.23 U1
sum ∈ P and U1

prod ∈ P.

Deciding the second component of the ultimate approximation of prod and
sum are generalizations of the following NP-complete problems (Garey and John-
son, 1979, problems SP13 and SP14):

subset-sum (subset-product)
Instance: A set S = {q1, . . . , qn} of positive numbers and integer k.
Question: Is there a subset S′ of S such that

∑
S′ = k (

∏
S′ = k)?

Proposition 5.24 The problems U2
sum and U2

prod are NP-complete.

5.2 Program Transformation

We introduce one transformation of aggregate programs which is used in conjunc-
tion with the transformation of aggregate atoms in the next section. The idea is
to replace a subformula ψ(x) in a body of a rule by a new atom q(x) and add a
new rule q(x) ← ψ(x). The transformation can be used, for example, to change
a negative occurrence of a sub-formula into a positive or to simplify aggregate
programs to normal aggregate programs.

Definition 5.3 (Folding) Consider a Σ(Π)-aggregate program P . The folding
of a formula ψ of a rule r : p(t)← ϕ[ψ] ∈ P is the Σ(Π ∪ {q})-program foldψr (P )
defined as follows:

foldψr (P ) =P − {r} ∪ {
p(t)← ϕ[q(x)].
q(x)← ψ(x).}

where q 6∈ Π is a new predicate symbol and x = FV (ψ).

Example 5.2 Consider a program P consisting of the following rule

r : p(x)← ¬∃y. r(x, y).
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One way to interpret this rule is that r(x, y) encodes a partial function from x to y
and p(x) is true if this function is not defined for x. After folding r on the formula
∃y. r(x, y) which is positive we obtain the following program P ′ = fold

∃y. r(x,y)
r (P ):

p(x)← ¬q(x).
q(x)← ∃y. r(x, y). �

One condition which guarantees that the fold transformation preserves the set
of partial stable models is the formula ψ to be positive.

Proposition 5.25 If ψ is a positive formula then there is a one to one corres-
pondence between the three-valued stable models of P and those of foldψr (P ).

To see why the transformation does not preserve the set of three-valued stable
models when the formula ψ is negative consider the following example.

Example 5.3 Let P be the program consisting of the rule

1 : p← ¬¬p.

The result of fold¬p1 (P ) is the program:

p← ¬q.
q ← ¬p.

The first program has only one exact stable model ∅ while the second program has
two: {p} and {q}. �

5.3 Transformations of Aggregate Atoms

In this section we study transformations of aggregate atoms to formulas which
are equivalent in three-valued logic. Every transformation is specific to a class of
aggregate atoms and exploits specific properties of the atoms in this class.

Definition 5.4 For two formulas ϕ and ψ we denote that they are equivalent in
two valued logic with ϕ = ψ and that they are equivalent in three-valued logic with
ϕ =3 ψ, that is HĨ(ϕ) = HĨ(ψ) for any three-valued interpretation Ĩ.

Because two-valued interpretations are also three-valued interpretations equi-
valence in three-valued logic implies equivalence in two-valued logic. The opposite
is not true. For example, there are no tautologies in three-valued logic. So,
p ∧ (q ∨ ¬q) = p but p ∧ (q ∨ ¬q) 6=3 p.

By replacing a sub-formula ϕ in a body of a rule in a program P with a
formula ψ such that ϕ =3 ψ we obtain a program P ′ such that ΦaggrP = ΦaggrP ′ .
Consequently P and P ′ have the same set of three-valued stable models. We note
that equivalence of the ΦaggrP operators of two programs implies strong equivalence
of logic programs (Lifschitz et al., 2001): P1 is strongly equivalent to P2 if for any
program Π, P1 ∪Π have the same set of exact stable models as P2 ∪Π.
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5.3.1 Complement and Negation

A normal aggregate program may contain only aggregate atoms but not the nega-
tion of aggregate atoms. The following proposition shows that this is not a limita-
tion as long as the aggregate signature contains the complements of all aggregate
relations.

Definition 5.5 The complement of a relation R ⊆ D1 × D2 is a relation R ⊆
D1 ×D2 defined as (a, b) ∈ R if (a, b) 6∈ R.

Proposition 5.26

¬r(λx. e(x), {x | ϕ(x)}, t) =3 r(λx. e(x), {x | ϕ(x)}, t).

For a derived aggregate relation of the form fr its complement is equivalent to
the combination of f and the complement of r.

Proposition 5.27 If f is a total aggregate function then fr = fr.

Proof. (S, d) ∈ fr iff (S, d) 6∈ fr iff (f(S), d) 6∈ r iff (f(S), d) ∈ r iff (S, d) ∈ fr. �

By combining the above two propositions we can replace a negation of a derived
aggregate atom by the aggregate atom obtained by the combination of the aggreg-
ate function and the complement of the relation. For example ¬sum≥(s, t) =3

sum<(s, t). This will be useful for replacing an anti-monotone aggregate relation
by the negation of a monotone aggregate.

5.3.2 Aggregates as Quantifiers

Let forall ⊆ M(D1) × D2 and exists ⊆ M(D1) × D2 be aggregate relations
corresponding to the quantifiers in classical logic. They are defined as (M,d) ∈
forall if and only if M(x) > 0 for every x ∈ D1 and (M,d) ∈ exists if and
only if M(x) > 0 for some x ∈ D1. We show that the ultimate approximations of
forall and exists are equal to the interpretation of the ∀ and ∃ quantifiers in
three-valued logic (see Definition 2.30).

Proposition 5.28

exists(λx. x, {x | ϕ}, t) =3 ∃x. ϕ
forall(λx. x, {x | ϕ}, t) =3 ∀x. ϕ

Proof. First, observe that exists and forall are monotone aggregate relations.
Fix a three-valued interpretation Ĩ and let (M1,M2) = J{x | ϕ}KĨ . The next two
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columns contain the proofs for the first and second components ofH for the exists
quantifier.

H1
Ĩ
(exists(λx. x, {x | ϕ}, t)) = t H2

Ĩ
(exists(λx. x, {x | ϕ}, t)) = t

⇔((M1,M2), JtK) ∈ U1
exists ⇔((M1,M2), JtK) ∈ U2

exists

⇔(M1, JtK) ∈ exists ⇔(M2, JtK) ∈ exists

⇔∃d ∈ D1. M1(d) > 0 ⇔∃d ∈ D1. M2(d) > 0

⇔∃d ∈ D1. H1
Ĩ
(ϕ(d)) = t ⇔∃d ∈ D1. H2

Ĩ
(ϕ(d)) = t

⇔H1
Ĩ
(∃x. ϕ(x)) = t ⇔H2

Ĩ
(∃x. ϕ(x)) = t

The proof for the forall aggregate is analogous. �

5.3.3 Derived Aggregate Relations

An interesting question about derived aggregate relations of the form rP is whether
they are more expressive than a conjunction of r and P . More precisely we want
to study the following question:

rP (s, t) =3 ∃z. r(s, z) ∧ P (z, t)

It turns out that the answer to this question is negative and if using the de-
rived aggregate relation rP the truth value is at least as precise as when using a
combination of r and P . The precise relationship is given by the following lemma.

Lemma 5.29

HĨ(∃z. r(s, z) ∧ P (z, t)) ≤t HĨ(rP (s, t)).

Proof. Fix a three-valued interpretation Ĩ and let (M1,M2) = JsKĨ and d = JtK.

H1
Ĩ
(∃z. r(s, z) ∧ P (z, t)) = t

⇔∃z. H1
Ĩ
(r(s, z)) = t ∧H1

Ĩ
(P (z, t)) = t

⇔∃z. U1
r ((M1,M2), z) ∧ PD(z, d)

⇔∃z. ∀M ∈ [M1,M2]. r(M, z) ∧ PD(z, d) (*)

⇒∀M ∈ [M1,M2]. ∃z. r(M, z) ∧ PD(z, d)
⇔∀M ∈ [M1,M2]. rP (M,d)

⇔U1
rP

((M1,M2), d)

⇔H1
Ĩ
(rP (s, t)) = t

The place where the proof cannot be reversed is after step (*) where the existential
quantifier is pushed in the scope of a universal quantifier. There is no such a prob-
lem for the over-estimate of the truth value because the ultimate approximating
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aggregate uses an existential quantifier. So, we can show equivalence for the two
formulas:

H2
Ĩ
(∃z. r(s, z) ∧ P (z, t)) = t

⇔∃z. H2
Ĩ
(r(s, z)) = t ∧H2

Ĩ
(P (z, t)) = t

⇔∃z. U2
r ((M1,M2), z) ∧ PD(z, d)

⇔∃z. ∃M ∈ [M1,M2]. r(M, z) ∧ PD(z, d)

⇔∃M ∈ [M1,M2]. ∃z. r(M, z) ∧ PD(z, d)
⇔∃M ∈ [M1,M2]. rP (M,d)

⇔U2
rP

((M1,M2), d)

⇔H2
Ĩ
(rP (s, t)) = t �

The next example demonstrates that the truth value of rP can be strictly more
precise than the combination of r and P .

Example 5.4 Consider the derived aggregate relation sum≥ and the three-valued
multiset (M1,M2) = ({1}, {1, 2}). We have that ((M1,M2), 1) ∈ U1

sum≥
because

sum(M1) ≥ 1 and sum(M2) ≥ 1. However there does not exists a number
z such that sum({1}) = z and sum({1, 2}) = z. Consequently the statement
∃z. U1

sum((M1,M2), z) ∧ z ≥ 1 is false. �

We can obtain an equivalent translation in the special case when RP is a
monotone aggregate relation. We also need to translate rP (s, t) to ∃z. r⊆(s, z) ∧
P (z, t) by using the subset aggregate r⊆ of r.

Proposition 5.30 If RP is a monotone aggregate relation then

∃z. r⊆(s, z) ∧ P (z, t) =3 rP (s, t)

Proof. Fix a three-valued interpretation Ĩ and let (M1,M2) = JsKĨ and d = JtK.

H1
Ĩ
(∃z. r⊆(s, z) ∧ P (z, t)) = t

⇔∃z. H1
Ĩ
(r⊆(s, z)) = t ∧H1

Ĩ
(P (z, t)) = t

⇔∃z. U1
r⊆

((M1,M2), z) ∧ P (z, d)

⇔∃z. r⊆(M1, z) ∧ P (z, d)
⇔∃z. ∃M ′ ⊆M1. r(M ′, z) ∧ P (z, d)
⇔∃M ′ ⊆M1. ∃z. r(M ′, z) ∧ P (z, d)
⇔∃M ′ ⊆M1. rP (M ′, d)
⇔rP (M1, d) because RP is monotone

⇔U1
rP

((M1,M2), d)

⇔H1
Ĩ
(rP (s, t)) = t
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The proof for H2 was given in Lemma 5.29. �

Note that if a positive aggregate atom RP (s, t) with a monotone derived ag-
gregate relation RP is translated to ∃z. r⊆(s, z) ∧ P (z, t), the aggregate atom
R⊆(s, z) and the entire formula ∃z. r⊆(s, z) ∧ P (z, t) are still positive. So, apply-
ing this transformation to a positive aggregate program P preserves the property
of positiveness.

Example 5.5 Consider the following rule from the formulation of the Company
Controls problem (Example 3.5):

controls(X,Y )← sum>(λ(Z, S). S, {(Z, S) | cv(X,Z, Y, S)}, 0.5).

On positive numbers the derived aggregate relation sum> is monotone. So, using
Proposition 5.30, the aggregate can be rewritten as

controls(X,Y )← sum⊆(λ(Z, S). S, {(Z, S) | cv(X,Z, Y, S)}, Z) ∧ Z > 0.5.

