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Abstract 

Since an exact calculation of the aggregate claims distribution and of 
associated functions, such as stop-loss premium, is very time consuming, 
actuaries often prefer to use approximative methods. An important class 
of approximations are the collective approximations, which result from 
replacing the original individual risk model by a new collective model 
for which the distribution of total claims can easily be obtained, e.g. 
by Panjer's recursion formula. 
This paper derives explicit lower and upper bounds for the error in the 
net stop-loss premiums resulting form certain collective methods, such 
as compound Poisson approximations and the natural approximation. In 
particular, Gerber's upper bound for the stop-loss error in the 
classical compound Poisson approximation is improved. 
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1. Introduction 

Let S be a random variable with finite mean representing the aggregate 
claims of a portfolio. Consider for this portfolio a stop-loss contract 
with a retention limit of t. This arrangement provides for a payment of 
(S-t)+ which equals S-t if S > t and 0 if S ~ t. The corresponding net 
stop-loss premium ~(S,t) is the mean of (S-t)+ 

~(S,t) = E[(S-t)+] ( 1) 

Inequalities will be derived for the difference between the net stop
loss premiums resulting from the individual model and a collective 
approximation. First some lemmas are given that will be useful in the 
proof of our main result. 

2. Basic stop-loss inequalities 

The following lemmas show some basic inequalities for stop-loss 
premiums. They are inspired by the pioneer work of BUhlmann et al. 
(1977). See also the textbooks of Gerber (1980, section 7.3) and Sundt 
(1984, section 9.3). 

Lemma 1. Let X and Y be random variables and assume that there exist 
constants a en b such that for all t 

a ~ ~(X,t) - ~(Y,t) ~ b ( 2) 

If Z is a random variable independent of X andY, then it follows that 
for all t 

a ~ ~(X+Z,t) - ~(Y+Z,t) ~ b 

Proof. Taking the conditional expectation on Z yields 

~(X+Z,t) - ~(Y+Z,t) E[E[(X+Z-t)+IZ]] - E[E[(Y+Z-t)+IZJ] 

E[E((X-(t-Z))+IZ]] - E[E[(Y+(t-Z))+IZJ] 

Now, (3) follows immediately from (2). 

( 3) 

Q.E.D. 

Lemma 2. Let X1, X2, ... , Xk and Y1, Y2, ... , Yk be independent random 
variables satisfying for all t 

2 

i 1,2 •... 'k. (4) 

Then, one has for all t 

k 
l a.:~.. 

i=1 

k k k 
~ ~( l X.:~..,t) - ~( l Y.:~..,t) ~ l b.:~.. 

i=1 i=1 i=1 
( 5) 
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Proof. It is enough to prove (5) fork 
induction. 

2, the general case follows by 

Application of lemma 1 gives 

and 

Now, take the sum to get the desired inequality. 

Q.E.D. 

Lemma 3. Let X1, X2, ... , Xk be independent and identically distributed 
positive random variables. 
Then, the following inequalities hold for all t 

k 
kTI(X1,t) - (k-1)(-t)+ ~ TI( k X~,t) ~ (k-1)E(X1) + TI(X1,t) 

i=1 
( 6) 

Proof. It is easy to verify that for arbitrary t and positive x andy 
the following inequalities hold 

(x-t)+ + y ~ (x+y-t)+ ~ (x-t)+ + (y-t)+ - (-t)+ 

Hence 

k k k 
(X1-t)+ + I x~ ~ 

i=2 
I x~-t)+ ~ (X1-t)+ + 

i=1 
k x~-t)+ - <-t)+ 

i=2 

so that 

k 
I (X~-t)+- (k-1)(-t)+ ~ 

i=1 

2 
~ I (X~-t)+ + 
i=l 

k 

k 
I x~-t)+ - 2(-t)+ 

i=3 

~ k (X~-t)+- (k-1)(-t)+ 
i=1 

k k 
k x~-t)+ ~ k x~ + (X1-t)+ 

i=1 i=2 

Taking expectations leads to the asserted inequality (6). 
Q.E.D. 



