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Abstract The standard procedure to compute the singular value decom-
position of a dense matrix, first reduces it into a bidiagonal one by means
of orthogonal transformations. Once the bidiagonal matrix has been com-
puted, the QR–method is applied to reduce the latter matrix into a diagonal
one.

In this paper we propose a new method for computing the singular value
decomposition of a real matrix. In a first phase, an algorithm for reducing
the matrix A into an upper triangular semiseparable matrix by means of
orthogonal transformations is described. A remarkable feature of this phase
is that, depending on the distribution of the singular values, after few steps
of the reduction, the largest singular values are already computed with a
precision depending on the gaps between the singular values.

An implicit QR–method for upper triangular semiseparable matrices is
derived and applied to the latter matrix for computing its singular values.
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The numerical tests show that the proposed method can compete with
the standard method (using an intermediate bidiagonal matrix) for comput-
ing the singular values of a matrix.

Key words SVD decomposition – QR-like algorithms – semiseparable
matrices – bidiagonal matrices – singular values – bulge chasing

1 Introduction

The standard procedure to compute the singular value decomposition of a
dense matrix [9] first reduces it into a bidiagonal one by means of orthog-
onal transformations. Once the bidiagonal matrix has been computed, the
QR–method is considered to reduce the latter matrix into a diagonal one
(see, for instance, [5,10,17,14] and the references therein).

In this paper we consider a new method for computing the singular value
decomposition of a real matrix A ∈ Rm×n. In a first phase, an algorithm
for reducing the matrix A into an upper triangular semiseparable matrix
by means of orthogonal transformations is described, whose computational
complexity is the same as for the standard reduction of an m×n matrix into
a bidiagonal one by orthogonal transformations [10]. A remarkable feature
of this phase is that, after few steps of the reduction, the largest singular val-
ues are already computed with a precision depending on the gaps between
the singular values and also on the distribution of the singular values. In-
deed, it is showed that the latter reduction can be considered as a kind of
subspace–like iteration method, where the size of the subspace increases
by one dimension at each step of the reduction. Moreover it is also stated
that the singular values have a very close connection to the Lanczos-Ritz
values, hereby interfering with the convergence behaviour of the subspace
iteration.

Therefore, it turns out that the proposed reduction of a dense matrix
into an upper triangular semiseparable (UTSS) one is an algorithm that
can be efficiently used to compute an approximation of the largest singular
values and the associated subspaces of the singular vectors. Such problems
arise in many different areas, such as, principal component analysis, data
mining, magnetic resonance spectroscopy, microarray data analysis, gene
expression data, ... (see, for instance, [11,22,23,28,29] and the references
therein).

In a second phase, once a UTSS matrix has been computed, an iterative
method is derived and applied to the latter matrix in order to reduce it into
a block diagonal one. It is proven that each iteration of the method is in fact
an implicit QR–iteration.
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The singular values of a matrix A are the eigenvalues of the symmetric
matrix AT A. When A is upper triangular semiseparable, it turns out that
AT A is semiseparable. The interested reader can find more information on
QR-algorithms for semiseparable matrices in [1,2,20].

The paper is organized as follows. A short introduction to the standard
procedure for computing the singular values of a matrix is described in § 2.
The definition and basic concepts of semiseparable matrices are introduced
in § 3. The algorithm for reducing real matrices into UTSS ones is described
in § 4 followed by the analysis of its “convergence” properties, discussed
in § 5. In § 6 we describe what is meant with an unreducible semisepara-
ble matrix and how to transform an upper triangular semiseparable matrix
into this form. In § 7, § 8 and § 9 the implicit QR–method is described. The
equivalence of the proposed method with the QR–method for semiseparable
matrices is proven in § 8. The numerical experiments and some implemen-
tation issues are considered in § 10 followed by the conclusions and future
work. In the paper, the submatrix of the matrix A consisting of the rows
i, i+1, . . . , j−1, j and the columns k,k+1, . . . , l−1, l is denoted using the
Matlab1-style notation A(i : j,k : l).

2 The standard QR–method

In this section a brief explanation of the standard QR–method [10, p. 448–
460] for calculating the singular values of an m by n matrix is given.

Let A ∈ Rm×n. Without loss of generality, one can assume that m ≥
n. In a first phase the matrix A is transformed into a bidiagonal one by
using orthogonal transformations UB and VB to the left and to the right,
respectively, i.e.,

UT
B AVB =

(
B
0

)
with B =



d1 f1 0 · · · 0

0 d2
. . . . . .

...
. . . . . . . . . 0

...
. . . . . . fn−1

0 · · · 0 dn

 .

Without loss of generality we can assume that the elements fi and di are
different from zero [10, p. 454]. Once the matrix B is computed, the QR–
method is applied to it. The latter method generates a sequence of bidiago-
nal matrices converging to a block diagonal one.

Here a short description of one iteration of the QR–method is consid-
ered. More details can be found in [10, p. 452–456].

1 Matlab is a registred trademark of the Mathworks inc.
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Let V̂1 be the Givens rotation

V̂1 =

(
c1 s1
−s1 c1

)
, such that V̂ T

1

(
d2

1 −κ

d1 f1

)
=

(
×
0

)
,

where κ is a shift2. Let V1 = diag(V̂1, In−2), with Ik, k ≥ 1, the identity
matrix of order k. The matrix B is multiplied to the right by V1, introducing
the bulge denoted by “+” in the matrix BV1,

BV1 =


× × 0 · · ·
+ × × 0 · · ·
0 0 × × 0 · · ·

. . . . . .

 .

The remaining part of the iteration is completed by applying 2n−3 Givens
rotations, U1, . . . ,Un−1, V2, . . . ,Vn−1 in order to move the bulge downward
the bidiagonal structure and eventually remove it,

UT BV ≡ (UT
n−1 · · ·UT

1 )B(V1V2 · · ·Vn−1) =


× ×
× ×
× ×
× ×
×

 .

Hence, the bidiagonal structure is preserved after one iteration of the QR–
method. It can be proved that Ve1 =V1e1,where e1 is the first vector of the
canonical basis. Moreover, if Q and R are the orthogonal factor and the
upper triangular factor of a QR–factorization of BT B− κIn , respectively,
then Q and V have the same columns up to the sign, i.e.,

V = Q diag(±1, . . . ,±1).

Furthermore, T = QT BT BQ is a symmetric tridiagonal matrix. Taking the
following theorem into account, it turns out that each iteration of the QR–
method is essentially uniquely determined by the first column of Q, i.e., by
the first column of V1.

Theorem 1 [10, p. 416](Implicit Q Theorem) Suppose Q = [q1, . . . ,qn]
and V = [v1, . . . ,vn] are orthogonal matrices with the property that both
QT AQ = T and V T AV = S are tridiagonal where A ∈ Rn×n is symmet-
ric. Let k denote the smallest positive integer for which tk+1,k = 0 with the
convention that k = n if T is irreducible. If v1 = q1, then vi = ±qi and
|ti,i−1|= |si,i−1| for i = 2, . . . ,k. Moreover, if k < n, then sk+1,k = 0.

2 Usually κ is chosen as the eigenvalue of S(n−1 : n,n−1 : n) closest to S(n,n) (Wilkin-
son shift), where S = BT B.
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Summarizing, the QR–method for computing the SVD of a matrix A ∈
Rm×n can be divided into two phases.