The same formulation for the Company Controls example with a subset aggregate
was given by Van Gelder (Van Gelder, 1992) who makes the following comment:

In this problem, a company A controls company C if some subset {Bi}
of the companies controlled by A own a combined portion . . .

Observe the phrase “some subset” in our wording. We believe this
represents the intuition of the problem: once the combined ownership
exceeds .50 we do not care about its exact value.

We believe that Proposition 5.30 gives a formal explanation to the intuitions of
Van Gelder. As demonstrated by Example 5.4 if we use in the translation the sum
aggregate instead of sum⊆ the semantics may be too weak to model correctly the
problem. �

5.3.4 Extrema Predicates

It is possible to transform all extrema aggregate relations entirely to formulas
without aggregates which are equivalent in the 3-valued logic.

Proposition 5.31 For any formula ϕ

min({x | ϕ(x)}, t) =3 ϕ(t) ∧ ¬∃x. (ϕ(x) ∧ x < t)
max({x | ϕ(x)}, t) =3 ϕ(t) ∧ ¬∃x. (ϕ(x) ∧ t < x)

lb({x | ϕ(x)}, t) =3 ∀x. ϕ(x)→ t ≤ x
ub({x | ϕ(x)}, t) =3 ∀x. ϕ(x)→ x ≤ t

inf({x | ϕ(x)}, t) =3 lb({x | ϕ(x)}, t) ∧ (∀z. lb({x | ϕ(x)}, z)→ z ≤ t)
sup({x | ϕ(x)}, t) =3 ub({x | ϕ(x)}, t) ∧ (∀z. ub({x | ϕ(x)}, z)→ t ≤ z)
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Proof. The proofs are straightforward and are omitted. �

Example 5.6 Consider the rule for the sp/3 predicate from the programs of the
Shortest Path problem from Example 3.6 and Example 4.6:

sp(X,Y, S)← min(λC. C, {C | cp(X,Y,C)}, S).

Using the transformation of min from Proposition 5.31, it is is equivalent to:

sp(X,Y, S)← cp(X,Y, S) ∧ ¬∃C1. cp(X,Y,C1) ∧ C1 < S

Because the formula ∃C1. cp(X,Y,C1)∧C1 < S is positive, the second line can be
folded on it (Proposition 5.25) and we obtain the following normal program:

sp(X,Y, S)← cp(X,Y, S), not bp(X,Y, S).
bp(X,Y, S)← cp(X,Y,C1), C1 < S.

This translation of the min aggregate relation has been used in several previous
works on aggregates (Ganguly et al., 1995; Van Gelder, 1992). �

5.3.5 Summation

We now show how to translate an aggregate atom sum≥(λx. e, {x | ϕ}, t) where
the domain of the input multiset of sum≥ is some subset of real numbers to a
combination of monotone and anti-monotone aggregates. This transformation
is used later for a practical implementation of problems using such aggregates.
Recall that sum≥ is monotone for positive numbers and anti-monotone on negative
numbers. The idea is then to use two separate sum-aggregates — one taking only
positive numbers as input and the other only negative numbers. The tricky part
is how to combine the results of the two atoms. First, define two formulas ϕ+

and ϕ− which compute only the subset of positive, respectively negative, elements
from the set of the aggregate relation:

ϕ+(x) ≡ ϕ(x) ∧ e(x) > 0

ϕ−(x) ≡ ϕ(x) ∧ e(x) < 0

Proposition 5.32

sum≥(λx. e, {x | ϕ}, t) =3 ∃z. sum⊆(λx. e, {x | ϕ+}, z)∧
sum≥(λx. e, {x | ϕ−}, t− z).
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Proof. We give the proof only for H1. The proof for H2 is analogous. Fix a
three-valued interpretation Ĩ and let (M1,M2) = Jλx. eK(J{x | ϕ}KĨ) and d = JtK.

H1
Ĩ
(sum≥(λx. e, {x | ϕ}, t)) = t

⇔((M1,M2), d) ∈ sum1
≥

⇔
∑
M+

1 +
∑
M−

2 ≥ d
⇔

∑
M+

1 ≥ d−
∑
M−

2

⇔∃z.
∑
M+

1 ≥ z ∧ z ≥ d−
∑
M−

2

⇔∃z.
∑
M+

1 ≥ z ∧
∑
M−

2 ≥ d− z (*)

⇔∃z. ∃M ′ ⊆M+
1 .

∑
M ′ = z ∧

∑
M−

2 ≥ d− z
⇔∃z. sum⊆(M+

1 , z) ∧ sum≥(M−
2 , d− z)

⇔∃z. ((M+
1 ,M

+
2 ), z) ∈ U1

sum⊆
∧ ((M−

1 ,M
−
2 ), d− z) ∈ U1

sum≥

⇔∃z. H1
Ĩ
(sum⊆(λx. e, {x | ϕ+}, z)) = t ∧H1

Ĩ
(sum≥(λx. e, {x | ϕ−}, t− z)) = t

⇔H1
Ĩ
(∃z. sum⊆(λx. e, {x | ϕ+}, z) ∧ sum≥(λx. e, {x | ϕ−}, t− z)) = t

One of the crucial steps is after (*) where we turn
∑
M+

1 ≥ z into ∃M ′ ⊆
M+

1 .
∑
M ′ = z. In the forward direction, suppose that (*) holds for some z. By

choosing M ′ = M+
1 and z′ =

∑
M+

1 we have z ≤ z′. Consequently, d− z ≥ d− z′,
so z′ satisfies the second inequality. In the other direction, suppose that there is
a multiset M ′ ⊆ M+

1 such that z =
∑
M ′ and

∑
M−

2 ≥ d − z. Consequently,∑
M+

1 ≥
∑
M ′ = z, so (*) is also satisfied. �

In a resolution based system with a left to right selection rule like Prolog or
an abductive system (Kakas et al., 2000; Kakas et al., 2001) the call to the first
aggregate atom sum⊆(λx. e, {x | ϕ+}, z) is used to compute a large enough value
of z which can satisfy the second aggregate atom sum≥(λx. e, {x | ϕ−}, t−z). This
may trigger backtracking over ϕ+ to generate enough tuples for the input multiset
of the aggregate. We point out that instead of the subset aggregate sum⊆ we could
have used sum≥. However, keeping the above execution mechanism in mind the
subset aggregate sum⊆ is preferable. The reason is that for a given finite three-
valued input multiset (M1,M2) there are only finitely many sub-multisets M ′ of
M1 and, consequently, finitely many numbers d such that ((M1,M2), d) ∈ U1

sum⊆
.

In fact, as we will see in the section on the implementation, it is not necessary
to consider all of the sub-multisets of M1 but only those which form an initial
segment for some fixed ordering on the elements of M1. On the other hand, there
are infinitely many numbers x which satisfy ((M1,M2), x) ∈ U1

sum≥
. A correct

implementation of sum≥ should be able to return all of them.
Notice that the aggregate atom sum≥(λx. e, {x | ϕ−}, t− z) is anti-monotone

because its input is a set of negative numbers. It can be translated to a monotone
aggregate by introducing a double negation in front of the atom and switching



5.3. Transformations of Aggregate Atoms 105

from ¬sum≥ to sum<:

sum≥(λx. e, {x | ϕ−}, t− z) =3 ¬sum<(λx. e, {x | ϕ−}, t− z).

5.3.6 General Transformation

We now present a general transformation of aggregate atoms to formulas. We use
it in the next section to give an argument about the correctness of our implement-
ation.

Let A be a closed aggregate atom of the form r(f, {x | ϕ(x)}, t) where x =
x1, . . . , xn and for every i = 1, . . . , n, the type of the variable xi is si. The
translation of A is a disjunction of the form

∨
(S1,S2)∈I C

ϕ
(S1,S2)

where I is an index
set. Let S = Ds1 × · · · ×Dsn

. Every Cϕ(S1,S2)
is a conjunction of ground instances

of ϕ and ¬ϕ. The instances are determined by the three-valued set (S1, S2) where
S1 ⊆ S2 ⊆ S. The set S1 contains the tuples d for which Cϕ(S1,S2)

contains an
instance ϕ(d) of ϕ and S − S2 contains the tuples d for which Cϕ(S1,S2)

contains
an instance ¬ϕ(d) of ϕ:

Cϕ(S1,S2)
=

∧
{ϕ(d) | d ∈ S1} ∧

∧
{¬ϕ(d) | d ∈ (S − S2)}.

The index set I is defined as

I = {(S1, S2) | ∀S′ ∈ [S1, S2] : (JfK(S′), JtK) ∈ r}.

Note that the condition (JfK(S′), JtK) ∈ r is equivalent to (JfK(S1, S2), JtK) ∈ U1
r .

The translation of an aggregate atom is defined as

tr(r(f, {x | ϕ}, t)) =
∨

(S1,S2)∈I

Cϕ(S1,S2)

=
∨
{Cϕ(S1,S2)

| S1 ⊆ S2 ⊆ S and ∀S′ ∈ [S1, S2] : (JfK(S′), JtK) ∈ r}.

Proposition 5.33 A =3 tr(A) for every closed aggregate atom A.

Proof. Let A be a closed aggregate atom of the form r(f, {x | ϕ}, t) and let d = JtK.
We have to prove equivalence for the two components H1 and H2 of H and for
each component we have to prove two directions. Fix a three-valued interpretation
Ĩ and let (S1, S2) = J{x | ϕ}KĨ . In the proof we treat the disjunction tr(A) as a
set of formulas.

(H1, ⇒) Suppose that H1
Ĩ
(A) = t. This implies that (JfK(S1, S2), d) ∈ U1

r and
so ∀S ∈ [S1, S2] : (JfK(S), d) ∈ r. So, Cϕ(S1,S2)

∈ tr(A). Moreover, H1
Ĩ
(Cϕ(S1,S2)

) = t

and consequently H1
Ĩ
(tr(A)) = t.

(H1, ⇐) Suppose that H1
Ĩ
(tr(A)) = t. This means that there is a disjunct

Cϕ(S′1,S′2)
∈ tr(A) such that H1

Ĩ
(Cϕ(S′1,S′2)) = t. This means that (S′1, S

′
2) ≤p (S1, S2)
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(because S1 contains all tuples d for which HĨ(ϕ(d)) = t and S2 contains all
tuples d for which HĨ(ϕ(d)) 6= f) and so [S1, S2] ⊆ [S′1, S

′
2]. By definition of tr(A),

Cϕ(S′1,S′2)
∈ tr(A) only if for all S′ ∈ [S′1, S

′
2], (JfK(S′), d) ∈ r. Because [S1, S2] ⊆

[S′1, S
′
2] then also for all S′ ∈ [S1, S2], (JfK(S′), d) ∈ r and hence H1

Ĩ
(A) = t.

(H2, ⇒) Assume that H2
Ĩ
(A) = t. This means that there exists S′ ∈ [S1, S2]

such that (JfK(S′), d) ∈ r. Consequently, Cϕ(S′,S′) ∈ tr(A) and it has the form

Cϕ(S′,S′) =
∧

d∈S1

ϕ(d) ∧
∧

d∈S−S2

¬ϕ(d)︸ ︷︷ ︸
=Cϕ

(S1,S2)

∧
( ∧

d∈S′−S1

ϕ(d) ∧
∧

d∈S2−S′
¬ϕ(d)

)
.

Clearly, HĨ(C
ϕ
(S1,S2)

) = t for the first half of the formula. For the second half
of the formula

HĨ(
∧

d∈S′−S1

ϕ(d) ∧
∧

d∈S2−S′
¬ϕ(d)) = u

because S′ ∈ [S1, S2]. So, HĨ(C
ϕ
(S′,S′)) = u which means that H2

Ĩ
(Cϕ(S′,S′)) = t.

