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ABSTRACT 

In this paper we define the resource investment problem (RIP) as the project 

scheduling problem in which each activity can be performed in one mode of 

operation, requiring resources from several types during its entire duration, in which a 

discrete, non-decreasing cost function of the resource availability is defined for every 

resource type and where the maximal project length is restricted. The objective of the 

RIP is then to minimize the sum of the investment costs for the different resource 

types while satisfying all constraints. Various assumptions can be made about the 

precedence relations, about the ready times or due dates of the activities and about the 

possibility to preempt activities. An efficient solution procedure is constructed that 

optimally solves moderate instances of the RIP under the various alternative 

assumptions. Extensive computational experience is reported. 

(PROJECT MANAGEMENT : RESOURCE CONSTRAINTS - RESOURCE INVESTMENT; 

PROGRAMMING: BRANCH-AND-BOUND; NETWORKS/GRAPHS: APPLICATIONS) 
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1 Literature review 

In his survey paper on project scheduling under resource constraints Davis [1] makes 

a distinction between resource-constrained and resource leveling problems. In 

resource-constrained problems resource availability is assumed to be limited and 

the objective is to minimize the project length without violating any of the precedence 

or resource constraints. In his doctoral dissertation Demeulemeester [3] distinguishes 

three different types of resource-constrained problems for which efficient optimal 

procedures can be developed : the resource-constrained project scheduling problem 

(RCPSP), the generalized resource-constrained project scheduling problem 

(GRCPSP) and the preemptive resource-constrained project scheduling problem 

(PRCPSP). The classical resource-constrained project scheduling problem (RCPSP) 

deals with a project consisting of several activities which are connected by finish-start 

precedence relations with a time lag of 0 (implying that no activity can be started 

before all its predecessors have been completed). Each activity can be performed in 

one mode only, thus having a constant duration and requiring a constant amount of 

resource units of one or more renewable resourc~ types over its duration. No activity 

can be preempted and the objective is to complete the project as soon as possible 

without exceeding the constant resource availabilities. The RCPSP has been heavily 

researched and many different solution procedures have appeared in the open 

literature. In order to compare the efficiency of these procedures, Patterson gathered 

110 multi-resource problems from the literature. References for these problems can 

be found in Patterson [8]. This problem set has generally been accepted as the 

standard problem set for the RCPSP and in the sequel of this paper it will be referred 

to as the Patterson problem set. The currently most efficient solution procedure for 

the RCPSP is described in Demeulemeester and Herroelen [ 4] and in 

Demeulemeester [3]. 

In the generalized resource-constrained project scheduling problem (GRCPSP) three 

assumptions of the RCPSP are relaxed. First, precedence diagramming is introduced : 

instead of finish-start precedence relations with a time lag of 0, four different types of 

precedence relations are defined (start-stan, start-finish, finish-start and finish-finish 

with arbitrary time lags on condition that no successor is allowed to start before one 

of its predecessors). Secondly, ready times and due dates can be specified for each of 

the activities in the project. Finally, the resource availability is assumed to be variable 

over the project horizon. A description of an efficient solution procedure for the 

GRCPSP can be found in Demeulemeester and Herroelen [5] . and in 

Demeulemeester [3]. 
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The preemptive resource-constrained project scheduling problem (PRCPSP) allows 

activities to be preempted (they can be interrupted at any integer time instant and 

restarted later on for their remaining duration). In addition, ready times and due dates 

may be specified for the different activities as well as resource availabilities that are 

varying over time. A description of 'an efficient solution procedure for the PRCPSP 

can be found in Demeulemeester and Herroelen [6] and in Demeulemeester [3]. 