Phase 1 Reduction of A into a bidiagonal matrix B by means of orthogonal trans-
formations.

Phase 2 The QR–method is applied to B.

3 The new method via semiseparable matrices

Bidiagonal matrices play the main role in the standard procedure for com-
puting the SVD of a matrix as described in the previous section. In the new
method, this role is played by upper triangular semiseparable matrices. The
definition we use here for semiseparable matrices is slightly different from
the common definition with generators, which (see, e.g. [8,12]) defines
semiseparable matrices as matrices whose lower triangular and upper trian-
gular part are coming from rank 1 matrices. The vectors defining these rank
1 matrices are called the generators of the generator representable semisep-
arable matrix. We will use the definition in terms of the ranks of subblocks
(see, e.g. [6,16]).

Definition 1 A matrix S is called a lower- (upper-)semiseparable matrix
of semiseparability rank 1 if all submatrices which can be taken out of the
lower (upper) triangular part of the matrix S have rank ≤ 1. A matrix is
called semiseparable if it is lower- as well as upper-semiseparable.

This definition in terms of ranks defines a larger class than the generator
representable semiseparable matrices. A thorough study of these definitions
and their comparison can be found in [21]. The relation between these two
definitions is clarified in the next proposition.

Proposition 2 Suppose S to be a semiseparable matrix. This matrix can be
written as a block diagonal matrix for which all the blocks are generator
representable semiseparable matrices.

Proof Can be found in [21]. �

Moreover, using the definition above we have that the inverse of an invert-
ible upper bidiagonal matrix is an invertible upper triangular semiseparable
matrix and vice versa.

Similarly to the QR–method described in § 1, the new method is divided
into two phases.

Phase 1 Reduction of A into an upper triangular semiseparable matrix (UTSS)
Su by means of orthogonal transformations.

Phase 2 The QR–method is applied to Su preserving the upper triangular semisep-
arable structure.
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In the next section an algorithm to reduce matrices into UTSS ones
(Phase 1) is described. In Section 7-9 we design a bulge-chasing iteration
step and show that this step is equivalent to a QR-step with a given shift.

4 Reduction of a matrix to an upper triangular semiseparable one

The algorithm given here makes use of orthogonal transformations, i.e.,
Givens and Householder transformations, to reduce the matrix A into a
UTSS matrix. The algorithm is based on the following result that can easily
be adapted to transform arbitrary matrices into lower triangular semisepa-
rable form.

Theorem 3 Let A ∈ Rm×n, m ≥ n. There exist two orthogonal matrices U
and V such that

UAV =

(
Su
0

)
,

where Su is an upper triangular semiseparable matrix.

Proof The proof given here is a constructive one. We prove the existence
of such a transformation by reducing the matrix A to the appropriate form
by using Givens and Householder transformations.

The proof is given by finite induction. The proof is outlined for a matrix
A ∈ Rm×n, with m = 6 and n = 5, as this case illustrates the general case.
The side on which the operations are performed plays a very important
role. In fact, the first phase of the algorithm constructs two sequences of
matrices A(l) and A(l)

k, j, with l = 1, . . . ,n, k = 0, . . . , l + 1, and j,= 0, . . . , l,
starting from A(1) = A, according to one of the following rules:

U (l)
k+1A(l)

k, j = A(l)
k+1, j, A(l)

k, jV
(l)
j+1 = A(l)

k, j+1.

Furthermore, one lets A(l)
0,0 = A(l) and A(l+1) = A(l)

l+1,l . The applied transfor-

mations to the left and to the right of A(l)
k, j are Givens and/or Householder

transformations.

– Step 1. In this first step of the algorithm three orthogonal matrices U (1)
1 ,

U (1)
2 and V (1)

1 are to be found, such that the matrix

A(2) =U (1)
2 U (1)

1 A(1)V (1)
1 ,

with A(1) = A, has the following properties: the first two rows of the ma-
trix A(2) satisfy already the semiseparable structure and the first column
of A(2) is zero below the first element. This means that after the first step
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the upper left 2×2 block of the matrix A(2) is already an upper triangu-
lar semiseparable matrix. As mentioned before we illustrate the theorem
considering a matrix of size m = 6 and n = 5. A Householder transfor-
mation V (1)

1 is applied to the right of A(1) = A(1)
0,0 in order to annihilate all

the elements in the first row except for the first one. The elements to be
annihilated are denoted by ⊗, while the symbol � denotes the elements
of the part the matrix having already a semiseparable structure.

A(1) =


× ⊗ ⊗ ⊗ ⊗
× × × × ×
× × × × ×
× × × × ×
× × × × ×
× × × × ×

→ A(1)
0,0V (1)

1 = A(1)
0,1 =


× 0 0 0 0
× × × × ×
⊗ × × × ×
⊗ × × × ×
⊗ × × × ×
⊗ × × × ×


A Householder transformation U (1)

1 is now applied to the left of A(1)
0,1 in

order to annihilate all the elements in the first column except the first
two ones, A(1)

1,1 = U (1)
1 A(1)

0,1, followed by a Givens transformation U (1)
2

applied to the left of A(1)
1,1 in order to annihilate the second element in the

first column. As a consequence, the first two rows of A(1)
2,1 have already

a semiseparable structure.

U (1)
1 A(1)

0,1 =


× 0 0 0 0
⊗ × × × ×
0 × × × ×
0 × × × ×
0 × × × ×
0 × × × ×

→U (1)
2 A(1)

1,1 = A(1)
2,1 =


� � � � �
0 � � � �
0 × × × ×
0 × × × ×
0 × × × ×
0 × × × ×


Then we put

A(2) = A(1)
2,1.

– Step k > 1. By induction, the first k rows of A(k) have a semiseparable
structure and the first k−1 columns are already in upper triangular form.
We illustrate this step for k = 3. This means that A(3) has the following
structure:

A(3) =


� � � � �
0 � � � �
0 0 � � �
0 0 × × ×
0 0 × × ×
0 0 × × ×

 .
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The aim of this step is to make the upper triangular semiseparable struc-
ture in the first 4 rows and the first 3 columns of the matrix. To this end,
a Householder transformation V (3)

1 is applied to the right of A(3), chosen
in order to annihilate the last two elements of the first row of A(3). Note
that because of the dependency between the first three rows, V (3)

1 anni-
hilates the last two entries of the second and third row, too. Furthermore,
a Householder transformation is performed to the left of the matrix A(3)

0,1
to annihilate the last two elements in column 3.

A(3)
0,0V (3)

1 =


� � � 0 0
0 � � 0 0
0 0 � 0 0
0 0 × × ×
0 0 ⊗ × ×
0 0 ⊗ × ×

→U (3)
1 A(3)

0,1 = A(3)
1,1 =


× � � 0 0
0 � � 0 0
0 0 � 0 0
0 0 × × ×
0 0 0 × ×
0 0 0 × ×


The Givens transformation U (3)

2 is now applied to the left of the matrix
A(3)

1,1, annihilating the element marked with a circle.