Consequently H2
Ĩ
(tr(A)) = t.

(H2, ⇐) Assume that

H2
Ĩ
(A) = f and H2

Ĩ
(tr(A)) = t (5.1)

The first assumption implies that there does not exist a set S′ ∈ [S1, S2] such that
(JfK(S′), d) ∈ r. In a formal notation

∀S′ ∈ [S1, S2]. (JfK(S), d) 6∈ r. (5.2)

The second assumption of (5.1) is true if and only if

∃Cϕ(S′1,S′2) ∈ tr(A) : H2
Ĩ
(Cϕ(S′1,S′2)) = t. (5.3)

By definition of tr(A) for the formula Cϕ(S′1,S′2) we have

∀S′ ∈ [S′1, S
′
2]. (JfK(S′), d) ∈ r.

Together with (5.2) this implies

[S1, S2] ∩ [S′1, S
′
2] = ∅. (5.4)

The next step is to show the following:

¬(S′1 ⊆ S2) ∨ ¬(S1 ⊆ S′2) (5.5)

Assume the opposite, i.e. S′1 ⊆ S2 and S1 ⊆ S′2 and let U = S1 ∪ S′1. Because
S1 ⊆ S2 and S′1 ⊆ S2 then also U ⊆ S2. Similarly, U ⊆ S′2. Thus, U ∈ [S1, S2]
and U ∈ [S′1, S

′
2] which is a contradiction with (5.4).
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Finally, we do a case analysis of (5.5). Suppose that S′1 6⊆ S2. This means
that there exists a tuple d ∈ S′1 such that d 6∈ S2. For this tuple we have
H2
Ĩ
(ϕ(d)) = f and consequently H2

Ĩ
(Cϕ(S′1,S′2)) = f which is a contradiction with

(5.3) and consequently with (5.1). Now, consider the case when S1 6⊆ S′2. This
means that there exists a tuple d ∈ S1 such that d 6∈ S′2. For this tupleH1

Ĩ
(ϕ(d)) =

t (by definition of S1) and consequently H2
Ĩ
(¬ϕ(d)) = f . On the other hand,

d 6∈ S′2 implies d ∈ (S − S′2), so ¬ϕ(d) ∈ Cϕ(S′1,S′2). Because H2
Ĩ
(¬ϕ(d)) = f then

H2
Ĩ
(Cϕ(S′1,S′2)) = f which is again a contradiction with (5.3). �

For closed aggregate atoms with a monotone aggregate relation we can define
a simpler translation trmon as follows:

trmon(r(f, s, t)) =
∨
{Cϕ(S1,S) | S = Ds1 × · · · ×Dsn , S1 ⊆ S, and

(JfK(S1), JtK) ∈ r}.

Notice that this formula does not contain ¬ϕ(d) instances of ϕ because S−S = ∅.
In a similar way, for closed aggregate atoms with an anti-monotone aggregate
relation, define

tranti(r(f, s, t)) =
∨
{Cϕ(∅,S2)

| S = Ds1 × · · · ×Dsn
, S2 ⊆ S, and

(JfK(S2), JtK) ∈ r}.

Likewise, tranti(r(f, s, t)) does not contain ϕ(d) instances of ϕ. Finally, let

trma(r(f, s, t)) =


trmon(r(f, s, t)), if r is monotone
tranti(r(f, s, t)), if r is anti-monotone
tr(r(f, s, t)), otherwise

Proposition 5.34 Let A be a closed aggregate atom of the form r(f, {x | ϕ}, t)
and r be a monotone or an anti-monotone aggregate relation. Then trma(A) =3

tr(A).

Proof. Consider the case where r is a monotone aggregate relation. In this case
trma(A) = trmon(A). We first show that trmon(A) ⊆ tr(A) which implies that

HĨ(trmon(A)) ≤t HĨ(tr(A)). (5.6)

If Cϕ(S1,S) ∈ trmon(A) then (JfK(S1), JtK) ∈ r. Since r is a monotone aggregate
relation then ∀S′ ∈ [S1, S] : (JfK(S′), JtK) ∈ r thus Cϕ(S1,S) ∈ tr(A).

Next, we show the opposite inequality of (5.6). Let Cϕ(S1,S2)
∈ tr(A) be the

disjunct with a maximum truth value HĨ(C
ϕ
(S1,S2)

) in the ≤t order. For any such
disjunct, Cϕ(S1,S) ∈ trmon(A). This is because ∀S′ ∈ [S1, S2] : JfK(S′, JtK) ∈ r
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implies (JfK(S1), JtK) ∈ r. Moreover, Cϕ(S1,S) ⊆ Cϕ(S1,S2)
(considering a con-

junction as a set of literals) which implies HĨ(C
ϕ
(S1,S)) ≥t HĨ(C

ϕ
(S1,S2)

). Thus
HĨ(trmon(A)) ≥t HĨ(tr(A)).

The proof for an anti-monotone aggregate relation and the tranti translation
is analogous. �

In general, both the tr and the trma translations of an aggregate atom can be
a formula with infinite disjunctions and conjunctions.

Example 5.7 Consider the domain N∞ = N ∪ {∞} with the usual order ≤ on
the set of natural numbers extended to N∞ as n ≤ ∞ for all n ∈ N∞. Let
card∞ : D → N∞ be the aggregate function defined as card∞(M) = |M | for
a finite multiset M and card∞(M) = ∞ otherwise. Note that card∞ is a
monotone aggregate function with respect to ≤ and consequently card∞≥ is a
monotone aggregate relation. Also note that (M,∞) ∈ card∞≥ if and only if M
is not a finite multiset.

Consider the aggregate atom A of the form card∞(λx. x, {x | p(x)},∞).
This atom is positive, so

trma(A) = trmon(A) =
∨
{Cp(x)(S1,N∞) | S1 is infinite subset of N∞}.

So, every conjunction C
p(x)
(S1,N∞) is infinite and, moreover, trmon(A) contains an

infinite number of such conjunctions. �

If trma(A) is a finite formula, we can consider the formula min(trma(A)) which
contains only minimal conjunctions with respect to set inclusion:

min(trma)(A) =∨
{Cϕ(S1,S2)

∈ trma(A) | ¬∃Cϕ(S′1,S′2) ∈ trma(A) : [S′1, S
′
2] ⊂ [S1, S2]}.

Proposition 5.35 For every aggregate atom A, if trma(A) is finite then

trma(A) =3 min(trma(A)).

It is tempting to use the translation of aggregate atoms defined above as a
way of implementing the various semantics of aggregate programs. This can be
done as a pre-processing step to an existing answer set programming system. In
this respect it is important to study the question about the size complexity of the
translation. We measure the size |F | of a formula F in disjunctive normal form by
the number of disjuncts in F . Although the total number of atoms in F is a more
precise measure, the number of disjuncts is an under-estimate which is sufficient
for our analysis. We study the size of the translation as a function of the size of
the domain of the set expression of an aggregate atom:

size({x1, . . . , xn | ϕ}) = |Ds1 × · · · ×Dsn
|
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where si is the type of the variable xi. We show that in the worst case the size
even of the min(trmon) translation can be exponential.

Example 5.8 Consider the (positive) aggregate atom A of the form

card≥(λx. x, {x | p(x)}, n/2)

where the predicate symbol p has type s and |Ds| = n is even. The translation
min(trmon) contains all conjunctions Cp(x)(S1,Ds) where |S1| = n/2. The number of
these conjunctions is equal to the number of ways of picking n/2 objects out of
n. This is given by the central binomial coefficient C(n) =

(
n
n/2

)
. Using Stirling’s

approximation of the factorial function n! ≈ nne−n
√

2πn we obtain the following
approximation of C(n):

C(n) ≈ 1√
(πn)/2

· 2n.
�

So, the translation is useful mostly for studying theoretical properties of ag-
gregates and not for a practical implementation.

5.4 Implementing the Well-founded Semantics in
XSB Prolog

In this section we look at one possibility of implementing the semantics of aggregate
programs. Instead of building a complete answer set programming system, we
present a simple meta interpreter written in Prolog for solving monotone aggregate
atoms. In principle the code does not use any features specific to a particular
Prolog system and should be able to run on any Prolog. However, to be able to
solve problems with recursive aggregates we use XSB Prolog (Rao et al., 1997)
which provides an efficient implementation of the well-founded semantics. The
implementation is written in such a way as to exploit automatically the tabling
and loop detection facilities of XSB.

The implementation makes the following assumptions on the syntax and in-
stantiation of variables of an aggregate atom r(λx. u, {x | ϕ}, t) when it is selected
for execution:

1. x ⊆ FV (ϕ);

2. the formula ϕ does not contain quantifiers;

3. the free variables of u and ϕ when the atom is selected are a subset of x;

4. all answer substitutions of the goal ← ϕ(x) instantiate all variables x to
ground terms.
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The first two conditions are not serious limitations. Either the implementation
can be elaborated to deal with them or one can use the fold transformation on the
set expression which is a positive formula. We believe that the third condition can
also be lifted if we make the implementation to instantiate and backtrack on the
free variables in u and ϕ which are not among x in the same way as the setof/3
predicate in Prolog. The final condition is necessary because we evaluate the term
u for all answers of ← ϕ(x). It can be lifted if we use a constraint based Prolog
system.

If all aggregate atoms in an aggregate program satisfy the first three conditions
then when an aggregate atom is selected for execution the set of variables x are
equal to the set of free variables of ϕ. So, we use a simplified syntax for aggregate
atoms by dropping the variable prefix for function and set expressions. Thus, an
aggregate atom r(λx. u, {x | ϕ}, t) is written as r(u, ϕ, t) where the term u and
the formula ϕ use the same names for the local variables x and these variables are
not used in any other literal in the same clause. This syntax is very similar to the
notation of the setof/3 family of “all solution” predicates.

Example 5.9 Reconsider the following rule from the formulation of the Company
Controls problem with finite multisets (Example 4.4):

controls(X,Y )← sum>( {λ(Z, S). S,
(Z, S) | cv(X,Z, Y ) ∧ owns stock(Z, Y, S)}
0.5).

In the simplified Prolog syntax, the rule is written as follows:

controls(X,Y) :- sum_gt(S,(cv(X,Z,Y),owns_stock(Z,Y,S)),0.5).

The implementation is correct only if controls(X,Y ) is called with X and Y
ground. �

The intended use of the implementation below is to compute aggregate atoms
with monotone aggregate relations. The idea is to collect enough answers of the
condition of the set expression to satisfy the aggregate relation.

aggr_rel(Func,Goal,Res,Aggr) :-
findall_prefix(El, (Goal, El is Func), MultiSet),
AggrCall =.. [Aggr,MultiSet,Res],
call(AggrCall).

findall_prefix(Templ,Goal,Bag) :-
findall(Templ,Goal,L1),
append(Bag,_,L1).

To illustrate how the predicate aggr rel is called consider the following imple-
mentation of the sum gt aggregate from Example 5.9:
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sum_gt(Func,Goal,Res) :- aggr_rel(Func,Goal,Res,sum_gt_rel).
sum_gt_rel(L,Res) :- sumlist(L,S), S > Res.

The clause for sum gt rel implements the aggregate relation sum> and the pre-
dicate sumlist(L, S) is true if L is a list of integers whose sum is S.

The call to append(Bag, , L1) in the implementation of the findall prefix/3
predicate above is used to backtrack over all initial segments Bag of the list L1 of
all answers of Goal. To be able to solve problems with recursion over aggregates
the predicate findall prefix/3 must be implemented (either by the user or directly
by the Prolog system) such that it returns after every new answer of Goal and does
not first compute all answers and then returns all prefixes, as in the implementation
above. One way to implement this behavior is the following:

findall_prefix(Templ,Goal,Bag) :-
inc_var0(ctr,Reg), % create a unique counter name

(Bag = [];
call(Goal),
get_var(Reg,OldBag),
Bag = [Templ|OldBag]),

set_var(Reg,Bag).