Davis defines resource leveling prob1ems as problems where resource availability is 

assumed to be unlimited, but where a maximal project length (typically the critical 

path length) is imposed. The objective is then to schedule all activities such that 

resource usage is as level as possible over time. There is some ambiguity in what is to 

be understood by a leveled schedule. A traditional objective function for this problem 

statement consists of minimizing the sum of squares of the resource usage during 

each time period. It appears that the leveling problem has not been studied as 

extensively as the RCPSP. The best known procedure for the resource leveling 

problem is the heuristic of Burgess and KilleJ:?rew [2]. They suggest a method of 

comparing alternative schedules, which are obtained by sequentially moving slack 

activities over time and computing the resulting resource profile as well as the 

corresponding sum of squares of the resource usage. 

2 Problem definition 

In this paper we focus our attention on what appears to be a more natural problem 

setting, which will be termed the resource investment problem (RIP). The logic 

behind the problem is that before a project is scheduled resources have to be acquired 

or assigned to it. Defining a discrete, non-decreasing cost function for every resource 

type, the objective of the resource investment problem is to minimize the resource 

investment (acquirement) cost while scheduling the project within a specified 

maximal project length. 

To the best of our knowledge, there is only one paper in the literature that deals with 

this problem type. Mohring [7] defines the problem of scarce time, which is stated 

as follows : Given a time limit for the project duration, what are the least costs for 

required resources, if resources are assumed to be available in unlimited amounts at 

cost k(Ci) for Ci units of resource type i. His solution method is based on a solution 

approach which was presented by Radermacher [9] for the RCPSP. The approach of 
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Mohring considers "feasible" partial orders for the RIP. These are partial orders 

which extend the precedence relations and respect the given time limit on the project 

length. He then shows that the optimum resource investment cost for all possible 

resource requirements is determined by a subset of all feasible partial orders. 

Subsequently, he even characterizes all smallest sets that have this property (the so

called minimal dominating systems). The solution method is then based on graph 

theoretical algorithms for comparability graph and interval graph recognition and 

orientation. Mohring [7] reports computational experience on a small bridge 

construction project, consisting of 16 (non-dummy) activities and 4 resource types. 

For each resource type a unit resource investment cost is defined which is either 

cheap (ki = 1) or expensive (ki = 3). Based on this dichotomy between cheap and 

expensive resource types, 15 different cost constellations are defined for this project 

(the cost constellation 3/3/3/3 is similar to the cost constellation 1/1/1/1 except for a 

factor of 3). The critical path in the bridge construction project had a length of 47 

time units and the project could be completed in 70 time units if the availability for 

each resource type amounted to 1. Therefore the time limit on the project length was 

varied between 47 and 70. The average comp~tation times (in CPU seconds on a 

CYBER 175) for each cost constellation over all time limits on the project length are 

presented in Table I. 

Insert Table I 

In the next section the general solution methodology for the RIP will be described, 

while Section 4 will deal with the search strategy that is proposed. In that section we 

will also present a numerical example to clarify the advocated solution procedure. In 

Section 5 extensive computational experience will be presented for the RIP under 

various assumptions concerning precedence relations, ready times, due dates and the 

possibility to preempt activities. Conclusions will then be drawn in Section 6. 

3 Solution methodology 

In previous research Demeulemeester and Herroelen [4, 5, 6] and Demeulemeester 

[3] have dealt with optimisation problems for the RCPSP, the GRCPSP and the 

PRCPSP. In order to solve these optimisation problems one had to answer the 

following question : Given the project data and the resource availabilities, what is the 
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shortest project length that can be obtained such that no precedence or resource 

constraints are violated ? For the three problem types efficient solution procedures 

were developed, based on the use of depth-first branch-and-bound algorithms. A 

typical characteristic of the methodology used is that the search procedure is started 

with a high value (infinity) for the upper bound on the objective value. The search 

space is then restricted to all solutions that have an objective value that is lower than 

the current upper bound. Each time a feasible solution is found (with an objective 

value that is necessarily smaller than the current upper bound), the upper bound is 

immediately updated to the value of the objective function for this solution. The 

search is then continued with a more restricted search space, containing all solutions 

with a project length that is at least one time unit smaller than the current upper 

bound, until all possible solutions have been considered, either explicitly or 

implicitly. Thus, the upper bound directly determines the magnitude of the search 

space. 