A(3)
1,1 =


× � � 0 0
0 � � 0 0
0 0 � 0 0
0 0 ⊗ × ×
0 0 0 × ×
0 0 0 × ×

→U (3)
2 A(3)

1,1 = A(3)
2,1 =


× � � 0 0
0 � � 0 0
0 0 � � �
0 0 0 � �
0 0 0 × ×
0 0 0 × ×


The fourth and the third row satisfy already the semiseparable structure.
Nevertheless, as it can be seen in the figure above, the upper part does
not satisfy the semiseparable structure, yet. A chasing technique is used
in order to chase the non semiseparable structure upwards and away, by
means of Givens transformations. Applying V (3)

2 to the right to annihi-
late the entry (2,3) of A(3)

2,1, a nonzero element is introduced in the third
row on the second column. Because of the semiseparable structure, this
operation introduces two zeros in the third column, too. Annihilating
the element just created in the third row with a Givens transformation to
the left, the semiseparable structure holds between the second and the
third row.

A(3)
2,1V (3)

2 =


× � 0 0 0
0 � 0 0 0
0 ⊗ × � �
0 0 0 � �
0 0 0 × ×
0 0 0 × ×

→U (3)
3 A(3)

2,2 = A(3)
3,2 =


× � 0 0 0
0 � � � �
0 0 � � �
0 0 0 � �
0 0 0 × ×
0 0 0 × ×
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This upchasing of the semiseparable structure can be repeated to create
a complete upper semiseparable part starting from row 4 to row 1. This
is shown in the next figure:

A(3)
3,2V (3)

3 =


× 0 0 0 0
⊗ × � � �
0 0 � � �
0 0 0 � �
0 0 0 × ×
0 0 0 × ×

→U (3)
4 A(3)

3,3 = A(3)
4,3 =


� � � � �
0 � � � �
0 0 � � �
0 0 0 � �
0 0 0 × ×
0 0 0 × ×

 .

Then we pose
A(4) = A(3)

4,3.

This proves the induction step.
– Step n+ 1. Finally, a Householder transformation has to be performed

to the left to have a complete upper triangular semiseparable structure.
In fact, suppose, the matrix has already the semiseparable structure in
the first n rows, then one single Householder transformation is needed
to annihilate all the elements in the n–th column below the n–th row.
(see the figure).

A(5) =


� � � � �
0 � � � �
0 0 � � �
0 0 0 � �
0 0 0 0 �
0 0 0 0 ×

→U (5)
1 A(5)

0,0 = A(5)
1,0 =


� � � � �
0 � � � �
0 0 � � �
0 0 0 � �
0 0 0 0 �
0 0 0 0 0


After the latter Householder transformation, the desired upper triangular
semiseparable structure is created and the theorem is proved. �

The reduction just described is obtained by applying Givens and House-
holder transformations to A. Note that the computational complexity of ap-
plying the Householder transformations is the same as of the standard pro-
cedure that reduces matrices into bidiagonal form using Householder trans-
formations. This complexity is 4mn2− 4/3n3 (see [10]). At step k of the
reduction procedure, described above, k Givens transformations U (k)

j , j =

2,3, . . . ,k+1 are applied to the left and k−1 Givens transformations V (k)
j ,

j = 2,3, . . . ,k are applied to the right of the almost upper triangular semisep-
arable part of A(k)

1,1. The purpose of these Givens transformations is to chase
the bulge on the sub-diagonal upwards while maintaining the upper trian-
gular semiseparable structure in the upper part of the matrix. Without going
into the details, it is possible to represent a (k+1)× (k+1) UTSS matrix
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using O(k) parameters. Applying the k−1 Givens transformations V (k)
j on

the first (k + 1) columns of A(k)
1,1 requires only O(k) flops using the O(k)

representation of the upper-left UTSS matrix. Applying the k Givens trans-
formations U (k)

j on the upper-left part of the matrix A(k)
1,1 requires also only

O(k) flops using the O(k) representation of the UTSS matrix. Because the
upper-right part of the matrix A(k)

1,1 can be written as a (k+1)× (n− k−1)

matrix of rank 1, applying the Givens transformations U (k)
j on this part of

A(k)
1,1 also requires only O(k) flops. Hence applying the Givens transforma-

tions during the whole reduction requires O(n2) flops.

5 Convergence properties of the reduction.

5.1 Subspace iteration

At each step of the algorithm introduced in Theorem 3, one more row
is added to the set of the rows of the matrix already in upper triangu-
lar semiseparable form, by means of orthogonal transformations. In this
section, using arguments similar to those considered in [24,25], we show
that this algorithm can be interpreted as a kind of nested subspace iteration
method [10], where the size of the vector subspace is increased by one and
a change of coordinate system is made at each step of the algorithm. As a
consequence, the part of the matrix already in semiseparable form reveals
information on the gaps in the singular value distribution.

Given a matrix A and an initial subspace S (0), the subspace iteration
method [10] can be described as follows

S (i) = AS (i−1), i = 1,2,3, . . .

Under weak assumptions on A and S (0), the sequence {S (i)} converges to
an invariant subspace, corresponding to the largest eigenvalues in modulus.

The reduction algorithm of a dense matrix to a UTSS matrix can be seen
as such a kind of subspace iteration, where the size of the subspace grows
by one dimension at each step of the algorithm.

Let A(1) ≡ A. Let U (1)
1 ,U (1)

2 and V (1)
1 be the orthogonal matrices, de-

scribed in step 1 of the proof of Theorem 3. Hence the matrix

A(2) =U (1)
2 U (1)

1 A(1)V (1)
1

has the upper triangular semiseparable structure in the first two rows and in
the first column.
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Define Û (1)T ≡U (1)
2 U (1)

1 , and let Û (1) = [û(1)1 , û(1)2 , . . . , û(1)m ]. Then, be-
cause A(1)V (1)

1 = Û (1)A(2) has the first row, except for the first element equal
to zero (see Theorem 3) we get:

A(1)A(1)T
= Û (1)A(2)A(2)T

Û (1)T
= Û (1)


× × ·· · ×
0 × ·· · ×
...

...
...

...
0 × ·· · ×

≡ Û (1)R1. (1)

Let e1, . . . ,en be the standard basis vectors of Rn. From (1), because of the
structure of R1, it turns out that:

A(1)A(1)T
< e1 >=< û(1)1 >,

where < x,y,z, . . . > denotes the subspace spanned by the vectors x,y,z, . . ..
This means that the first column of A(1)A(1)T

and û(1)1 span the same one–
dimensional space. In fact, one subspace iteration step is performed on the
vector e1.

The first step of the algorithm is completed when the following orthog-
onal transformation is performed:

A(2) = Û (1)T
A(1)V (1)

1 ⇔ A(2)A(2)T
= Û (1)T

A(1)A(1)T
Û (1).

The latter transformation can be interpreted as a change of coordinate sys-
tem: A(1) and A(2) represent the same linear transformation with respect to
different coordinate systems. Let y ∈ Rn. Then y is represented in the new
system by Û (1)T

y. This means that for the vector û(1)1 we get Û (1)T
û(1)1 = e1.

Summarizing, this means that one step of subspace iteration on the sub-
space < e1 > is performed, resulting in a new subspace û(1)1 , and then, by
means of a coordinate transformation, it is transformed back into the sub-
space < e1 >. So, instead of working with a fixed matrix and changing
subspaces, we work with fixed subspaces and changing matrices. There-
fore, let z(i) denote the singular vector corresponding to the largest singular
value of A(i), i = 1,2, . . ., the sequence

{
z(i)
}

converges to e1, and, conse-
quently, the entry A(i)(1,1) converges to the largest singular value of A. The
second step can be interpreted in a completely analogous way. Let

A(3) = Û (2)T
A(2)V (2), (2)

where Û (2) and V (2) are orthogonal matrices such that A(3) is a UTSS
matrix in the first three rows and the first two columns. Denote Û (2) =
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[û(2)1 , û(2)2 , . . . , û(2)m ]. From (2), A(2)A(2)T
can be written as follows:

A(2)A(2)T
= Û (2)A(3)A(3)T

Û (2)T
= Û (2)


× × ·· · × ×
0 × ·· · × ×
0 0 × ·· · ×
...