It uses non-backtrackable global registers. In XSB Prolog they are provided by
the storage module. A call to inc var0(Name, V alue) increments the value of the
register Name and returns the result in V alue. If Name does not exists then it is
first initialized to 0. The actual call to inc var0(ctr, Reg) above is used to generate
a unique counter name Reg for every call to the predicate findall prefix/3. This
counter is used to hold the current list of answers to the goal. The first time the
predicate findall prefix/3 is called the register Reg is set to the empty list which
is also returned as a result. On subsequent backtracking, the second disjunct
calls the goal Goal and the answer is appended to the current list which is again
returned.

Example 5.10 Reconsider the Party Invitation I problem from Example 3.7. The
input program is as follows:

:- table accept/1.

accept(X) :-
thr(X,K),
count_ge((friend(X,Y),accept(Y)),K).

count_ge(Goal,Res) :- aggr_rel(1,Goal,Res,count_ge_rel).
count_ge_rel(L,R) :- length(L,N), N >= R.
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In this program, the predicate count ge(Goal,Res) implements the aggregate
atom card≥(1, Goal, Res) while count ge rel/2 implements the aggregate rela-
tion card≥. The call to thr(X,K) will instantiate the variable X and when the
aggregate atom is selected only Y will be free.

Consider the following input database:

friend(a,b). thr(a,1).
friend(b,a). thr(b,1).

Intuitively, a will accept if and only if b does and vice versa. Using the transform-
ation of aggregate programs to normal logic programs, the program with the input
is equivalent to:

accept(a) :- accept(b).
accept(b) :- accept(a).

Thus, in the well-founded model both accept(a) and accept(b) are false. Indeed,
running the query ?− accept(a) in XSB returns no. �

Our next task is to establish correctness of the aggr rel implementation for
positive aggregate atoms in XSB. We do this in several steps. In every step, we
replace the definition of the aggr rel in the previous step with a new program
which has the same procedural behavior as the previous program. We do not give
full proofs of the correctness of some of the transformations because this is beyond
the scope of this work.

Consider an atom A of the form aggr rel(F,G,Res,Aggr). Let θ = θ1, θ2, . . .
be the sequence of all answer substitutions θi of the query← G such that θ1 is the
first answer substitution, θ2 is the second one, and so on. Let P isA be the program
consisting of the set of rules

aggr rel(F,G, d,Aggr)← Gθ1, . . . , Gθn.

for every initial segment θ1, . . . , θn of θ and d ∈ D which satisfies:

({JFθ1K, . . . , JFθnK}, d) ∈ Aggr.

We leave the following proposition without proof.

Proposition 5.36 Let P be an aggregate program using only aggregates inter-
preted by monotone aggregate relations. Let P ′ be the program obtained from P
by removing the definition of aggr rel and adding P isA for every atom A with the
aggr rel predicate symbol. Then XSB will compute the same answers for P and
P ′.

Now, consider the program PmonA obtained by defining aggr rel by using the
translation trmon. It consists of the set of rules

aggr rel(F,G, d,Aggr)← Gδ1, . . . , Gδm.
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for every d ∈ D and every sequence δ1, . . . , δm of substitutions of the variables
of G such that ({JFδ1K, . . . , JFδmK}, d) ∈ Aggr. The only difference with the
program P isA is that instead of considering only initial segments of the set of answer
substitutions of G, we consider all possible sets of substitutions of G which satisfy
the aggregate relation. Clearly P isA ⊆ PmonA .

Proposition 5.37 Let P be an aggregate program using only aggregates inter-
preted by monotone aggregate relations. Let P ′ be the program obtained from P
by removing the definition of aggr rel and adding P isA for every atom A with the
aggr rel predicate symbol and P ′′ be the program obtained in the same way but
using PmonA . Then XSB will compute the same answers for P ′ and P ′′.

Proof. (Sketch) Because P isA ⊆ PmonA then answers computed for the program P ′

can be computed for the program P ′′. In the opposite direction, suppose that
during the proof the following rule from PmonA is used:

aggr rel(F,G, d,Aggr) : −Gδ1, . . . , Gδm.

This means that all of δ = δ1, . . . , δm are answer substitutions of G. Let θ =
θ1, . . . , θn be the smallest initial sequence of answer substitutions of G which con-
tains all of δi. Because the aggregate relation of A is monotone then P isA contains
a rule

aggr rel(F,G, d,Aggr)← Gθ1, . . . , Gθn.

Moreover, the proof procedure can use this rule instead of the original rule because
to generate the answers δ the proof procedure has already generated all answers
θ. �

5.4.1 Incremental Aggregate Functions

In the implementation of aggr rel, every time a new value is added to the list
representing the multiset the aggregate function is recomputed for the entire list.
However, most of the standard aggregate functions are incremental in the sense
that f(M ] {x}) can be computed from the value of f(M) and x. For example
sum(M ]{x}) = sum(M)+x. So, instead of keeping the current set of answers we
can keep the value of the aggregate function on the current multiset and update
it every time a new element is added to the list. We first formalize the notion of
incremental aggregates.

Definition 5.6 (Incremental Aggregate Function) An incremental aggregate
function is an aggregate function f : M(D1)→ D2 such that there exists an iden-
tity element e ∈ D2 and a binary update function op : D2 × D1 → D2 such that
f(∅) = e and f(M ] {x}) = op(f(M), x) for every multiset M on D1 and x ∈ D2.
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The following table gives the identity element and the update function of com-
mon aggregate functions.

aggregate identity update
op(x, y) =

card 0 x+ 1
sum 0 x+ y
prod 1 x ∗ y
min +∞ min(x, y)
max −∞ max(x, y)

The implementation of incremental aggregate functions is given below. Instead
of a name of an aggregate relation, the last argument is a pair (e, op) of identity
element e and the name of a ternary predicate op which implements the update
function. The program is similar to the implementation of aggr rel with two
differences: (i) the call to findall prefix is unfolded and (ii) we keep in the
register the value of the aggregate function on the current multiset instead of the
multiset itself.

inc_aggr_func(Func,Goal,Res,(Id,Op)) :-
inc_var0(ctr,Reg),

(Res=Id;

call(Goal),
get_var(Reg,Old),
El is Func,
Expr =.. [Op,Old,El,Res],
call(Expr)),

set_var(Reg,Res).

Although the implementation is limited only to monotone aggregate atoms, by
using the transformations from Section 5.3 many aggregate atoms can be trans-
formed to a combination of aggregate atoms with monotone aggregate relations.

5.5 Example

In this section we combine most of the results developed in this and the previ-
ous chapters. We take the one-line program of the Party Invitation II problem
(Example 3.8). Although, we argued the the completion semantics is the right
semantics for this example, it illustrates many of the techniques developed in this
chapter. Using a series of program transformations we obtain a Prolog program
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which can be executed by our implementation in XSB Prolog. It has a simple and
elegant formulation and at the same time a solid theoretical foundation.

Example 5.11 Consider the program of the Party Invitation II problem from
Example 3.8. It consists of the single rule

accept(X)←∃K. thr(X,K)∧
sum≥(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y )},K).

First, we use the transformation of sum≥ on general numbers from Section 5.3.5:

sum≥(λx. e, {x | ϕ}, t) =3

∃z. sum⊆(λx. e, {x | ϕ+}, z) ∧ ¬sum<(λx. e, {x | ϕ−}, t− z).

Applying it to the aggregate atom in the program above we obtain:

accept(X)←
∃K. thr(X,K)∧
sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C > 0}, Pos)∧
¬sum<(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C < 0},K − Pos).

The sum⊆ aggregate atom does not depend on K and can be taken outside the
existential quantifier:

accept(X)←
sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C > 0}, Pos)∧
∃K. thr(X,K)∧
¬sum<(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C < 0},K − Pos).

Because thr(X,K) encodes a total function from X to K it can be “pushed” inside
the negation as:

accept(X)←
sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C > 0}, Pos)∧
¬(∃K. thr(X,K)∧
sum<(λ(Y,C). C, {(Y,C) | comp(X,Y,C) ∧ accept(Y ) ∧ C < 0},K − Pos)).

The formula ∃K. thr(X,K)∧sum<(. . .) is positive, so, by Proposition 5.25, it can
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be folded obtaining the following normal aggregate program:

accept(X)←
sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C), accept(Y ), C > 0}, Pos),
not(too bad(X,Pos)).

too bad(X,Pos)←
thr(X,K),

sum<(λ(Y,C). C, {(Y,C) | comp(X,Y,C), accept(Y ), C < 0},K − Pos).

Next, the derived aggregate relation sum< can be replaced by a combination of
sum⊆ and < as in Proposition 5.30. So, we obtain the following program:

accept(X)←
sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C), accept(Y ), C > 0}, Pos),
not(too bad(X,Pos)).

too bad(X,Pos)←
thr(X,K),

sum⊆(λ(Y,C). C, {(Y,C) | comp(X,Y,C), accept(Y ), C < 0}, Neg),

Neg < K − Pos.

Finally, we give the program in XSB Prolog syntax. The sum⊆ aggregates are
replaced with calls to inc aggr rel(. . . , (0,+)). Moving the tests C > 0 and C < 0
before the call to accept(Y ) in the conditions of the set expressions of the two
aggregate atoms is done for efficiency reasons. The program runs correctly if the
tests are the last calls, as in the formulation above.

:- table accept/1.
accept(X) :-

sum(C,(comp(X,Y,C),C > 0,accept(Y)),Pos),
tnot(too_bad(X,Pos)).

:- table too_bad/2.
too_bad(X,Pos) :-

thr(X,K),
sum(C,(comp(X,Y,C),C < 0,accept(Y)),Neg),
Pos + Neg < K.

sum(Func,Goal,Res) :- inc_aggr_func(Func,Goal,Res,(0,plus)).
plus(X,Y,Z) :- Z is X + Y.
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The name tnot comes for “tabled” not and is an implementation of the nega-
tion operator under the well-founded semantics by XSB Prolog using the tabling
mechanism.

Consider the following (awkward) input:

comp(a,b,1). thr(a,1).
comp(b,a,-1). thr(b,0).

Intuitively, a will accept if and only if b accepts and b will accept if and only if a
does not. Obviously, this problem does not have a solution. Running the query
?− accept(a) under XSB results in the following residual program:

accept(a) :- accept(b).
accept(b) :- tnot(too_bad(b,0)).
too_bad(b,0) :- accept(a).

So, both accept(a) and accept(b) are undefined in the well-founded model. �

5.6 Conclusions

In this chapter we studied the three-valued stable semantics of aggregate programs
obtained by interpreting aggregate symbols with the ultimate approximating ag-
gregate. As higher precision usually comes at a price, one of the important ques-
tions is what is the complexity of this semantics. The full complexity analysis
of the semantics is done only in Chapter 6. In this chapter we showed that the
complexity of the ultimate approximating aggregates of most standard aggreg-
ate functions and relations does not increase. So, for all those aggregates, the
complexity of the semantics is the same as the complexity of the corresponding
semantics of non-aggregate programs. There is an increase in complexity only
for the aggregates sum and prod. However, we have not found any example with
recursive aggregation which uses these aggregates. One possible approximating ag-
gregate of sum (and prod) which is polynomial time computable can be defined
as Asum = Usum≥ ∩t Usum≤ . As Example 5.1 demonstrates Asum is a strictly less
precise approximating aggregate relation of sum than Usum. This rises an interest-
ing open question for giving a uniform (possibly the most precise) definition of an
approximating aggregate relation for all aggregate relations which is polynomial
time computable. Note that the Asum depends on a partial order relation ≤ on
the domain of the aggregate.