If efficient optimal solution procedures can be derived for the RCPSP, the GRCPSP 

and the PRCPSP, it should also be possible to ~uild efficient procedures for solving 

the corresponding recognition or decision problem. In a recognition or decision 

problem the question is asked : Given the project data and the resource availabilities, 

does there exist a solution with a project length that does not exceed the maximal 

project length and for which none of the precedence or resource constraints is 

violated ? In order to find a yes/no answer to this question, one can make use of the 

upper bound to restrict the search space. Initialising the "upper bound" to a value that 

is one unit above the maximal project length (the "upper bound" is no longer a real 

upper bound in the traditional sense of the word as it does not necessarily correspond 

with the length of a feasible schedule), we restrict the search space to that set of all 

feasible solutions for which the project length is not smaller than or equal to this 

maximal project length. As soon as one feasible solution is found during the search 

process, the decision problem can be answered positively. However, if no feasible 

solution can be found in the search space, the answer is negative. 

It should be clear that a depth-first branch-and-bound algorithm is preferred over a 

best-first procedure in order to solve a recognition or decision problem. Indeed, if 

feasible solutions exist for a certain decision problem, a depth-first procedure will 

generally find one during the initial stage of the search process, while a best-first 

procedure would only find the optimal solution by the end of the search process. If, 

however, no feasible solution exists, both a depth-first and a best-first branch-and

bound algorithm will consider the same set of solutions. 
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In the resource investment problem a maximal project length is specified and the 

objective is to determine the cheapest resource investment for which a feasible 

solution exists that does not violate this maximal project length. Our solution 

approach to the RIP will consist of iteratively solving decision problems with 

different resource availabilities. However, in order to find the optimal solution to the 

resource investment problem,- the order in which the various decision problems are 

solved is very important and therefore the next section will focus on the search 

strategy. 

4 Search strate2y 

4.1 General strategy 

Basically two strategies exist for determining the cheapest resource investment for the 

project. The maximum bounding strategy starts with ample resource units of each 

type and reduces the resource availability wheneyer a solution is found that schedules 

the project within the allowed project duration. The advantage of this solution 

strategy is the fact that a feasible solution is obtained almost immediately, and can be 

improved very quickly. The procedure, however, has a s,erious disadvantage : as soon 

as it is no longer possible to reduce the resource availability any further, there is no 

guarantee that the solution that was found is optimal. Therefore a laborious search 

would have to be started in order to verify the optimality of this solution or eventually 

find an improved solution. For that reason a minimum bounding strategy is 

advocated. This strategy will be described very generally in the next paragraph and 

more in depth in Section 4.3. Two examples (one graphical in Section 4.2 and one 

numerical in Section 4.4) are used to clarify this search strategy. 

The minimum bounding strategy starts by determining the minimum resource 

availabilities needed for the different resource types. These are derived from the 

optimal solution of resource-constrained project scheduling problems either with a 

single resource type or with two resource types (for all other resource types the 

availability is assumed to be infinite). Based on the solutions to these problems so

called efficient points are defined, which delimit the solution space of all possible 

combinations of resource availabilities that are not eliminated by solving the 

resource-constrained project scheduling problems with one or two resource types. All 

other points in the solution space have a higher resource availability (i.e. the resource 

availability for at least one resource type is higher, while no other resource 
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availability is lower) than one of these efficient points. One then tries to solve the 

resource-constrained project scheduling problem that corresponds with the cheapest 

efficient point (which also is the cheapest point of the entire solution space as no 

point in the solution space has a resource investment cost that is smaller than the cost 

of the cheapest efficient point). If no feasible solution can be found with these 

resource availabilities, this efficient point is cut from the solution space, new efficient 

points are defined for which the resource availability for one resource type is one unit 

higher and the search is continued by trying to solve the resource-constrained project 

scheduling problem that corresponds with the currently cheapest efficient point. This 

process is then repeated until a feasible solution is found for the first time (the project 

is scheduled within the allowed time horizon and no resource availabilities are 

violated at any time during the project duration). The resource availabilities that 

correspond with the efficient point for which the first feasible solution was found 

constitute the optimal solution to the RIP for the problem at hand. 