...
...

...
...

0 0 × ·· · ×

≡ Û (2)R2.

Considering the subspace < e1,e2 > and using the same notation as above,
we have:

A(2)A(2)T
< e1,e2 >=< û(2)1 , û(2)2 > .

This means that the second step of the algorithm is a step of subspace it-
eration performed on a slightly grown subspace. For every new row that is
added to the semiseparable structure in the matrix A(i), the dimension of the
subspace is increased by one.

This means that from step i, i = 1, . . . ,n, (so the semiseparable structure
is satisfied for the rows 1 upto i), all the consecutive steps perform subspace
iterations on the subspace of dimension i. From [25], we know that these
consecutive iterations on subspaces tend to create block-diagonal matrices
with upper triangular blocks. Furthermore, the process works for all the
nested subspaces at the same time, and so the semiseparable submatrices
will tend to become more and more block-diagonal with upper triangular
blocks, where the blocks contain the largest singular values. This explains
why the upper–left block already gives a good estimate of the largest sin-
gular values, as they are connected to a subspace on which were performed
the most subspace iterations.

This insight also opens a lot of new perspectives. In a lot of problems,
only few largest singular values need to be computed. In such cases, the pro-
posed algorithm gives the required information after only few steps, without
running the algorithm to the completion. Moreover, because the semisep-
arable submatrices generated at each step of the algorithm converge to a
block-diagonal matrix with upper triangular blocks, the original problem
can be divided into smaller independent subproblems.

We finish this section with a theorem from [25] concerning the speed of
convergence of subspace iterations. (Theorem 5.4 [25])

Definition 2 (From [25, p. 8]) Denote with S and T two subspaces, then
the distance d(S ,T ) between these two subspaces is defined in the follow-
ing way:

d(S ,T ) = sup
s∈S ,‖s‖2=1

inf
t∈T
‖s− t‖2.

Using this definition, we can state the following convergence theorem:
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Theorem 1 (From [25, Theorem 5.4]) Let A ∈ Cn×n, and let p be a poly-
nomial of degree≤ n. Let λ1, . . . ,λn denote the eigenvalues of A, ordered so
that |p(λ1)| ≥ |p(λ2)| ≥ · · · ≥ |p(λn)|. Suppose k is a positive integer less
than n for which |p(λk)|> |p(λk+1)|. Let (pi) be a sequence of polynomials
of degree≤ n such that pi→ p as i→∞ and pi(λ j) 6= 0 for j = 1, . . . ,k and
all i. Let ρ = |p(λk+1)|/|p(λk)|. Let T and U be the invariant subspaces
of A associated with λ1, . . . ,λk and λk+1, . . . ,λn respectively. Consider the
non stationary subspace-iteration

S (i) = pi(A)S (i−1)

where S (0) = S is a k-dimensional subspace of Cn satisfying S ∩U = {0}.
Then for every ρ̂ satisfying ρ < ρ̂ < 1 there exists a constant Ĉ such that

d
(

S (i),T
)
≤ Ĉρ̂

i, i = 1,2,3, . . .

In our case Theorem 1 can be applied with the polynomials pi(z) and p(z)
chosen in the following sense: pi(z) = p(z) = z.

5.2 The Lanczos-Ritz values

In an analogous way as in the previous subsection one can show that the in-
termediate matrices A(i) satisfy the following property. The matrix A(i)A(i)T

has in the upper left i× i block the eigenvalues equal to the Lanczos-Ritz
values with respect to the Krylov subspace < e1,Me1, . . . ,Mi−1e1 >, with
M = AAT . The proof of this statement is a combination of a proof given
in [18] and the proof of the subspace iteration above. It will not be given
here, because it is easy to reconstruct. Note that the previous reduction pro-
cedure can be generalized such that an arbitrary starting vector y is used in
the Krylov subspace instead of e1. This can be done by applying an initial
similarity transformation to the matrix M, i.e., QT MQ with Qe1 = y.

As mentioned before, the interaction between the Lanczos-Ritz value
behaviour, and the subspace iteration is the following. The subspace iter-
ation will start converging as soon as the Lanczos-Ritz values have con-
verged close enough to the dominant eigenvalues. We will not go into the
details, because a thorough study of the interaction between the two be-
haviours was already made in the Technical report [18].

6 The unreducible form for semiseparable matrices.

In this section we will define what we mean with an unreduced upper tri-
angular semiseparable matrix. We will also show how we can transform
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any upper triangular semiseparable matrix to this unreducible form. This
efficient transformation allows us to split up the original singular value
problem for a reducible upper triangular semiseparable matrix into sev-
eral smaller problems involving unreducible upper triangular semiseparable
matrices.
Definition 3 Suppose Su is an upper triangular semiseparable matrix. The
matrix Su is called unreducible if
1. the ranks of the blocks Su(1 : i− 1, i : n) are 1 for i = 2,3, . . . ,n; this

means that there are no zero blocks above the diagonal;
2. all the diagonal elements are different from zero.

Assume that we have an upper triangular semiseparable matrix Su, and
we want to transform it into an unreducible one. Using Proposition 2, we
know that the matrix is block diagonal with upper triangular semiseparable
blocks and all the blocks are generator representable. We can separate the
blocks, and all these matrices satisfy already Condition 1. From now on,
we will take each of these blocks separately. Assume the generators of the
upper triangular part to be u and v. If condition 2 is not satisfied, i.e., a
diagonal element di = uivi is zero, this implies that either ui or vi equals
zero. Assume Su of the following form:

Su =


u1v1 u2v1 u3v1 · · · unv1

0 u2v2 u3v2 · · · unv2
0 u3v3 · · · unv3

...
. . . . . .

...
0 · · · 0 unvn

 . (3)

Assume ui to be zero. This means that we have a matrix of the following
form (let us take as example a matrix of size 5×5, with u3 = 0.):

� � 0 � �
0 � 0 � �
0 0 0 � �
0 0 0 � �
0 0 0 0 �

 .

We want to transform this matrix to unreducible form. Let us apply a Givens
transformation GT on row 3 and 4 of the matrix, which will annihilate the
complete row 4, because these rows are dependent. This means that we get
the following matrix:

� � 0 � �
0 � 0 � �
0 0 0 � �
0 0 0 � �
0 0 0 0 �

→ GT Su =


� � 0 � �
0 � 0 � �
0 0 0 � �
0 0 0 0 0
0 0 0 0 �

 .
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In the matrix on the right we can clearly remove the zero row and column,
and thereby we create an unreducible upper triangular semiseparable matrix
when all other diagonal elements are different from zero.

The results applied here can be generalized towards a zero vi, by annihi-
lating a column via a Givens transformation on the right. Also the extension
towards more zeros on the diagonal is straightforward.
Remark: The reader can verify that the reduction algorithm as proposed in
§ 4 always results in an unreducible upper triangular semiseparable matrix.
Nevertheless, using the results above, one can calculate the singular values
for every type of upper triangular semiseparable matrix, by first transform-
ing it to unreducible form.
Remark: It can be seen that unreducible upper triangular semiseparable
matrices are necessarily nonsingular, because all the diagonal elements are
different from zero.