Although we have not developed a full featured implementation of any of our
semantics, we provide several results in this direction. For example, the algorithms
for computing the ultimate approximating aggregate relations in Section 5.1.2
can be used in an answer set programming system which generates models of a
ground logic program. Also, the idea behind the implementation of aggregate
atoms with monotone aggregate relations in Section 5.4 can be used to implement
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aggregates in an abductive answer set programming system based on a top-down
proof procedure like ACLP (Kakas et al., 2000) or A-System (Kakas et al., 2001).
A third approach is outlined in Section 6.3.1 where the ultimate approximating
aggregates are computed using constraint programming techniques.



Chapter 6

Propositional Aggregate
Programs

In this chapter we restrict the syntax of aggregate programs to a propositional
language. The main difference for aggregate atoms is that instead of defining a
multiset using a combination of a first-order set expression of the form {x | ϕ(x)}
and a lambda function λx. u we use a propositional set expression of the form
{L1 = w1, . . . , Ln = wn} where Li are literals and wi are weights associated with
the literals. Obviously, such language is not suitable for modeling directly real-
world problems. However, it provides a simple framework for theoretical studies
of aggregate programs. The three-valued stable semantics of aggregate programs
from Section 4.2 and the translation of aggregate programs to normal logic pro-
grams from Section 5.3.6 were originally developed and presented for this pro-
positional language (Pelov et al., 2004; Pelov et al., 2003). The results were
subsequently lifted to the first-order language used in this work.

There are two results for which using such propositional language is more
convenient than a first-order language. The first one is complexity analysis of
the different semantics. The second one is a comparison with the extensions of
logic programs with weight constraints (Simons et al., 2002), monotone cardinality
atoms (Marek et al., 2004), and set constraints (Marek and Remmel, 2004) which
are presented for a propositional language.

The relationship with the smodels system (Section 6.3.2) was presented in
(Pelov et al., 2004). None of the results on the complexity have been published.

6.1 Preliminaries

Aggregate programs are built over a set of propositional atoms At, a domain D,
and a set R of aggregate relations over D. A literal is an atom a (positive literal)

119
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or the negation of an atom not a (negative literal). The complement L of a literal
L is defined as L = not a if L = a and L = a if L = not a.

A weight literal is an expression L = w where L is a literal and w ∈ D is the
weight associated with L. A propositional set expression is a finite set of weight
literals. Syntactically, we denote a set expression as {L1 = w1, . . . , Ln = wn}.
The set of all set expression is denoted with SE . It forms a lattice under the
subset order. However, since we consider only finite set expressions, this lattice is
not complete (see Example 2.3). For a set expression s, w(s) denotes the multiset
consisting of the weights of all weight literals in s. An aggregate atom has the form
r(s, d) where r is an aggregate relation, s is a set expression, and d ∈ D.

A rule has the form A← B1∧· · ·∧Bn where A is an atom called the head of the
rule and every Bi is a a literal or an aggregate atom. The set B = {B1, . . . , Bn}
is called the body of the rule. It can be partitioned in three sets namely, positive
literals pos(B), negative literals neg(B), and aggregate atoms aggr(B). A proposi-
tional aggregate program is a (possibly infinite) set of rules. A normal propositional
logic program is a set of rules which does not contain aggregate atoms. For the
rest of this chapter we drop the word “propositional” from the names of programs.

In the following example we give a formulation of the Party Invitation II prob-
lem (Example 3.8) as a propositional aggregate program.

Example 6.1 (Party Invitation II, (Pelov et al., 2004)) The input of the
problem is given by a set of people S and a set of compatibility measures 〈wpq〉p,q∈S .
For every person p we have a rule

ap ← sum≥({aq1 = wpq1 , . . . , aqm
= wpqm

}, kp).

where q1, . . . , qm are all persons with whom p has a non-zero compatibility measure,
i.e. wpqi

6= 0 for all i = 1, . . . ,m. �

An interpretation is a function I : At→ TWO. As before an interpretation is
also viewed as the subset of At containing the atoms which are mapped to true.
The set of all interpretation is denoted with I = ℘(At). For a set expression s and
an interpretation I we denote with sI the subset expression of s which contains
only the literals which are true in I that is sI = {L = w ∈ s | I |= L}. The
value of a set expression s for an interpretation I is defined as JsKI = w(sI) that
is the multiset of weights of all literals in s which are true in I. Satisfiability
of an aggregate atom r(s, d) is defined in the same way as the first-order case:
I |= r(s, d) if and only if (JsKI , d) ∈ r.

Example 6.2 An example of an aggregate atom is sum≥({a = 1, b = 2}, 2).
It is true in the interpretation I = {b} because J{a = 1, b = 2}KI = {2} and
({2}, 2) ∈ sum≥. On the other hand {a} 6|= sum≥({a = 1, b = 2}, 2). �
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6.1.1 Three-Valued Stable Semantics

We now specialize the three-valued stable semantics of aggregate programs from
Section 4.2 to propositional aggregate programs. The valuation function for pro-
positional set expressions for three-valued interpretations is defined in a very sim-
ilar way as for first-order set expressions.

Definition 6.1 The value JsK(I1,I2) of the set expression s for the three-valued
interpretation (I1, I2) is a three-valued multiset defined as

JsK(I1,I2) = (w(sI1), w(sI2)).

The definition of three-valued truth function HĨ is the same as for the first-
order language:

Definition 6.2 The three-valued truth function for a propositional language with
aggregate atoms is defined as follows:

Haggr
Ĩ

(a) = Ĩ(a) for an atom a ∈ At
Haggr
Ĩ

(¬ϕ) = ¬HĨ(ϕ)
Haggr
Ĩ

(ϕ ∧ ψ) = HĨ(ϕ) ∧t HĨ(ψ)
Haggr
Ĩ

(r(s, d)) = Ar(JsKĨ), d)

where Ar : M(D)c × D → T HREE is an approximating aggregate relation of
r : M(D)×D → TWO.

Finally, the three-valued immediate consequence operator ΦaggrP : Ic → Ic is
defined as:

ΦaggrP (Ĩ)(A) =
∨

t
{Haggr

Ĩ
(B) | A← B ∈ P}.

Three-valued stable models of an aggregate program P are defined as the con-
sistent stable fixpoints of ΦaggrP .

6.2 Complexity of the Semantics

From complexity point of view there is a correspondence between aggregate rela-
tions and oracles. So, the complexity classes of the different semantics are para-
metrized by the complexity of deciding two or three-valued aggregate relations.
For a set R of aggregate relations let R̃ be the set containing some approximating
aggregate relation Ar for every r ∈ R. Moreover, let R̃1 and R̃2 be the sets con-
taining the first and second components of the approximating aggregate relations
in R̃:

R̃1 = {A1
r | Ar ∈ R̃}

R̃2 = {A2
r | Ar ∈ R̃}
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When talking about the complexity of deciding R̃ we refer to the complexity of
deciding the relations in R̃1 ∪ R̃2.

We study the following decision problems.

least(R)
Instance: An atom a and a definite aggregate program P .
Question: Is a true in the least model of P?

std(R)
Instance: An atom a and a weakly stratified aggregate program P .
Question: Is a true in the standard model of P?

The well-founded semantics of an aggregate program P based on the ΦaggrP

operator is parametrized by a set R̃ of approximating aggregate relations.

wf(R̃)
Instance: An atom a and an aggregate program P .
Question: Is a true in the well-founded model of P?

st(R̃1)
Instance: An aggregate program P .
Question: Does P has a two-valued stable model?

Note that for the stable semantics the complexity depends only on the com-
plexity of the first component of the approximating aggregate relations. If we
allow negation of aggregate atoms this will not be the case. Also note that for
some aggregate functions, for example sum and prod, the complexity of com-
puting the first component is polynomial while that of the second component it
is NP-complete, so this distinction is crucial to obtain more precise complexity
analysis.

The ultimate Kripke-Kleene, well-founded, and exact stable semantics depend
only on two valued aggregate relations.

ult-wf(R)
Instance: An atom a and an aggregate program P .
Question: Is a true in the ultimate well-founded model of P?

ult-st(R)
Instance: An aggregate program P .
Question: Does P has a two-valued ultimate stable model?

Table 6.1 gives a summary of the results for membership and Section 6.2.1
contains the proofs. The first column gives the name of the problem. The last
column gives the complexity class for this decision problem under the assumption
that all problems in the parameter are in the class ∆p

k (the k − 1 level in the
polynomial hierarchy). In most cases the complexity of the parameters will be in
a Σpk or a Πp

k class. However, the complexity of the semantics depend only on the
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level of the polynomial hierarchy which contains the (approximating) aggregate
relations and no lower bounds can be obtained for different classes within a level
in the hierarchy.

Problem Complexity of Complexity of
the parameter the problem

least(R) ∆p
k ∆p

k

std(R)

wf(R̃) ∆p
k ∆p

k

st(R̃1) ∆p
k Σpk

ult-wf(R) ∆p
k ∆p

k+1

ult-st(R) ∆p
k Σpk+1

Table 6.1: Complexity of the Semantics

For the least fixpoint semantics of definite aggregate programs, the standard
model semantics of weakly stratified aggregate programs the complexity is de-
termined only by the complexity of computing the aggregate relations. For the
well-founded semantics the complexity is determined by the complexity of com-
puting the first and second components of the approximating aggregate relations.
For the stable semantics there is an expected increase in the complexity which is
caused by the non-determinism of the semantics. For the ultimate well-founded
model there is an increase in complexity by one level and for the ultimate stable
semantics by two levels in the polynomial hierarchy.

For all approximating aggregate relations which we study, the complexity of de-
ciding r or Ar is either polynomial (the class ∆p

1) or it is in the class ∆p
2. Table 6.2

is obtained by instantiating the results in Table 6.1 for these two classes, i.e. taking
k = 1 and k = 2. For comparison, the second column includes complexity results
for logic programs without aggregates which can be found in (Dantsin et al., 2001)
and for the ultimate semantics in (Denecker et al., 2004).

Problem no aggr. X ⊆ P X ⊆ ∆p
2

least(X) P P ∆p
2

std(X)

wf(X) P P ∆p
2

st(X) NP NP Σp2
ult-wf(X) ∆p

2 ∆p
2 ∆p

3

ult-st(X) Σp2 Σp2 Σp3

Table 6.2: Complexity of the Semantics of Aggregate Programs

The next proposition is one of the main conclusions of our complexity analysis.
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It is applicable for all standard aggregate relations min, max, card, sum, prod,
and avg which are polynomial time computable in the size of the input multiset.

Proposition 6.1 If all aggregate relations R in the program are polynomial time
computable then the complexity of computing the least fixpoint of definite aggregate
programs, the standard model of weakly stratified aggregate programs, and the ulti-
mate well-founded and ultimate stable model is the same as for programs without
aggregates.

The complexity of the the well-founded and stable semantics depend on the
complexity of computing the first and second component of the approximating
aggregate relations. Proposition 5.22 tells us for which aggregate relations com-
puting the first and second component of the ultimate approximating aggregates
are polynomial and so we stay in the same complexity classes as for programs
without aggregates.

Proposition 6.2 If an aggregate program uses only some the following aggregate
relations card, min, max, inf, sup, sumQ

≤, sumQ
≥, prodQ

≤, prodQ
≥ then the com-

plexity of computing the well-founded (wf) and stable semantics (st) based on the
ultimate approximating aggregate is the same as for programs without aggregates
(P and NP respectively).