4.2 Graphical example 

In order to clarify the minimum bounding strategy a simple example will be used 

with two resource types and a specified maximal project length. The assumption will 

be made that the resource investment cost is given by the following non-decreasing 

function of the resource availabilities : RIC (a1, a2) = a1 + 3 * a2, where a1 and a2 
denote the availabilities of resource types 1 and 2, respectively. Initially the solution 

space corresponds to the quadrant that is lying above the araxis and to the right of 

the a2-axis (see Figure 1). The solution space can be narrowed by calculating the 

maximal resource requirement over all activities for any resource type. Assuming that 

at most two units of both resource types are required, two new boundaries of the 

solution space are introduced : line A indicates that every point in the solution space 

should have a resource availability of at least two units for the first resource type, 

while line B signifies that at least two units of the second resource type are required. 

It is possible to strengthen these boundaries by solving project scheduling problems 

with a single resource type : assuming that no feasible project schedule can be found 

with a length that is smaller than or equal to the maximal project length when two 

units are available of the first resource type and assuming that such a feasible 

schedule can be found when three units are available of the first resource type, we can 

introduce boundary C. Assuming that a feasible schedule can be found when two 

units of the second resource type are available, no new boundary is introduced. This 

is where the notion of an efficient point comes in : the solution space, lying to the 

right of line C and above line B, can also be characterized by one point, namely point 
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a with coordinates (3, 2) and a resource investment cost of 9. All other points in the 

solution space have a higher resource availability than this efficient point. By 

definition of an efficient point, there will always be an efficient point that is lying on 

the highest isocostcurve (a curve that is connecting all points with an equal cost) that 

is tangent to the solution space : in Figure 1 point a is lying on isocostcurve D which 

connects all combinations of resoume availabilities with a total resource investment 

cost of 9. Now the branch-and-bound solution procedure for the appropriate resource

constrained project scheduling decision problem (based on the procedures described 

in Demeulemeester and Herroelen [ 4, 5 or 6]) is called iteratively for the cheapest 

efficient point until a feasible schedule is found, which then yields the optimal 

solution to the resource investment problem. Assuming that no feasible solution can 

be found for point a, this point is cut from the solution space and two new efficient 

points are defined : point b with coordinates (4, 2) and a resource investment cost of 

10 and point c with coordinates (3, 3) and a cost of 12. Now the resource-constrained 

project scheduling procedure is called for point b : if no feasible schedule exists for 

this point (which we assume for the sake of simplicity), point b is cut from the 

solution space and two new efficient points are introduced, namely point d with 

coordinates (5, 2) and a cost of 11 and point e with coordinates (4, 3) and a cost of 

13. The alert reader will have noticed that point e does not conform to the traditional 

definition of an efficient point as it has a higher resource availability than point c, 

which still is an efficient point. However, for ease of construction we will allow 

efficient points to have a higher resource availability than other efficient points. The 

next efficient point to be considered is point d : if no feasible schedule can be found 

for this point (which is what we assume again), it can be cut from the solution space. 

Two new efficient points are introduced : point f with coordinates (6, 2) and a cost of 

12 and point g with coordinates (5, 3) and a cost of 14. The highest isocostcurve that 

is tangent to the solution space is now line E (with a total resource investment cost of 

12) and two efficient points are lying on this curve, point c and point f. Arbitrarily 

choosing point c first and assuming that a feasible schedule can be found for this 

point, the search can be concluded with an optimal solution which has a resource 

investment cost of 12 units. 