7 The new method

As described in § 2, a crucial point of one iteration of the QR–method ap-
plied to bidiagonal matrices is the knowledge of the first column of the or-
thogonal factor of the QR–factorization of BT B−κI. Moreover, after each
iteration of the QR–method, the bidiagonal structure of the involved matri-
ces is preserved.

Similarly, in § 9 we will prove that one iteration of the QR–method ap-
plied to an upper triangular unreducible semiseparable matrix Su is uniquely
determined by the first column of the orthogonal factor Q of the QR–
factorization of

ST
u Su−κI, (4)

where κ is a suitable shift. Exploiting the particular structure of matrix (4),
we will show how the first column of Q can be computed without explicitely
computing ST

u Su.

Moreover, in § 9, we will show that each iteration of the new method is
actually an iteration of the QR–method applied to unreducible symmetric
semiseparable matrices.

We describe now how the first column of the orthogonal factor of the
QR–factorization of (4) can be determined.

Denote by u and v the generators of the unreducible upper triangular
semiseparable matrix Su, as in equation (3). Let τi = ∑

i
k=1 v2

k , i = 1, . . . ,n.
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An easy calculation reveals that

S = ST
u Su =


u1 u1τ1 u2 u1τ1 u3 u1τ1 · · · un u1τ1
u2 u1τ1 u2 u2τ2 u3 u2τ2 un u2τ2

u3 u1τ1 u3 u2τ2 u3 u3τ3
...

...
. . .

un u1τ1 un u2τ2 · · · un vnτn

 (5)

is a symmetric semiseparable matrix. Let us denote the generators for this
symmetric S by û and v̂,

û = u = (u1,u2,u3, · · · ,un)

v̂ = (u1τ1,u2τ2,u3τ3, · · · ,unτn) .

To make a connection between the unreducibility of the upper triangular
semiseparable matrix Su and corresponding properties of the symmetric
semiseparable matrix S, we use the following definition.

Definition 4 A symmetric semiseparable matrix S is said to be unreducible
if

1. all the blocks S(i : n,1 : i−1) (for i = 2, . . . ,n) have rank equal to 1; this
corresponds to the fact that there are no zero sub-diagonal blocks;

2. all the blocks S(i : n,1 : i+ 1) (for i = 1, . . . ,n− 1) have rank strictly
higher than 1; this means that on the super-diagonal, no elements are
includable in the lower-semiseparable structure.

Now, one can easily verify that the resulting symmetric semiseparable ma-
trix S is also unreducible.

Theorem 4 Assume Su to be an unreducible upper triangular semisepa-
rable matrix, then the matrix S = ST

u Su will be an unreducible symmetric
semiseparable matrix. Moreover we have that all the elements of the gen-
erators û and v̂ will be different from zero.

Proof Using equation (5) and knowing, that because of the unreducibleness
of Su the elements ui and vi are all different from zero, we have that there
are no zero blocks in the matrix S. Assume however that the semiseparable
structure below the diagonal expands above the diagonal. This will lead to
a contradiction. Assume for example that the element u3u2τ2 can be incor-
porated in the semiseparable structure below the diagonal. This implies that
the 2×2 matrix (

u2 u2τ2 u3 u2τ2
u3 u2τ2 u3 u3τ3

)
is of rank 1. This means that

u2 u2τ2u3 u3τ3−u3 u2τ2u3 u2τ2 = 0,
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which can be simplified leading to:

τ3− τ2 = 0,

which means, that v3 = 0, which is a contradiction. �

Let us look now at the QR–factorization of the diagonal plus semisepa-
rable matrix S−κI.
The Q–factor of the QR–factorization of a diagonal plus semiseparable ma-
trix of order n, can be given by the product of 2n−2 Givens rotations (see
[19] for the details).

Due to the structure of the matrix involved, the first n− 1 Givens ro-
tations, Gi, i = 1, . . . ,n− 1, are applied from bottom to top. The Givens
transformation GT

1 acts on the last two rows of the matrix, annihilating all
the elements in the last row of S below the main diagonal, GT

2 acts on the
rows n− 2 and n− 1 of GT

1 S, annihilating all the elements in row n− 1
below the main diagonal, GT

n−1 acts on the first two rows of GT
n−2 · · ·GT

1 S,
annihilating the element in position (2,1). This reduces the semiseparable
matrix S into an upper triangular one and the diagonal matrix κI into an up-
per Hessenberg one, respectively. Moreover let Q̂ = G1G2 · · ·Gn−1, it can
be easily checked that Sl = SuQ̂ is a lower triangular semiseparable matrix.

Let H = Q̂T (S−κI). The QR–factorization of H can be computed by
means of n− 1 Givens rotations Gn,Gn+1, . . . ,G2n−2 such that GT

n acts on
the first two rows of H, annihilating the entry (2,1), GT

n+1 acts on the rows
2 and 3 of GT

n H, annihilating the entry (3,2), . . . , GT
2n−2 acts on the last two

rows of GT
2n−3 · · ·GT

n H, annihilating the entry (n,n−1).
Taking into account that Sl is a lower triangular matrix, Q̂T e1 = GT

n−1e1,
and

H = Q̂T (S−κI)
= Q̂T ST

u Su−κQ̂T

= ST
l Su−κQ̂T ,

and when denoting the embedded Givens transformation in Gn−1 as(
cn−1 −sn−1
sn−1 cn−1

)
,

we have that the first two elements of the first column of H are the following
ones, (

(Sl)11(Su)11−κcn−1
κsn−1

)
.

This means that we can calculate the Givens transformation Gn in a fast
way. Moreover,

Qe1 = G1G2 · · ·Gn−1GnGn+1 · · ·G2n−2e1 = G1G2 · · ·Gn−1Gne1
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since Gie1 = e1, i = n+ 1, . . . ,2n− 2. This means that the first column of
the Q factor of the QR–factorization of S−κI depends only on the product
G1G2 · · ·Gn−1Gn. Furthermore, let

Ŝl = SuG1G2 · · ·Gn−1Gn = SlGn. (6)

The matrix Ŝl = SlGn differs now from a lower triangular semiseparable
matrix, because there is a bulge in position (1,2). In the next section we
present a method for removing this bulge, such that the resulting matrix is
again lower triangular semiseparable.

8 Chasing the bulge

General comments on bulge chasing techniques can be found, e.g., in [27,
26].

At each step of the algorithm the bulge is chased downward one posi-
tion along the super-diagonal, by applying orthogonal transformations to
Ŝl. Only orthogonal transformations with the first column equal to e1 are
applied to the right of Ŝl. Indeed, imposing this constraint, the first column
of G1 · · ·Gn is not modified if multiplied to the right by one of the latter
orthogonal matrices.

Before describing the algorithm, we consider the following theorem.

Theorem 5 Let

C =

(
u1v1 α 0
u2v1 u2v2 u2v3

)
. (7)

Then there exists a Givens transformation G such that,

Ĉ =C
(

1 0
0 G

)
(8)

has a linear dependency between the first two columns of Ĉ.