For programs without aggregates, the complexity of the ultimate well-founded
and ultimate stable semantics is one level higher in the polynomial hierarchy than
the complexity of the standard well-founded and stable semantics. However, in
the presence of aggregate atoms the complexity of the two semantics may be-
come equal. This is because the former semantics depends on the complexity
of the two-valued aggregate relations while the latter depends on the complex-
ity of the ultimate approximating aggregate relations which may be higher. This
is the case, for example, for the sum and prod aggregate relations. They are
polynomial time computable, however U2

sum and U2
prod are NP-complete problems

(Proposition 5.24). So, the complexity of both the ult-wf({sum}) problem and
wf({Usum}) problem is ∆p

2. In such cases there is no computational advantage of
using the weaker three-valued stable semantics.

Our next task is to look at lower bounds of complexity of semantics for which
the complexity of computing the (approximating) aggregate relations is in the
class ∆p

2. Table 6.3 summarizes the results. The first column gives the names of
the problems. The second column gives the smallest complexity class containing
the decision problems of the (approximating) aggregate which is used as a para-
meter. For example the complexity of computing U1

sum6=
is co-NP (follows from

Proposition 5.24) and the complexity of computing U2
sum6=

is P (follows from Pro-
position 5.23). So, the smallest complexity class containing U1

sum6=
and U2

sum6=
is

co-NP. In brackets we also give the smallest ∆P
k class containing this class (which

is ∆p
2 in this case). The third column gives the class for which the problem in the
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Problem(s) Complexity of Hardness Membership
the parameter (lower bound) (upper bound)

least({sum⊆}) NP (⊆ ∆p
2) NP ∆p

2

least({prod⊆}) NP (⊆ ∆p
2) NP ∆p

2

wf({Usum6=}) co-NP (⊆ ∆p
2) co-NP ∆p

2

wf({Uprod 6=})
wf({Usum⊆}) NP (⊆ ∆p

2) co-NP ∆p
2

wf({Uprod⊆}) and NP
st({U1

sum6=
}) co-NP (⊆ ∆p

2) Σp2 Σp2

Table 6.3: Lower bounds for complexity of the semantics

first column is hard. The proofs of these results are given in Section 6.2.2. In the
last column we give the complexity class to which the problem belongs (obtained
from Table 6.1).

The results in Table 6.3 should be interpreted as: the complexity of the problem
in the first column is between the class in the third column and the class in the
fourth (last) column. If these two classes are equal then the problem is complete for
this class. This is the case only with the st({U1

sum6=
}) problem which is complete

for the class Σp2. For the subset aggregate relations sum⊆ and prod⊆ the problems
of “computing” the well-founded model are both NP-hard and co-NP-hard but we
were unable to obtain completeness for the class ∆p

2.

6.2.1 Proofs of Membership

The rest of the section contains proofs of the results in Table 6.1.

Proposition 6.3 If all problems in the set R are in the class ∆p
k then the problems

least(R) and std(R) are also in the class ∆p
k.

Proof. (Sketch) Computing the least or the standard model of P requires at most
|At| applications of the T aggrP operator. Each application of the operator requires
at most |P | calls to the oracle machine for deciding an aggregate relation r ∈
R. So, the problem is in the class P∆p

k = ∆p
k. For the standard model of a

weakly stratified aggregate program we can compute a stratification in polynomial
time (assuming that aggregate relations which are monotone or anti-monotone are
explicitly labeled as such). �

Proposition 6.4 If all problems R̃ are in the class ∆p
k then the problem wf(R̃)

is also in the class ∆p
k.

Proof. (Sketch) Computing the well-founded fixpoint of P requires at most |At|
applications of the operator ΦaggrP . Each application of the operator requires at
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most |P | calls to the oracle machine for deciding A1
r or A2

r. So, the problem is in
the class P∆p

k = ∆p
k. �

Proposition 6.5 If all problems in the set R̃1 are in the class ∆p
k then the problem

st(R̃) is in the class Σpk.

Proof. (Sketch) First guess an interpretation I and then verify if it is a stable
model. The guessing step is done by a non-deterministic Turing machine and
the verification is done with polynomially many calls to the oracle deciding the
approximating aggregate relation (see proof of the previous proposition). So, the
problem is in the class

NP∆p
k = NP(P

Σp
k−1 ) = NPΣp

k−1 = Σpk. �

Proposition 6.6 If all problems R are in the class ∆p
k then the problem ult-

wf(R) is in the class ∆p
k+1.

Proof. (Sketch) Let p be an atom and P be an aggregate program. Our first task
is to show the complexity of the one application of the UaggrP operator. We show
that the complexity of deciding

p 6∈ (UaggrP (I1, I2))1 (6.1)

for some three-valued interpretation (I1, I2) is in the class Σpk. Recall the definition
of the UaggrP operator:

UaggrP (I1, I2) = (
⋂

I∈[I1,I2]

T aggrP (I),
⋃

I∈[I1,I2]

T aggrP (I) ).

So, p ∈ (UaggrP (I1, I2))1 if and only if ∀I ∈ [I1, I2] : p ∈ T aggrP (I). Consequently,
p 6∈ (UaggrP (I1, I2))1 if and only if

∃I ∈ [I1, I2] : p 6∈ T aggrP (I). (6.2)

This problem can be decided by a non-deterministic Turing machine which guesses
I and then checks that p 6∈ T aggrP (I). Finally, one application of the T aggrP operator
requires at most |P | calls to the oracle machine for deciding an aggregate relation
r ∈ R. So, the complexity of deciding p 6∈ T aggrP (I) is ∆p

k and the complexity of
(6.2) and (6.1) is

NP∆p
k = NP(P

Σp
k−1 ) = NPΣp

k−1 = Σpk.

With a similar argument we can show that the complexity of deciding

p ∈ (UaggrP (I1, I2))2
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is in the same class.
Computing the well-founded model of P requires a polynomial number of ap-

plications of the UaggrP (in the number of atoms) that is polynomial number of
calls to an oracle in Σpk. So, the problem ult-wf(R) is in the class PΣp

k = ∆p
k+1.�

Proposition 6.7 If all problems R are in the class ∆p
k then the problem st(R)

is in the class Σpk+1.

Proof. (Sketch) First guess an interpretation I and then verify if it is a stable
model. The guessing step is done by a non-deterministic Turing machine and the
verification is done with an Oracle machine in the class ∆p

k+1 (see proof of the
previous proposition). So, the complexity of the problem is

NP∆p
k+1 = NP(PΣp

k ) = NPΣp
k = Σpk+1. �

6.2.2 Proofs of Hardness

This section contains the proofs for the hardness results on Table 6.3.

Proposition 6.8 If R contains sum⊆ or prod⊆ aggregate relation then the prob-
lems least(R) and std(R) are NP-hard.

Proof. (Sketch) Consider an instance {q1, . . . , qn} and k of the subset-sum prob-
lem which is NP-complete. Let P be the following definite aggregate program:

a1. . . . an.

p← sum⊆({a1 = q1, . . . , an = qn}, k).

The least fixpoint of P is obtained after two applications of the T aggrP operator.
In the first application

T aggrP (∅) = I1 ⊇ {a1, . . . , an}

and p ∈ I1 if and only if k = 0. For the second application let

T aggrP (I1) = I2.

We have that

p ∈ I2
⇔ I1 |= sum⊆({a1 = q1, . . . , an = qn}, k)
⇔ (J{a1 = q1, . . . , an = qn}KI1 , k) ∈ sum⊆

⇔ ({q1, . . . , qn}, k) ∈ sum⊆

⇔ ∃S : S ⊆ {q1, . . . , qn} and (S, k) ∈ sum

⇔ the answer of subset-sum is “yes”.
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The proof of NP-hardness for the prod⊆ aggregate can be obtained by substi-
tuting sum⊆ with prod⊆ in the above program. �

Proposition 6.9 If R contains one of the aggregate relations sum6= or prod 6=
then the problem wf(R̃) is co-NP-hard.

Proof. (Sketch) By reduction from the complement of subset-sum. Consider an
instance of the subset-sum problem consisting of the set {q1, . . . , qn} and the
number k. Let P be the following program:

ai ← not bi. for i = 1, . . . , n
bi ← not ai. for i = 1, . . . , n

p ← sum6=({a1 = q1, . . . , an = qn}, k).

We show that the atom p is true in the well-founded model of P if and only if
the answer of the subset-sum problem is “no”. First note that we can split the
program P in two strata: the first one containing the atoms ai and bi and the
second one containing the atom p. So, by the Splitting Theorem, the well-founded
model of P can be obtained by computing the well-founded model of each stratum
based on the well-founded model of the previous stratum. In the well-founded
model of the first stratum all atoms ai and bi are undefined. In the well-founded
model of the second stratum, p is true if and only if the answer to the subset-sum
problem is “no”.

The proof for the prod aggregate is obtained by substituting sum with prod
in the program. �

Proposition 6.10 If R̃ contains one of the ultimate approximating aggregates
Usum⊆ or Uprod⊆ then the problem wf(R̃) is both NP-hard and co-NP-hard.

Proof. (Sketch) NP-hardness follows from Proposition 6.8 because for a definite
aggregate program P the well-founded model of P is equal to the least model of
P .

(co-NP-hardness) Consider an instance {q1, . . . , qn} and k of the subset-sum
problem. Let P be the following program:

ai ← not bi. for i = 1, . . . , n
bi ← not ai. for i = 1, . . . , n

q ← sum⊆({a1 = q1, . . . , an = qn}, k).
p ← not q.

We can show that p is true in the well-founded model of P if and only if the
answer to the subset-sum problem is “no”. The argument is analogous to the
one in Proposition 6.9.

The proof of co-NP hardness for the prod⊆ aggregate can be obtained by
substituting sum⊆ with prod⊆ in the above program. �
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For the Σp2-completeness of st we use a generalized subset sum problem with
alternating existential and universal quantifiers (Berman et al., 1997).

Σp2-subset-sum
Instance: Two vectors ~u and ~v of integers and an integer k.
Question: Is ∃~x. ∀~y. ~u~x + ~v~y 6= k true where ~x and ~y are vectors of boolean
variables of the same length as ~u and ~v respectively.

Proposition 6.11 The problem st({U1
sum6=
}) is Σp2-complete.

Proof. (Sketch) We use a reduction which is similar to the one used in the proof
of the Σp2-completeness of the existence of ultimate two-valued stable model for
normal logic programs (Denecker et al., 2004). Let m = |~u| and n = |~v|. Let P be
the following program:

xi ← not xi. for i = 1, . . . ,m
xi ← not xi. for i = 1, . . . ,m

yj ← r. for j = 1, . . . , n
r ← sum6=({x1 = u1, . . . , xm = um, y1 = v1, . . . , yn = vn}, k).
← not r.

We can show that the above program has a two-valued stable model if and only if
the answer to the Σp2-subset-sum problem is “yes”. �

6.3 Related Work

The discussion of the related work in this section is for the three-valued stable
semantics interpreting aggregates with their ultimate approximations.

6.3.1 Aggregates and Constraint Programming

It is possible to represent the problem of computing the first and second com-
ponents of the ultimate aggregate relation as entailment and disentailment of a
finite domain aggregate constraint. The syntax of a primitive aggregate constraint
is exactly the same as aggregate atoms with propositional set expressions. Let
(I1, I2) be a three-valued interpretation and r(s, d) be an aggregate atom (prim-
itive constraint). Consider the following constraint:

C = (
∧
p∈I1

p = 1) ∧ (
∧

p∈At−I2

p = 0) ∧ r(s, d).