Insert Figure 1 

In the sequel of this section the solution strategy will be described in algorithmic form 

and will subsequently be illustrated on a problem with three resource types. 
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4.3 Solution procedure 

The solution procedure calls on a number of procedures which are described below 

(these procedures are underlined whenever they appear in the formal description of 

the solution procedure) : 

a) reps .Q : This procedure calls the branch-and-bound solution procedure for the 

appropriate resource-constrained project scheduling decision problem with the 

upper bound on the project length being initialised to one time unit above the 

allowed project length. This procedure returns a value of 1 as soon as it finds a 

feasible solution (i.e., the project can be scheduled within the allowed time 

horizon) and a value of 0 if no feasible solution is found. 

b) update PESt : The partial efficient set PESk for every resource type k different 

from 1 is a set of tuples, consisting of two elements : each tuple specifies the 

minimum number of resource units of resource type k (second element) needed 

when only x units are available of the first r~source type (where x is found as the 

first element). The procedure "update PESk" consists of two separate tasks : first, 

one detects if there already exists a tuple in PESk for which the first element has 

the same value as a 1. If this is the case, the second element in that tuple is 

replaced with the value of ak. Otherwise, a new tuple is added to PESk with a1 as 

the value of the first element and ak as the value of the second element. Secondly, 

if in the set of efficient points EP no element with a value of a 1 exists, such an 

element is added. 

c) determine 1!.!;; : Look for that tuple in the partial efficient set PESk for which the 

first element is the largest that is not larger than a 1 and assign the value of the 

second element in that tuple to ak-

d) add element to ES : The efficient set ES is a list of tuples consisting of two 

elements : the first element specifies the resource availabilities that correspond to 

an efficient point, while the second element constitutes the added cost of 

acquiring the resource availabilities, specified in the first element (a discrete, non

decreasing resource investment cost function is assumed to exist for each resource 

type). During the whole solution procedure the set remains ordered on the basis of 

non-decreasing cost. Adding an element to ES now signifies that if no equivalent 

element already belongs to ES, this element is inserted into the list in the correct 

place. However, nothing happens if an equivalent element already exists in ES. 
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e) restore availabilities : To restore the availabilities means that the values of ak for 

each resource type k are given the values of the first element in the currently used 

tuple of the efficient set ES. 

The basic procedures being defined,' the five steps of the solution procedure for the 

RIP can be formally described in pseudocode as follows : 

1) FOR EACH resource type k = 1, .. ,m 

bk = maxi=l, .. ,n {rikl; 

2) FOR EACH resource type k = 1 , .. ,m { 

sol= 0; 

FOR EACH resource type j = 1, .. ,m 

aj = INFINITY; 

WHILE sol equals 0 { 

ak = bk; 

sol = reps .Q; 

IF sol equals 0 

bk = bk + 1; 

3) EP is empty; 

FOR EACH resource type k = 2, .. ,m { 

PESk is empty; 

FOR EACH resource type j = 2, .. ,m 

aj =INFINITY; 

al = bl; 

ak = bk; 

sol= 0; 

WHILE sol equals 0 { 

sol = reps .Q; 

IF sol equals 0 

update PESk; 

ak = ak- 1; 

ak = ak + 1; 



a1 =a1 +1; 

WHILE ak >= bk { 

4) ES is empty; 

IF reps .0. equals 1 { 

update PESk; 

ak = ak- 1; 

ELSE 

FOR EACH element in EP { 

a1 =the value of that element; 

FOR EACH resource type k = 2, .. ,m 

determine i:!_K; 

add element toES; 

5) FOR EACH element in ES (in order) { 

restore availabilities; 

IF reps .0. equals 1 

STOP with optimal solution; 

ELSE { 

FOR EACH resource type k = 1, .. ,m { 

restore availabilities; 

ak = ak + 1; 

add element toES; 

11 

The solution procedure described above finds the optimal solution to the RIP 

whenever three or more resource types are defined for the problem at hand. When 

only one resource type is considered, steps 1 and 2 need to be performed in order to 

obtain the optimal solution. Whenever two resource types are defined, the solution 

procedure starts by applying steps 1 and 2. Then one element is added to the efficient 
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set ES, for which the resource availabilities correspond to the bk-values that were 

computed in step 2 and for which the investment cost is obtained by using these 

resource availabilities. Simply applying step 5 afterwards, one obtains the optimal 

solution when only two resource types are considered. In the next section the solution 

procedure will be clarified by applying it on a problem with three resource types. 