Proof The theorem is proven by explicitely constructing the Givens matrix
G. Denote the Givens transformation G in the following way,

G =
1√

1+ t2

(
t −1
1 t

)
. (9)

Taking (7) and (9) into account, (8) can be written in the following way,

C̃ =
1√

1+ t2

(
u1v1
√

1+ t2 tα −α

u2v1
√

1+ t2 tu2v2 +u2v3 −u2v2 + tu2v3

)
.
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Dependency between the first two columns leads to the following condition
on the coefficients of the previous matrix:

tα
(√

1+ t2 u2v1

)
=
(√

1+ t2 u1v1

)
(tu2v2 +u2v3) .

Simplification leads to:

tα = u1 (tv2 + v3) .

Extracting the factor t out of the previous equation proves the existence of
the Givens transformation G:

t =
v3u1

α− v2u1
.

The denominator is clearly different from zero. Otherwise the left 2 by 2
block of the matrix in equation (7) would already been of rank 1 and we
would have chosen G equal to the identity matrix. �

The proof of the next theorem yields the algorithm that transforms Ŝl
into a lower triangular semiseparable matrix.

Theorem 6 Let Ŝl be a matrix whose lower triangular part is semisepara-
ble with generators u and v and the strictly upper triangular part is zero
except for the entry (1,2). Then there exist two orthogonal matrices Ũ and
Ṽ such that

S̃l = Ũ ŜlṼ
is a lower triangular semiseparable matrix and Ṽ e1 = e1.

Proof The theorem is proven by constructing an algorithm which trans-
forms Ŝl into a lower triangular semiseparable matrix, in which the orthog-
onal transformations applied to the right have the first column equal to e1.
We illustrate the case for Ŝl ∈ R5×5. Let

Ŝl =


� ⊗ 0 0 0
� � 0 0 0
� � � 0 0
� � � � 0
� � � � �

 ,

where⊗ denotes the bulge to be chased. Moreover, the entries of the matrix
satisfying the semiseparable structure are denoted by �. At the first step a
Givens transformation Ũ1 is applied to the left of Ŝl in order to annihilate
the bulge,

Ũ1Ŝl =


× 0 0 0 0
× × 0 0 0
� � � 0 0
� � � � 0
� � � � �

 . (10)
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Although Ũ1Ŝl is lower triangular, the semiseparable structure is lost in
its first two rows. In order to retrieve it, a Givens rotation Ṽ1, constructed
according to Theorem 5, and acting to the second and the third column of
Ũ1Ŝl is applied to the right, in order to make the first two columns, except
for the first elements, in the lower triangular part, proportional:

Ũ1Ŝl =


× 0 0 0 0
× × 0 0 0
� � � 0 0
� � � � 0
� � � � �

→ Ũ1ŜlṼ1 =


� 0 0 0 0
� � × 0 0
� � � 0 0
� � � � 0
� � � � �

 .

Hence, applying Ũ1 and Ṽ1 to the left and to the right of Ŝl, respectively,
the bulge is moved one position downward the super-diagonal (see fig. 1),
retrieving the semiseparable structure in the lower triangular part. Recur-
sively applying the latter procedure the matrix Ũ4 · · ·Ũ1ŜlṼ1 · · ·Ṽ4 is a lower
triangular semiseparable matrix. The theorem holds choosing Ũ = Ũ4 · · ·Ũ1
and Ṽ = Ṽ1 · · ·Ṽ4.

Figure 1. Graphical representation of the chasing

�

9 One iteration of the new method applied to upper triangular
semiseparable matrices.

In this section we describe one iteration of the proposed algorithm for com-
puting the singular values of an unreducible upper triangular semiseparable
matrix Su. Moreover we show the equivalence between the latter iteration
and one iteration of the QR–method applied to UTSS matrices. One itera-
tion of the proposed method consists of the following 5 steps.
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Step 1. The first n−1 Givens transformations G1, . . . ,Gn−1 are performed to the
right of the unreducible Su swappping it into a lower triangular semisep-
arable matrix Sl.

Step 2. One more Givens transformation Gn is computed in order to introduce
the shift. As seen in § 8, the application of this Givens transformation to
the right of the lower triangular semiseparable matrix creates a bulge.

Step 3. The bulge is chased by Givens transformations, retrieving the lower tri-
angular semiseparable structure.

Step 4. The latter matrix is swapped back to upper triangular form. This is done
by applying n− 1 more Givens transformations to the left, without de-
stroying the semiseparable structure.

Step 5. If the resulting upper triangular semiseparable matrix is reducible, it is
split up into unreducible blocks.

Remark 1 Actually, the Givens rotations of Step 1 and Step 4 are not ex-
plicitely applied to the matrix. The semiseparable structure allows us to
calculate the resulting semiseparable matrix (the representation of this ma-
trix) in a very cheap way with O(n) flops.

Remark 2 If the shift is not considered, only Step 1 and Step 4 are per-
formed at each iteration of the method.

Remark 3 The result of Step 4 is an upper triangular semiseparable ma-
trix Ŝu. However, this matrix is not necessarily unreducible. Because the
input of the method was a nonsingular matrix, we know already that all
diagonal elements of Ŝu are nonzero. In Step 5 we split up this upper tri-
angular matrix Ŝu into unreducible upper triangular semiseparable blocks.
Because the diagonal elements are all nonzero, we only have to check for
possible zero blocks above the diagonal.

It remains to prove that one iteration of the latter method is equivalent to
one iteration of the QR–method applied to an unreducible upper triangular
semiseparable matrix Su , i.e., if Q1 is the orthogonal factor of the QR–
factorization of ST

u Su−κI = S−κI, and Q2 is the matrix of the product of
the orthogonal matrices applied to the right of Su during one iteration of the
proposed method, then Q1 and Q2 have the same columns, up to the sign,
i.e.,

Q1 = Q2 diag(±1, . . . ,±1).

Assume a QR–iteration with shift κ is performed on the unreducible sym-
metric matrix S = ST

u Su. This can be written in the following form:

QT
1 SQ1 = S1. (11)

First, we prove that a QR-step performed on an unreducible symmetric
semiseparable matrix gives us again a symmetric semiseparable matrix.
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Theorem 7 Suppose we have an n× n symmetric unreducible semisepa-
rable matrix S, and we apply one step of the shifted QR-algorithm on this
matrix: {

S−κI = QR
S̃ = RQ+κI.

Then the matrix S̃ will be a symmetric semiseparable matrix, which is unre-
ducible or the direct sum of an (n− 1)× (n− 1) unreducible symmetric
semiseparable matrix and the 1×1 matrix (κ).

Proof We know that the symmetric semiseparable matrix S is unreducible,
and therefore the matrix can be written as

S = uvT +Ru,

with u and v the generators of the semiseparable matrix, and Ru a strictly
upper triangular matrix with nonzero super-diagonal elements.

Suppose we perform now a QR step with shift κ on the matrix S, using
the QR-decomposition as presented in Section 7, for wich Q1 denotes the
first sequence of (n−1) Givens transformations, and Q2 denotes the second
sequence of (n−1) Givens transformations. We have also the following two
equalities:

QT
1 S = R1 (12)

QT
2 (R1−κQT

1 I) = R2 (13)

with R1 and R2 upper triangular, and κ the shift. If κ = 0, we can choose
Q2 = I. Because S is nonsingular also R1 = R2 will be nonsingular. If κ

is different from zero, we are going to prove that at least the first n− 1
columns of R2 are linearly independent. Using the equations (12) and (13)
we have that

QT
1 (−κI) = H1

where H1 is a Hessenberg matrix, which has all the sub-diagonal elements
different from zero. All the subdiagonal elements have to be different from
zero because all the Givens transformations Gk such that Q1 = G1 . . .Gn−1
are different from the identity matrix. This is straightforward because we
assumed that below the diagonal of S there are no zero blocks present be-
cause of the unreducibility of the matrix.