Remark that for positive risks only stop-loss premiums with a non
negative retention t are of real interest. It follows that for 
t ~ 0,(6) reduces to 

k 
k~(X~,t) ~ ~( k Xi,t) ~ (k-1)E(X~) + ~(X~,t) 

i=1 

3. Individual model versus collective approximation 

( 7) 

Consider a portfolio containing n mutually independent risks labelled 
from 1 ton. Let I~, I2, ... I= be Bernoulli variables, where Ii equals 
1 if risk i leads to a claim and 0 otherwise. Set 

Pr(Ii=O) = Pi and Pr(Ii=1) = qi with Pi + qi = 1. ( 8) 

The possibility of two or more claims by the same risk within a given 
period is thus excluded. In case risk i leads to a claim, that is 
Ii = 1, let Vi denote the size of the claim, Fi the cumulative 
distribution function (cdf) of Vi, and set E(Vi) = ~i· As usual, only 
positive claims are considered, i.e. Fi(O) = 0. 
Then 

denotes the claim amount produced by risk i, with mean E(Xi) 
with cdf 

where I(x) = 0 for x < 0 and 1 for x ~ 0. 

In this individual model the aggregate claims of the portfolio is 

( 9) 

(10) 

(11) 
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Now assume that a collective model is assigned to the individual model 
in the following way. Each Xi is replaced by a compound random variable 

(12) 

with the convention that Y1=0 if Ki=O. 

In (12) Ki denotes the number of claims produced by risk i and Z1<J> is 
the size of claim number j. For each risk i, it is assumed that the 
Z1<J>are independent, identically distributed and independent of K1 . 

The aggregate claims in the collective model is then given by 

+ Yn. (13) 

For further reference, let the distribution of the counting variable Ki 
be given by 

fdk) (14) 



and set fi(O) = fi for notational convenience. The mean number of 
claims of risk i in the collective model is then 

00 

E(Ki) ~ kfi(k) 
k=1 

(15) 

Now, a theorem is given which allows an assessment of the error in the 
stop-loss premium resulting from the approximation by the collective 
model presented in (12) and (13). In the theorem it is assumed that for 
each risk i, the zicj> have the same cdf Fi as Vi for j = 1, 2, .... 
This means that the claim size distribution of risk i is supposed to be 
the same in the two models. Further, the following notation is used 
(a)_= min(a,O). 

Theorem. Under the assumption that for each risk i, the zicj> have the 
same distribution as Vi, the following inequalities hold for all t 

n n 
~ ~i(mi-qi)- ~ TI(Sco~~,t)_ TI(Sind,t) ~ ~ ~i[mi+fi-1+(pi-fi)+) (16) 

i=1 i=1 

Proof. According to lemma 2, it is sufficient to consider the special 
case n = 1, so that the index i can be dropped in the remainder of the 
proof. 

Suppose that X IV is replaced by Y 
K 
~ zcj> and consider 

j=1 

TI(Sco~~,t) - TI(Sind,t) = TI(Y,t) - TI(X,t) 

Since only positive claims c~n occur, one gets immediately that for t~O 
~ 

TI(Y,t) - TI(X,t) = E[(Y-t)+) - E[(X-t)+) = E(Y) - E(X) = ~(m-q) 

and it is easely seen that (16) is satisfied. 

The case of interest is t > 0. By taking conditional expectations one 
has 

TI(Y,t) - TI(X,t) 
K 

E[E[( ~ zcj>-t)+IKJ) - E[E[(IV-t)+IIJ) 
j=1 

00 k 
L f(k)TI( L zcj>,t) - qTI(V,t) 

k=1 j=1 
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From (7) it follows that for any t > 0 

00 

Z f(k)k~(z<~>,t) - q~(V,t) ~ ~(Y,t) - ~(X,t) 

k=l 
00 
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~ Z f(k)[(k-l)E(Z<~>) + ~(z<~>,t)) - q~(V,t) 

k=l 

Now, use the assumption that the z<j> have the same distribution as V. 
This leads to 

(m-q)~(V,t) ~ ~(Y,t) - ~(X,t) ~ (m+f-1)~ + (p-f)~(V,t) 

Since 0 ~ ~(V,t) ~ ~. this implies that 

~(m-q)_ ~ ~(Y,t) - ~(X,t) ~ ~[m+f-1+(p-f)+) 

which proves the theorem. 
Q.E.D. 