We have the following correspondence between the three-valued truth value of the
aggregate atom r(s, t) and satisfiability of the constraint C.
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Proposition 6.12
H(I1,I2)(r(s, t)) = t if and only if ∀̃C is true and
H(I1,I2)(r(s, t)) = f if and only if ∀̃C is false.

Testing satisfiability of the constraint ∀̃C is possible only if the constraint solver
supports aggregate constraints. For some aggregate functions and relations it is
possible to translate an aggregate constraint to other primitive constraints.

Example 6.3 Consider an aggregate constraint of the form:

r({a1 = wa1 , . . . , am = wam , not b1 = wb1 , . . . , not bn = wbn}, d)

where op ∈ {≤, <,=, 6=,≥, >}. If r is the aggregate function card it can be
translated to the constraint:

a1 + · · ·+ am + (1− b1) + · · ·+ (1− bn) op d.

If r is the aggregate function sum we obtain the constraint:

a1 ∗ wa1 + · · ·+ am ∗ wam + (1− b1) ∗ wb1 + · · ·+ (1− bn) ∗ wbn op d. �

Pontelli, Son, and Elkabani have integrated the smodels ASP system with
the finite domain CLP solver of ECLiPSe Prolog (Pontelli et al., 2004). Cur-
rently, their system is not based on any formal semantics. We believe that the
correspondence between the truth value of aggregate atoms and finite domain con-
straints which we showed above can be used to implement the three-valued stable
model semantics based on the ultimate approximating aggregate in the framework
of (Pontelli et al., 2004).

6.3.2 Weight Constraint Rules

A closely related work is the stable model semantics of weight constrain rules
defined by Simons, Niemelä, and Soininen (Simons et al., 2002) and implemented
by the well-known smodels system. A weight constraint is an expression of the
form l ≤ s ≤ u where s is a set expression and l, u are numbers. The intended in-
terpretation of such expression is that the sum of the weights of the atoms satisfied
by an interpretation has to be between the lower bound l and the upper bound
u. In our syntax, a weight constraint l ≤ s ≤ u corresponds to the conjunction of
aggregate atoms sum≥(s, l) ∧ sum≤(s, u).

In (Simons et al., 2002), a weight constraint can also appear in the head of a
rule. Because we do not allow aggregates as heads of rules we make a comparison
for a subset of the language of weight constraint rules where all weight constraints
in the head are of the form 1 ≤ {p = 1} which corresponds to the atom p.

To study the relationship between the two semantics we give an alternative
definition of the ΦaggrP operator for programs containing only sum≥ and sum≤
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aggregates. We do this by defining reducts of aggregate atoms and programs in
a similar fashion as weight constraints and programs (Simons et al., 2002). The
first step is to put the set expressions of sum≥ and sum≤ atoms in a normal form
containing only positive or negative weights. By switching the signs of the weight
and the associated literal in a weight literal and also updating the result of the
aggregate we obtain an equivalent aggregate atom. For example the aggregate
atom sum({a = 5, b = −2}, 3)) is equivalent to sum({a = 5, not b = 2}, 5). Let
swL=w be the transformation defined as follows:

swL=w(sum(s, d)) = sum((s \ {L = w}) ∪ {L = −w}, d− w)

Proposition 6.13 I |= sum(s, d) if and only if I |= swL=w(sum(s, d)), for any
two-valued interpretation I and weight literal L = w.

Proof. Let s′ be the set expression of the aggregate atom swL=w(sum(s, d)): s′ =
s \ {L = w}) ∪ {L = −w}. It is sufficient to show that for any interpretation I,∑

(JsKI) =
∑

(Js′KI) + w. (6.3)

Let s0 = s \ {L = w} and M0 = Js0KI . If I |= l then
∑

(JsKI) = (
∑
M0) + w

and
∑

(Js′KI) = M0 from which (6.3) follows. If I 6|= l then
∑

(JsKI) =
∑
M0 and∑

(Js′KI) =
∑
M0 + (−w) and again (6.3) follows. �

Using this proposition we can show that the transformation swL=w is also
equivalent in three-valued logic for any aggregate relation derived from sum.

Corollary 6.14 sumP (s, d) =3 swL=w(sumP (s, d)) for any relation P ⊆ D ×D.

Definition 6.3 Let A be an aggregate atom of the form sum≥(s, d) and I an
interpretation. The reduct AI of A under I is defined as follows. First, apply the
swL=w transformation on A for all weight literals L = w ∈ s with negative weights.
The result is an equivalent aggregate atom A+ which contains only positive weights:

A+ = sum≥({a1 = wa1 , . . . , am = wam , not b1 = wb1 , . . . , not bn = wbn}, d′).

The reduct AI of A is defined as

AI = sum≥({a1 = wa1 , . . . , am = wam
}, d′ −

∑
bi 6∈I

wbi
) (6.4)

We note that AI contains only positive weight literals with positive weights
and the aggregate relation sum≥ is monotone for positive numbers. So AI is a
monotone aggregate atom.

The reduct of an aggregate atom B with a sum≤ aggregate relation is defined by
first transforming B using swL=w to an equivalent aggregate atom B− containing
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only negative weights. The reduct BI of B is defined in exactly the same way
as (6.4) (but using B− instead of B+). Again BI is a monotone aggregate atom
because it contains only positive literals with negative numbers and sum≤ is a
monotone aggregate relation on multisets of negative numbers.

The reduct SI of a set S of aggregate atoms is defined as the set of the reducts
of all atoms in S.

Three-valued satisfiability of A is related with two-valued satisfiability of the
reduct AI of A in the following way.

Lemma 6.15 Let A be a sum≥ or sum≤ aggregate atom. Then H1
(I1,I2)

(A) = t
if and only if I1 |= AI2 and H2

(I1,I2)
(A) = t if and only if I2 |= AI1 .

Proof. Fix a three-valued interpretation Ĩ = (I1, I2). Let A be an aggregate atom
of the form sum≥(s, d) with only positive weights and the set expression s has the
form:

s = {a1 = wa1 , . . . , am = wam
, not b1 = wb1 , . . . , not bn = wbn

}.

Let JsKĨ = (M1,M2). In particular M1 = {|wai | ai ∈ I1|} ] {|wbi | bi 6∈ I2|}.
By definition of satisfiability of aggregate atoms H1

Ĩ
(A) = t if and only if

((M1,M2), d) ∈ U1
sum≥

. By Lemma 5.13 and Proposition 5.15 ((M1,M2), d) ∈
U1

sum≥
if and only if

∑
M+

1 +
∑
M−

2 ≥ d. Because there are no negative weights
then H1

Ĩ
(A) = t if and only if

∑
M1 ≥ d.

The reduct AI2 is of A defined as

AI2 = sum≥({a1 = wa1 , . . . , am = wam
}, d−

∑
bi 6∈I2

wbi
)

By definition I1 |= AI2 if and only if

sum(J{a1 = wa1 , . . . , am = wam
}KI1) ≥ d−

∑
bi 6∈I2

wbi

if and only if ∑
ai∈I1

wai
≥ d−

∑
bi 6∈I2

wbi

which is true if and only if
∑
M1 ≥ d.

The proofs for H2 and sum≤ are analogous. �

Let P be a program containing only sum≤ and sum≥ aggregates. We extend
the standard definition (Gelfond and Lifschitz, 1988) of reduct P I of a program P
with respect to an interpretation I to aggregate programs. Let r ∈ P be a rule
from P . Then if all negative literals of r are satisfied by I, i.e. neg(r) ∩ I = ∅,
then P I contains the rule head(r)← pos(r), aggr(r)I . The program reduct relates
with the ΦaggrP operator in the following way.
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Proposition 6.16 Let P be an aggregate program containing only sum≤ and
sum≥ aggregates. Then (ΦaggrP )1(I1, I2) = T aggr

P I2
(I1).

We can establish a correspondence between the two semantics only for a re-
stricted class of weight constraint rules.

Theorem 6.17 Stable models of a program with weight constraints without upper
bounds and without weight constraints in the heads of rules coincide with exact
stable models of aggregate programs.

Proof. We first show that the definitions of reducts for aggregate programs and
for programs with weight constraints coincide:

• The definition of a reduct of a sum≥(s, d) aggregate atom is the same as the
definition of the reduct of a weight constraint d ≤ s.

• For a positive literal a, the reduct (1 ≤ {a = 1})I is again 1 ≤ {a = 1} for
any interpretation I.

• For a negative literal not a, the reduct (1 ≤ {not a = 1})I is 0 ≤ {} if a 6∈ I.
The weight constraint 0 ≤ {} is always true and can be removed from the
body of the rule. If a ∈ I then (1 ≤ {not a = 1})I is 1 ≤ {} which is false
for every interpretation and so the whole rule can be removed.

Using the alternative characterization of two-valued stable models (Proposi-
tion 2.17) we have that I is a stable model of a program P if and only if (i)
T aggrP (I) = I and (ii) I = lfp(T aggr

P I ). Condition (i) is necessary to guarantee that
the operator in condition (ii) is well-defined. However, for programs with sum≤
and sum≥ aggregates, the T aggr

P I (J) operator is well-defined for any pair of inter-
pretations I and J . Thus condition (i) can be dropped (since it is implied by (ii)).
Finally, an interpretation satisfies condition (ii) if and only if it is the deductive
closure of P I , as defined in (Simons et al., 2002).

In the definition of stable models of weight constraints (Simons et al., 2002)
there is an extra condition that an interpretation should also be a model of the
program P . However, this condition is relevant only for programs with weight
constraints in the head. According to approximation theory, any exact stable
fixpoint is a fixpoint of T aggrP and consequently a model of P . So, this condition
is always satisfied. �

For weight constraints with an upper bound the two semantics do not corres-
pond in general.

Example 6.4 Consider the following weight constraint program Pwc:

a← {not a = 1} ≤ 0.
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Intuitively, the rule expresses the fact that a is true if not a is false or equival-
ently, a is true if a is true. The corresponding aggregate program P = {a ←
sum≤({not a = 1}, 0)} is definite and the T aggrP operator is monotone. Its least
fixpoint is the empty set which is also equal to the well-founded and the single
stable model. However, under the semantics of weight constraints a rule with
an upper bound is translated to a rule with a lower bound by introducing an
intermediate atom:

a← not b.

b← 1 ≤ {not a = 1}.

This program is equivalent to the program P ′:

a← not b.

b← not a.

which has two stable models {a} and {b}. So the stable models of the original
program are {a} and ∅ which disagrees with the intuitive reading of the program.�

As the above example illustrates our semantics assigns a more intuitive mean-
ing to programs with weight constraints with upper bounds. In particular, the
exact stable models as defined in our approach are always minimal models of the
program, which is not the case in the smodels approach.

If under our semantics the transformation of weight constraints with upper
bounds to weight constraints with lower bounds as used by the smodels system
preserves the set of stable models then the two semantics are equivalent. The next
proposition gives sufficient conditions for that.

Proposition 6.18 If every negative weight literal in a weight constraint with up-
per bound does not depend on the atom in the head of the corresponding rule then
the two semantics coincide.

Because such examples rarely occur in practice the difference in the two ap-
proaches is not so serious.