4.4 Numerical example 

In order to demonstrate the solution strategy that was described in the previous 

section, it will be applied on Patterson problem number 72 which appears to be the 

most difficult resource-constrained project scheduling problem of the Patterson set of 

test problems as experienced by the branch-and-bound procedure of Demeulemeester 

and Herroelen [4]. This problem has resource availabilities of 10, 10 and 7 for the 

three resource types and an optimal schedule length of 41 (the third resource type 

clearly acts as a bottle-neck). Assuming equal costs for every resource type (the unit 

investment cost for every resource unit is assumed to be equal to 1), this schedule has 

a cost of 10 + 10 + 7 = 27. 

Assuming the project to be completed within a period of 41 time units, the optimal 

resource investment solution for this problem is computed as follows : 

1) The maximal resource requirements for the three resource types by any of 

the activities in the project is 5, 6 and 6. 

2) Solving single resource problems (the availability of the other resource 

types is assumed to be infinite) one can determine that at least 7 units are 

needed for the first resource type (no feasible solution of 41 time units or 

less is found when 5 or 6 units are available for this resource type), 6 for 

the second and 7 for the last resource type (no solution of 41 time units or 

less exists if only 6 units of the third resource type are available). 

3) In order to determine the efficient points several two resource type 

problems have to be solved. Assuming a resource availability of 7 for the 

first resource type, at least 8 units of the second resource type need to be 

available in order to find a schedule length of 41 or less (no such schedule 

exists when 7 units are available for the first resource type and 6 or 7 units 

are available for the second resource type). Increasing the resource 

availability of the first type to 8, a schedule length of 41 can be found 
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when 7 units of the second resource type are available, but not when only 

6 units of that type are available. No feasible solution can be obtained 

either with 9 units available of the first resource type and 6 units of the 

second type. However, a schedule length of 41 or less can be obtained 

when 10 units are available of the first resource type and 6 of the second 

type. Therefore the· following partial efficient set is built for resource type 

2 during this step : 

- type 1 : 7, type 2 : 8 

-type 1 : 8, type 2 : 7 

- type 1 : 1 0, type 2 : 6 

In order to obtain the efficient set the other partial efficient set has to be 

determined by solving decision problems involving two resource types, 

where the first and the third resource type are taken into consideration. 

Having a resource availability of 7 units for the first type, an availability 

of 8 units is required for the third typ~ in order to find a schedule length of 

41 (no solution can be found when 7 units are available for the third 

resource type). No feasible solution exists when 8 units are available for 

the first type and 7 for the third type, but one can be found when 9 units of 

the first type and 7 units of the third type are available. Therefore the 

partial efficient set for resource type 3 consists of the following elements : 

- type 1 : 7, type 3 : 8 

- type 1 : 9, type 3 : 7 

4) The set EP of efficient points contains the elements 7, 8, 9 and 10. 

Combining the two partial efficient sets, the following efficient set ES can 

be built: 

.:. type 1 : 10, type 2: 6, type 3: 7, cost= 23 

-type 1 : 9, type 2: 7, type 3: 7, cost= 23 

-type 1 : 8, type 2: 7, type 3: 8, cost= 23 

-type 1 : 7, type 2: 8, type 3: 8, cost= 23 

5) Arbitrarily selecting one of the elements of this efficient set, the one with a 

resource availability of 10, 6 and 7 is selected. No feasible solution of 41 

or less can be found with these availabilities and therefore three new 
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elements are added to the efficient set, each having a cost of 24, namely 

the elements 11/6n, IOn n and I0/6/8. Now a new element is selected 

from the efficient set, having a cost that is not greater than any other point 

in the list. In this case the element with resource availabilities of 9, 7 and 7 

is chosen. As no feasible project length of 41 or less can be found for this 

case, the elements· 9/8n' and 9n /8 are added to the efficient set, both 

having a cost of 24. The element IOn n is not added to the efficient set as 

there already exists such an element in the set. Selecting the next element 

from the efficient set (with resource availabilities of 8, 7 and 8), a feasible 

project length of 40 can be found, indicating that an optimal solution to 

the resource investment problem has been found. 