Under the assumption of the theorem, a trivial chaise for the 
distribution of K~ is : f~ = p~. f~(1) = q~ and f~(k) = 0 for k ~ 2; 
which implies m~ = q~. In this case the collective model coincides with 
the individual model and both bounds in (16) become equal to zero. 

Further note that if m~ ~ q~ for i=l,2, ... ,n, then the collective 
approximation considered in the theorem is always on the safe side, in 
the sense that ~csco~~.t) ~ ~ (S~nct,t) for all t. 

In the following two sections some special kinds of collective 
approximations will be considered in detail. 

4. Compound Poisson approximations 

Assume that for each risk i, the z~<j> have as cdf F~ and that K~ has a 
Poisson distribution, say with parameter Ai. This means that 

for k 1,2, ... ( 17) 
k! 

and that 

(18) 

Then the distribution of sco~~. as a convolution of n compound Poisson 
distributions, is again compound Poisson, with Poisson parameter 

n 
A = Z A~ ( 19) 

i=l 



and claim size distribution 

P(x) 
1 n 

I A;~.F :1. (X) 
A i=1 

Denoting sco~~ by scP, the error bounds (16) can be written in the 
following way. For all t, one has 

n 
I ~;~.(~-q;~.)_ ~ ~(scP,t) - ~(S 1=d,t) ~ 

n -A;~. -A;~. 
I ~:1.[e -1+A;~.+(p;~.-e )+] 

i=1 i=1 

(20) 

(21) 

Now, these bounds will be further examined for some chaises of A:L used 
in the literature. 

Case 1. The most common assumption is 

i = 1,2, ... ,n (22) 

This means that the Poisson parameter is chosen such that the expected 
number of claims is the same in the two models. In this case one gets 
for all t 

n -q;~. 

0 ~ ~(ScP,t) - ~(S:Lnd,t) ~ I ~de -l+q;~.) (23) 
i=1 

or 

1 n 2 
0 ~ ~(ScP,t) - ~(S:Lnd,t) ~ --.I ~;Lq;L 

2 l.=1 
(24) 

The lower bound is given in BUhlmann et al. (1977). The upper bound was 
derived by Gerber (1984) in the special case of deterministic claim 
amounts. For the general case of stochastic claim amounts he proved 

n 
that I ~;~.q;~. 2 is an upper bound, but believed that his result could be 

i=1 
improved. This is indeed the case, as shown here. 

Case 2. An alternative is to put 

i 1,2, ... ,n (25) 

Under this assumption the probability for no claims is the same in the 
two models. Since A;~. > q;~., one has for all t 

n 
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0 ~ ~(ScP,t) - ~(S:Lnd,t) ~ - L ~;~.(q;~.+lnp;~.) 
i=1 

(26) 



Case 3. As noticed by Hipp (1986) the first order approximation for the 
aggregate claims distribution suggested by Kornya (1983) can also be 
seen as a compound Poisson distribution. In order to obtain Kornya's 
first order approximation one has to take as Poisson parameter 

q.i. 
i 1 ,2, ... ,n 

Since p.1. ~ e one has for all t 

n 
0 ~ TI(ScP,t) - TI(S.i.nd,t) ~ k ~.i.q.i. 2 /p.i. 

A natural question is 
stop-loss premiums ? 
precisely at (21). 

i=1 

Which choise of A.1. is preferable to compute 
To answer this, one has to look somewhat more 

The magnitude of the error bounds for different values of Ai- is 
illustrated in Figure 1, -~ -k 

(27) 

(28) 

where fd A.i.) = ( Ai--q.i.)_ and fu( Ai-) = e -l+A.i.+(p.i.-e ).._ are shown as 
a function of A-1.. The slope of the curves is indicated by s. 

Fig. 1. Illustration of the error bounds for compound 
Poisson approximations ; s denotes the slope. 

This figure gives also an idea of the difference between the upper and 
the lower bound, which is equal to 

n - Ai- - A.i. 
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k ~.1.[e -1+4+(p.1.-e )+ -(A.i.-q.i.)-] (29) 
i=l 



It is easely seen that this expression is minimized for Ai = qi, i = 1, 
2, ... ,n. The chaise Ai = qi is also optimal in the following way. If 
one requires that TI(ScP,t) ~ TI(Si=d,t), then Ai = qi leads to the lowest 
upper bound. 