We point out that the definition of a reduct of a sum≤ aggregate atom can be
applied to weight constraints with an upper bound. This results in a definition of
stable semantics of weight constraint rules different from the one currently used by
smodels but equivalent to ours. With our approach, the only difference between
a reduct of a weight constraint with a lower bound and a weight constraint with an
upper bound is that the first one has to be put in a normal form containing only
positive weights while the second one has to be put in a normal form containing
only negative weights. So, we believe that it is feasible to implement our alternative
semantics in the smodels system.
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6.3.3 Other

Programs with monotone cardinality atoms (mc-atoms) (Marek et al., 2004) and
set-constraint atoms (sc-atoms) (Marek and Remmel, 2004) are two variations of
the language of weight constraints (Simons et al., 2002). Mc-atoms are similar to
weight constraints with lower bounds with the following two restrictions: they can
express a lower bound only on the cardinality of the input set (thus no sum) and
negative literals are not allowed in the set expression. To express an upper limit
on the cardinality of a set one can use a negative mc-atom. For this restricted
language the stable semantics of weight constraints is the same as the stable se-
mantics of mca-programs. So, we can apply the results from Section 6.3.2 on the
relationship between our semantics and the semantics of weight constraint rules.
However, because mca-programs do not have negative literals in set expressions
stable models of an mca-program correspond to exact stable models of the corres-
ponding aggregate program (assuming that there are no mc-atoms in the heads of
rules).

Set constraint atoms, sc-atoms for short, (Marek and Remmel, 2004) are very
similar to aggregate atoms, however the interpretation of the aggregate relations
defined explicitly in the program. A sc-atom is an expression of the form 〈X,F〉
where X ⊆ At is a set of atoms and F ⊆ ℘(X) is a family of subsets of X. A
sc-atom 〈X,F〉 is satisfied by an interpretation I, denoted with I |= 〈X,F〉 if
X ∩ I ⊆ F . So, an aggregate atom of the form r({a1 = w1, . . . , an = wn}, d)
without negative weight literals where r is an arbitrary aggregate relation can be
represented as the following sc-atom:

〈{a1, . . . , an}, {S ⊆ {a1, . . . , an} | S |= r({a1 = w1, . . . , an = wn}, d)}〉.

Clearly satisfiability of the aggregate atom r({a1 = w1, . . . , an = wn}, d) and the
satisfiability of the above sc-atom are equivalent for two-valued interpretations.
The stable semantics of sc-programs is defined as an extension of the stable se-
mantics of programs with weight constraint and is therefore, in general, different
than our approach. More research is necessary to give precise relationship between
the two semantics.

A translation of weight constraints to nested expressions which preserves the set
of answer sets is given in (Ferraris and Lifschitz, 2004). The semantics of weight
constraints and consequently the translation of (Ferraris and Lifschitz, 2004) is
defined only for set expressions with non-negative weights. For multisets of such
numbers, the aggregate relation sum≥ is monotone. For weight constraints of
the form l ≤ s, the translation of (Ferraris and Lifschitz, 2004) is exactly the
same as trmon. However, because of the different semantics of weight constraints
with upper bounds the translation which we give and the one from (Ferraris and
Lifschitz, 2004) are different.
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6.3.4 Complexity

Concerning the complexity analysis of the different semantics, our view of ag-
gregate relations as oracle machines is very similar to the relationship between
generalized quantifiers and oracles (Makowsky and Pnueli, 1994). Another closely
related work is the result on the complexity of model checking of first-order logic
extended with generalized quantifiers by Gottlob (Gottlob, 1997). The result on
complexity of the stable semantics for the aggregate relations sum≥ and sum≤
(Proposition 6.2) have been shown before for programs with weight constraint
rules (Simons et al., 2002).

6.4 Conclusions

The main focus in this chapter was the study of the complexity of the various
semantics of aggregate programs. One of the interesting results is that extending
the ultimate well-founded and stable semantics to logic programs which use poly-
nomial time computable aggregate relations does not increase complexity. The
other important outcome is that for most standard aggregate relations (which are
polynomial) the complexity of the well-founded and stable semantics based on the
ultimate approximating aggregate does not increase. We argue below that for the
aggregate relations for which it increases (sum and prod) the language is not suit-
able for expressing complete problems in these classes. So, in practice one will use
approximating aggregate relations of prod and sum which are less precise than
the ultimate approximating aggregates but polynomial time computable.

The results on lower bounds of complexity of the semantics which use (ap-
proximating) aggregate relations in the class ∆P

2 and which are not known to be
polynomial (Table 6.3) can possibly be improved, hopefully obtaining complete-
ness for the class ∆P

2 . However, even for the existing lower bounds (co-NP, NP,
and Σp2), we think that the language is not very suitable for expressing typical
problems in these classes (Garey and Johnson, 1979; Schaefer and Umans, 2002).
The only way to encode a complete problem for some of these classes as an ag-
gregate program is to use aggregate atoms as an interface to an oracle machine
(unless P=NP). However, this interface is very restrictive: the input consists only
of a set and an element from the same domain as the set. Moreover the oracles
can answer only questions of a very limited form — if all subsets of the input set
satisfy certain relation with the element.



Chapter 7

Conclusions

In the last chapter of the thesis we summarize our main results and contributions
and outline potential topics for future research.

The goal of the thesis was to do an extensive study of semantics of logic pro-
grams extended with arbitrary aggregate atoms in the rule bodies. We extended
the major semantics of normal logic programs: the minimal model semantics of
definite programs (van Emden and Kowalski, 1976); Clark’s completion semantics
(Clark, 1978); the standard model of stratified programs (Apt et al., 1988); the
three-valued stable semantics (Przymusinksi, 1990) which includes as special cases
both the well-founded (Van Gelder et al., 1991) and the stable semantics (Gelfond
and Lifschitz, 1988) of normal logic programs; and the ultimate well-founded and
ultimate stable semantics (Denecker et al., 2004).

The main contribution of the thesis is a study of several three-valued stable
semantics of aggregate programs. To define such semantics we used the theory of
approximating operators (Denecker et al., 2000). One argument why this theory is
appropriate for our work is that it unifies the semantics of several non-monotonic
logics including Default Logic, Autoepistemic Logic, and Logic Programming (De-
necker et al., 2003). To define a three-valued stable model semantics using this
theory, one has to define a suitable approximating operator of the immediate con-
sequence operator T aggrP . However, the conditions of an approximating operator
are relatively weak. So, there are many possible ways to define an approximating
operator of T aggrP and consequently many possible versions of a three-valued stable
semantics. The two main criteria for selecting an approximating operator are pre-
cision and complexity. (Denecker et al., 2004) defined a precision order between
approximating operators and showed that more precise approximating operators
have more precise well-founded models and a larger number of total stable mod-
els. Moreover, there exists a most precise approximating operator called ultimate
which has the most precise well-founded fixpoint and the largest number of total
stable fixpoints. This precision comes at a cost: computing the well-founded and
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total stable models is one level higher in the polynomial hierarchy than the corres-
ponding semantics of logic programs without aggregates (Denecker et al., 2004).
This increase in complexity is not caused by aggregates atoms. In fact we showed
that if all aggregate relations in the program are polynomial time computable then
there is no further increase in complexity.

To define a three-valued stable semantics with lower complexity we extended
the three-valued stable semantics of logic programs without aggregates (Przymu-
sinksi, 1990). For this semantics the source of complexity is isolated to aggregate
atoms. According to approximation theory this semantics can be obtained from
the three-valued immediate consequence operator ΦP defined by Fitting (Fitting,
1985) which we extended to an approximating operator ΦaggrP of T aggrP . This was
done by extending the evaluation function of set expressions and interpreting ag-
gregate relations with approximating aggregate relations which are a special type
of three-valued relations which take as input three-valued multisets. The definition
of approximating aggregate relations is application specific and the main criteria
is again a balance between precision and complexity.

In Section 4.3, Chapter 5, and Section 6.2 we investigated the properties of
the three-valued stable semantics based on the ultimate approximating aggregate
(UAA). For most of the standard aggregate relations our results indicate that using
the UAA is appropriate. This is certainly the case for monotone and anti-monotone
aggregate relations for which the three-valued semantics based on the UAA extends
the least model semantics of definite aggregate programs and the standard model of
weakly stratified aggregate programs. For the aggregate relations min, max using
the UAA results in a semantics which extends previous proposals for well-founded
semantics (Ganguly et al., 1995; Van Gelder, 1992). Similarly, two-valued stable
models of aggregate programs using sum≥ and sum≤ aggregates coincide with the
stable semantics of programs with weight constraints (Simons et al., 2002) for a
large class of programs. Also for most standard aggregate relations the complexity
of computing the ultimate approximating aggregate remains polynomial. The only
exceptions are sum and prod for which there is an increase in complexity. At the
end of Chapter 5 we discussed how to define less precise approximating aggregate
relations for sum and prod which are polynomial time computable.

We also studied many examples with recursion over aggregation. Some of
them have to be interpreted as inductive definitions and an extension of the well-
founded or stable semantics agrees with the intended interpretation. However, we
presented several examples for which non-minimal models are valid solutions. We
argued that the programs of these examples should be interpreted as if-and-only-if
definitions and an extension of the program completion semantics (Clark, 1978) is
the appropriate semantics.

All examples which we discussed in this work use only the aggregate relations
min, max, card, and sum. They have been or can be successfully modeled by
previous approaches. However, our results are much more general. We not only
support arbitrary relations between multisets and simple values but the results can
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be extended in a straightforward way to arbitrary second-order relations with a
fixed interpretation which take as input any number of sets, functions, and simple
values. So, an important topic for future research is to look for novel applications
of our semantics.

Another interesting direction for future work is to study extensions of other
non-monotonic logics with aggregates, for example Default Logic or Autoepistemic
Logic. The major semantics of these logics can be also obtained as instances of
Approximation Theory (Denecker et al., 2003) so we can possibly follow a similar
methodology as for the three-valued stable semantics.
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S, 14
⊥, 14
≤S , 72
≤p, 23
≤t, 23
max(S), 14
min(S), 14
>, 14
fp(F ), 15
gfp(F ), 15

lfp(F ), 15
post(F ), 15
pre(F ), 15
KK(A), 25
ST (A), 26
WF (A), 26

M(D), 36
FM(D), 36
|M |, 36
M1 ]M2, 36
MS , 36
M+, 36
M−, 36
rP , 38
r⊆, 38
r↑, 40

CA, 26
SA, 26
ScA, 27
TP , 22
T aggrP , 44
UP , 33
UaggrP , 56
ΦP , 32
ΦaggrP , 60

I, 22
Π, 21
baseD(Π), 21
comp(P ), 22
foldψr (P ), 97
ground(P ), 22
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with finite multisets, 61
function, 36

continuous, 87
incremental, 113

program, 44
(weakly) stratified, 47
definite, 46

relation, 36
anti-monotone, 39
approximating, 59
derived, 38
monotone, 39
monotone completion of, 40
subset, 38

signature, 41
structure, 42

antichain, 13
approximating operator, 25

ultimate, 28
approximation, 24

exact, 24

bilattice, 23

chain, 13
closure ordinal, 16
consistent

approximating operator, 27
approximation, 24
stable operator, 27

constraint, 20
constraint domain, 20

fixpoint, 15
Kripke-Kleene, 25
standard, 31
well-founded, 26

folding, 97

infimum, 14

lambda expression, 41

multiset, 36
finite, 36

negative aggregate formula, 45

order
partial, 13
precision, ≤p, 23
Smyth, ≤S , 72
total, 13
truth, ≤t, 23
well-founded, 14
well-order, 14

over-estimate, 24

positive aggregate formula, 45
post-fixpoint, 15
powerset, 13
pre-fixpoint, 15

set expression, 41
signature, 18
stable operator, 26

consistent, 27
exact, 26
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lower, 27
upper, 27

standard model, 48
stratification, 30

of an aggregate program, 47
structure, 19
supported model, 23
supremum, 14

three-valued
interpretation, 31
multiset, 59
relation, 25
set, 25
stable models, 60
truth function, 32

truth function, 19

ultimate
approximating aggregate, 86
approximating operator, 28
stable model, 56
three-valued stable models, 56
well-founded model, 56

under-estimate, 24

valuation function, 19
of set expressions, 59

variable assignment, 19
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