This means that the Hessenberg matrix H1 and therefore also R1 +H1 is
unreduced.Hence the first n−1 columns of R2 with

QT
2 (R1 +H1) = R2,

are linearly independent. Therefore, also the first n− 1 columns of S−κI
are linearly independent. Hence, the R-factor of any QR-factorization of
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S−κI has two possible structures: all the diagonal elements different from
zero or all the diagonal elements are different from zero, except for the last
one. We have to distinguish between the two cases.

Case 1: Suppose all the diagonal elements are different from zero, this means
that the matrix R is invertible. This gives us:

S̃ = RQ+κI
= R(S−κI)R−1 +κI
= RSR−1

= R
(
uvT +Ru

)
R−1

= (Ru)
(
vT R−1)+RRuR−1

= (Ru)
(
vT R−1)+ R̃u.

We can see that the resulting matrix S̃ is a generator representable semisep-
arable matrix with generators Ru and vT R−1 and the super-diagonal ele-
ments of the strictly upper triangular matrix Ru are different from zero.
This means that S̃ is again an unreducible symmetric semiseparable ma-
trix.

Case 2: Suppose now that our matrix R has the lower right element equal to
zero. We partition the matrices Q and R in the following way:

R =

(
R̃ w
0 0

)
Q =

(
Q̃ q

)
,

with R̃ an (n− 1)× (n− 1) nonsingular upper triangular matrix, w a
column vector of length n−1, Q̃ a matrix of dimensions n× (n−1) and
q a column vector of length n. This gives us the following equalities:

S−κI =
(

Q̃ q
)( R̃ w

0 0

)
=
(

Q̃R̃ Q̃w
)
.

Denote with P an n× (n− 1) projection matrix of the following form
(In−1 0)T , then we get (because R̃ is invertible):

(S−κI)P = Q̃R̃
(S−κI)PR̃−1 = Q̃

(S−κI)
(

R̃−1

0

)
= Q̃.
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Using these equalities we get:

S̃ = RQ+κIn

=

(
R̃ w
0 0

)
Q+κIn

=

(
R̃ w
0 0

)(
(S−κI)

(
R̃−1

0

)
q
)
+κIn

=

(
Ŝ−κIn−1 z

0 0

)
+κI

=

(
Ŝ z
0 κ

)
where Ŝ is a semiseparable matrix and z is a zero vector because of
symmetry. Moreover, one can easily verify in a similar way as in Case 1,
that the matrix Ŝ is unreducible. This means that our resulting matrix S̃ is
a semiseparable matrix, for which the blocks are generator representable
semiseparable matrices. �

Now we show how one iteration of the new method performed on the
matrix Su can also be rewritten in terms of the matrix S = ST

u Su. This is
achieved in the following way. (All the steps mentioned in the beginning
of the section are now applied to the matrix Su.) First the n− 1 Givens
transformations are performed on the matrix Su, transforming the matrix
into lower triangular semiseparable form. In the following equations, all
the transformations performed on the matrix Su are fitted in the equation
S = ST

u Su to see what happens to the matrix S.

GT
n−1 · · ·GT

1 SG1 · · ·Gn−1 =
(
GT

n−1 · · ·GT
1 ST

u
)
(SuG1 · · ·Gn−1) = ST

l Sl

One more Givens transformation Gn is now applied, introducing a bulge in
the matrix Sl .

GT
n GT

n−1 · · ·GT
1 SG1 · · ·Gn−1Gn = GT

n ST
l SlGn

Taking Theorem 6 into account, there exist two orthogonal matrices U and
V, with Ve1 = e1, such that USlGnV is again a lower triangular semisepara-
ble matrix. This leads to the equation:

V T GT
n GT

n−1 · · ·GT
1 SG1 · · ·Gn−1GnV =V T GT

n ST
l UTUSlGnV.

The final step consists of swapping the lower triangular matrix USlGnV
back into upper triangular semiseparable form. This is accomplished by
applying n−1 more Givens rotations to the left of USlGnV. Thus, using the
notation Q2 = G1 · · ·Gn−1GnV we have

QT
2 ST

u SuQ2 = QT
2 SQ2 = S2
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with Q2 orthogonal and S2 a semiseparable matrix.
We observe that Q1e1 = Q2e1. This holds because the first n Givens

transformations are the same Givens transformations as performed in a QR–
step on S, and the fact that Ve1 = e1.

To prove that the orthogonal matrices Q1 and Q2 have the same columns
up to the sign, an implicit Q-theorem is needed.

We know that the semiseparable matrices S,S1 and S2 are invertible. Let
us denote their inverses as T,T1 and T2, which are three tridiagonal matrices.
Moreover, we know that the inverse of an invertible generator representable
semiseparable matrix, is an irreducible tridiagonal matrix (see [7, Remark
(g) p. 82] and a correction of this remark in [13, Theorem 2]). We have also
the following equations:

QT
1 T Q1 = T1

QT
2 T Q2 = T2.

And we know that Q1e1 = Q2e1. Therefore, we can apply Theorem 1 (im-
plicit Q-theorem for tridiagonal matrices) and because of Theorem 7 we
know that k in Theorem 1 for T1 = S−1

1 is either n− 1 or n. This means
that certainly the first n− 1 columns of Q1 and Q2 are the same up to the
sign, and because of orthogonality, also the last columns are the same up to
the sign. Remark that an implicit Q-theorem for semiseparable matrices is
available in the literature (see [1]). In this theorem no conditions of invert-
ibility have to be placed on the matrices S1 and S2.

Remark: Theoretically, it turns out that when using an exact shift κ, i.e.,
when κ is a singular value of the matrix Su, we can deflate this singular
value while retaining an unreducible upper triangular semiseparable matrix.
When the shift κ is not a singular value of Su, one step of our new method
results in an unreducible upper triangular semiseparable matrix. However,
in finite precision, depending on the gaps in the singular value distribution,
almost zero blocks will appear, allowing to split up the matrix into smaller
submatrices. This is done in Step 5.

10 Numerical experiments

A little more has to be said about the implementation. The complete paper
is written in terms of the generators u and v of the semiseparable matrix.
Although the representation of a semiseparable matrix in terms of its gen-
erators u and v is useful from a theoretical point of view, it is unstable when
applying the QR–algorithm. This is caused by the fact that our matrix con-
verges to a block diagonal matrix and the representation with generators
is not able to represent a block diagonal matrix. Therefore we choose to
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use another way to represent the semiseparable matrices, by means of a
sequence of Givens transformations and a vector. More information about
this representation can, e.g., be found in [18].

Another important issue, which we did not yet address, consists of the
computation of the singular vectors. The singular vectors can be calculated
in a similar way as described in [10, p. 448-460].