5. The natural approximation 

In the natural approximation, suggested by Sundt (1985), (11) is 
replaced by a sum 

s=•t = Y1 + Yz + ... + Yn (30) 

of n independent and identically distributed random variables Yi, with a 
common cdf G(x) defined as the "average" of the cdf of the Xi 

G(x) 
1 n 

:S Gi(X) 
n i=1 

1 n 1 
:S pii(x) + 

n i=1 n 

Remark that the Yi can be written in the form 
Bernoulli variables with common distribution 

1 n 1 n 
fi .:S Pi = p and fi(1) = :s qi 

1.=1 i=1 n n 

and where the Zi<j> have a common cdf given by 

n n 
F(x) :S qiFdx)/ :S q.i. 

i=1 i=1 

with mean 

n 
E(Z.i.<j>) :S q.i.~.i. 

i=1 

(31) 

(12), where the Ki are 

q (32) 

(33) 

( 34) 

The distribution of s=•t is a convolution of n identical compound 
Bernoulli distributions and is thus a compound binomial distribution. 

Now, bounds will be derived for the error in the stop-loss premium 
resulting form the approximation of s.i.=d by s=at. In the theorem the 
assumption was made that for each risk i, the Zi<J> have the same 
distribution as V.i.. In general this is not the case in the natural 
approximation so that it is not possible to apply (16) directly ; cfr. 
the special case at the end of this section. Nevertheless error bounds 
can be obtained by the following reasoning. 
Consider s=at as the aggregate claims of an individual model consisting 
of n independent and identically distributed risks with claim 
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probability q and conditional claim size distribution F(x), given that a 
claim occurs. A collective model is assigned to this model by replacing 

each risk by a compound Poisson variable with parameter q and claim size 
distribution F(x). Denote the aggregate claims resulting from this 

approximation of snat by scP, then scP is a compound Poisson variable 
with Poisson parameter 



nq ( 35) 

and claim amount distribution 

P(x) = F(x) (36) 

From (23) the following error bounds are obtained 

(37) 

On the other hand one has, again according to (23), the following bounds 
for the best compound Poisson approximation scP of Sind 

n 
0 S TI(ScP,t) - TI(Sind,t) S I ~L(e-qL_pi) 

i=1 
(38) 

Taking into account (33) and (34) it is easily seen, by comparing (35) 

and (36) with (19) and (20) where Ai = qi, that scP and scp have the 
same distribution, so that 

Now, it follows from (37), (38) and (39) that for all t 

n 
- n~(e-q-p) s TI(Snat,t) - TI(Sind,t) s I ~i(e-q1 -pi) 

i=1 

(39) 

(40) 

Note that the stop-loss premiums resulting form the natural approxima
tion can be lower than the exact ones. An example is given in Sundt 
(1985). 

Remark also that 

(41) 

which shows that the natural approximation always leads to stop-loss 
premiums which are lower than or equal to those found from the best 
compound Poisson approximation. 
Finally, it will be shown that in the special case of a quasi 
homogeneous portfolio alternative error bounds for TI(Sn•t,t) can be 
obtained by a direct application of the theorem. 
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Special case. Consider a quasi homogeneous portfolio consisting of n 
risks with different claim probabilities qi, but the same claim size 
distribution. Thus all the Vi are identically distributed with the same 
mean~· In this case the zi<j> and the Vi have the same cdf F(x), so 
that the conditions of the theorem are satisfied. 
Application of (16) gives immediately 

n n 
~ I (q-qi)- S TI(Snat,t) - TI(Sind,t) S ~ I (q-qi)+ (42) 

i=1 i=l 



Remark that if the q~ are close to q, the bounds in (42) are sharper 
than those obtained from (40). A comparison of both inequalities shows 
however that this result does not hold in general. 
In the particular case of a completely homogeneous portfolio, in which 
also the q~ are independent of i, both bounds in (42) reduce to zero, as 
it should be, whereas this is not the case in (40). This is due to the 
fact that these bounds were obtained via compound Poisson 
approximations, which are never exact. 
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