10.1 Approximating the singular values via the UTSS reduction

As mentioned in § 2, the proposed algorithm for reducing real matrices into
UTSS ones gives good approximations of the largest singular values after
few steps. In these first experiments we show that the proposed reduction
can be used as a rank–revealing factorization [3,4,15], too. In particular, it
is compared with the QLP–decomposition [15] in the next three examples.
In the pictures, the solid lines indicate the singular values and the dashed
lines indicate the absolute value of the entries in the main diagonal of LQLP
(left) and of the main diagonal in the UT SS matrix (right), obtained in step
1, respectively. Here LQLP denotes the lower triangular factor of the QLP
factorization [15].

Example 1 In this example we reconstruct the matrix considered in [15,
p. 1341]. A square matrix Â ∈ R100×100 is considered, whose first j = 50
singular values are{

σ̂i = 10−α(i−1)/( j−1), i = 1, . . . , j
σ̂i = 0 i = j+1, . . . ,100.

(14)

where α = 1.5. The matrix A is obtained perturbing Â,

A = Â+ σ̂ j10−β
Γ, (15)

where β = 2.5 and Γ ∈ R100×100, with random entries, chosen from a nor-
mal distribution with mean zero and variance one.

In fig. 2 the performance of the QLP-decomposition and the upper tri-
angular semiseparable approach (UTSS) are compared. It can be seen that
the curve of the approximation of the singular values given by the UTSS
approach tracks the singular values with remarkable fidelity. In Table 1 we
report the maxima of the absolute and relative errors of the approximations
of the first 50 singular values obtained by the two considered methods.

In the next two examples the matrices are constructed in a way similar to
the one considered in Example 1, with different values of j,α and β.
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Figure 2. QLP (left) and UTSS (right) methods compared. Top: log scale, bottom: real
scale

M maxi∈1,...,50 |σi−|diag(M(i, i))|| maxi∈1,...,50
|σi−|diag(M(i,i))||

σi

QLP 1.6006e−001 1.7175e−001
UTSS 1.2094e−06 3.3261e−05

Table 1. Absolute and relative errors of the singular value approximation by QLP and
UTSS

Example 2 In this second example the parameters j,α and β in (14) and
(15) are chosen equal to 2,0.5 and 2.0, with a clear gap between the sec-
ond and the third singular value (see fig. 3). Also in this case the UTSS
decomposition behaves better than QLP. As mentioned before, information
on the largest singular values can be gained after few steps of the UTSS
reduction. In Table 2 the two largest singular values of the matrix together
with the values |A(i)(k,k)|, k = 1,2, i = 1, . . . ,7, i.e., the absolute values of
the first two entries in the main diagonal of the matrix obtained after i steps
of the UTSS reduction. Moreover, the two first entries in the main diagonal
of the triangular factor LQLP of the QLP decompsition are reported. It can
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Figure 3. QLP (left) and UTSS (right) methods compared. (log scale)

be seen that after few steps of the UTSS reduction the two largest singular
values are accurately computed.

σ1 σ2
1.004007749617077e+00 3.171647946462712e−01

i |A(i)(1,1)| |A(i)(2,2)|
1 9.003431675028809e−01 6.923270811147938e−03
2 1.002984885934289e+00 2.858623233957385e−01
3 1.003997546826368e+00 3.171502340311552e−01
4 1.004007648011370e+00 3.171648133219319e−01
5 1.004007748605242e+00 3.171647949543492e−01
6 1.004007749607001e+00 3.171647946494437e−01
7 1.004007749616977e+00 3.171647946463032e−01
8 1.004007749617077e+00 3.171647946462718e−01

|LQLP(1,1)| |LQLP(2,2)|
9.871546358974473e−01 3.087229505180081e−01

Table 2. Approximation of the two largest singular values after i steps of the UTSS reduc-
tion

Example 3 In this third example the parameters j,α and β in (14) and (15)
are chosen equal to 3,1.5 and 4.0, There is a large gap between the third
and the fourth singular value (see fig. 4). In table 3 the three largest singu-
lar values of the matrix together with the values |A(i)(k,k)|, k = 1,2,3, i =
1, . . . ,8, i.e., the absolute values of the first three entries in the main diago-
nal of the matrix obtained after i steps of the UTSS reduction.



A QR–method for computing the singular values via semiseparable matrices 29

0 10 20 30 40 50 60 70 80 90 100
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

QLP

0 10 20 30 40 50 60 70 80 90 100
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

UTSS

Figure 4. Rank determination: low rank. QLP decomposition (left), UTSS decomposition
(right)

σ1 σ2 σ3
1.000004042684463e+00 1.778201642674659e−01 3.161972544018923e−02

i |A(i)(1,1)| |A(i)(2,2)| |A(i)(3,3)|
1 9.967626749215344e−01 1.035601411890967e−03 2.608369559115160e−04
2 1.000000999222685e+00 1.718996786146044e−01 5.201067496428890e−04
3 1.000004039641782e+00 1.778139224768302e−01 3.161900862253057e−02
4 1.000004042681421e+00 1.778201580266497e−01 3.161972655001837e−02
5 1.000004042684460e+00 1.778201642612264e−01 3.161972544129883e−02
6 1.000004042684463e+00 1.778201642674597e−01 3.161972544019034e−02
7 1.000004042684463e+00 1.778201642674659e−01 3.161972544018923e−02

|LQLP(1,1)| |LQLP(2,2)| |LQLP(3,3)|
9.968820908796829e−01 1.782046218248874e−01 3.164898941938965e−02

Table 3. Approximation of the three largest singular values after i steps of the UTSS re-
duction

10.2 Accuracy and efficiency of the implicit QR–method

Numerical tests are performed comparing the behavior of the classical and
the proposed algorithm for computing the singular values of several ma-
trices. Special attention is paid to the accuracy of both the algorithms for
different sets of the singular values and to the number of QR–steps needed
to compute all the singular values of the matrices. The first figure shows a
comparison in number of implicit QR–iterations performed. It shows that
the semiseparable approach needs less steps in order to find the singular val-
ues but one should not forget that a semiseparable implicit QR–step costs a
little more than a corresponding step on the bidiagonal.

Figure 6 and Figure 7 show comparisons in accuracy of the two ap-
proaches. In the first figure the singular values were chosen equal spaced,
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Figure 5. Number of implicit QR–steps

in the second approach the singular values ranged from 1 to n. Both figures
show that the two approaches are equally accurate.

11 Conclusion and future work.

In this paper a new iterative method to compute the singular values of a
real matrix is presented. The matrix is first reduced into an upper triangu-
lar semiseparable one by means of orthogonal transformations. We have
proved that the latter reduction can be considered as a kind of nested sub-
space iteration, where the size of the subspace is increased by one dimen-
sion at each step of the reduction. As a consequence the largest singular
values, are already computed with high precision after few steps of the al-
gorithm. Hence this algorithm can be used for solving problems where only
the knowledge of the largest singular values, and the corresponding vectors,
is needed [11,22,23,28,29]. Once the upper triangular semiseparable ma-
trix has been transformed to unreducible form, its singular values can be
computed reapplying the proposed algorithm to the semiseparable matrix
in an iterative fashion (in this case the sequence of the generated semisep-
arable matrices converges to a block-diagonal matrix with upper triangular
semiseparable blocks, where the singular values of each block are equal).

Future work will be concerned with a detailed study on an accurate cri-
terion of splitting the semiseparable matrix generated by the algorithm into
a block diagonal matrix, whose blocks are upper triangular semiseparable
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Figure 6. Equal spaced singular values in (0,1]

matrices, i.e. a criterion that allows to divide when a nondiagonal block of
the matrix can be considered “negligible”.
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