As a project length of 40 is found for this problem when resource availabilities of 8, 7 

and 8 are considered, this solution also solves the RIP for this project with a maximal 

project length of 40. Assuming an equal unit cost for the different resource types, a 

schedule length of 34 can be found for this project at a cost (26) which is lower than 

the original cost of the (difficult) resource-constr.ained problem, which is 27. This fact 

clearly indicates the practical value of the ability to solve the RIP efficiently. The 

next section on computational experience will report the computation times that are 

needed to solve different instances of the RIP. 

5 Computational experience 

The search strategy that was described m the previous section as well as the 

procedures for the various decision problems have been programmed in Turbo c® 
Version 2.0. All computation times were obtained by running the programs under 

DOS on an IBM PS/2 Model 70 A21 with a 25 Mhz processor and a coprocessor. 

5.1 Comparison with MOhring's procedure 

Table II compares the computation times for the bridge construction project, obtained 

by Mohring's procedure on a CYBER 175 with ours on a personal computer. Average 

CPU times are indicated in seconds. Considering the fact that a CYBER 175 is far 

more powerful than a personal computer, it is clear that our procedure largely 

outperforms Mohring's solution method on this problem example. It is also most 

remarkable that our computation times are almost insensitive to the cost constellation, 

while the average CPU time obtained by Mohring varies widely (from 7.62 to 25.14 
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seconds). Within each cost constellation the standard deviation of the computation 

time was very small : it varied from 0.06 to 0.14 seconds. 

Insert Table II 

-----------------------------------~-------~---------------------------------------------------------

5.2 Classical RIP 

In this section we will present computational results on the RIP under the classical 

resource-constrained project scheduling problem assumptions : no preemption, no 

ready times or due dates and only finish-start precedence relations with a time lag of 

0. In order to test our solution procedure on this problem type, the Patterson problem 

set was adapted in two ways. First, the time limit on the project length for each 

project was assigned the value of the optimal solution to the RCPSP. Secondly, the 

discrete, non-decreasing resource investment cost function for each resource type was 

specified by determining a unit cost for the acq"!lirement of each additional unit of a 

certain resource type. Two problem sets were defined with different unit costs for the 

investment in a certain resource type. In the first set the unit cost for the last resource 

type was assumed to be 1, while the last but one resource type (if it existed) had a unit 

cost of 2. If three resource types were defined for the problem at hand (which 

generally was the case), the first resource type had a unit resource investment cost of 

3. In the second set the unit resource investment cost for each resource type was 

determined by drawing random numbers from a uniform distribution between 1 and 

20. The computational results for these two problem sets are presented in Table III. 

Insert Table III 

For the first problem set the optimal solution to the RIP was found in an average 

computation time of 1.91 seconds. Comparing the optimal resource investment cost 

with the resource investment cost of the resource availabilities in the original 

problem, we found that these costs were equal for only 40 of the 110 problems. Thus, 

for 70 out of the 110 Patterson problems the optimal project length to the RCPSP 

could be obtained with a resource investment cost that is lower than the cost that was 

incurred if the original resource availabilities were used. The relative cost for the 110 

problems (i.e. the sum of the optimal resource investment costs over all 110 problems 
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as a percentage of the sum of the costs of the original resource availabilities for these 

110 problems) amounted to 95.32 % : almost 5 % of the resource investment cost 

could be saved on average by applying the algorithm for the RIP. In order to obtain 

the optimal solution to all 110 resource investment problems, 2348 resource

constrained project scheduling problems were solved : 1391 of these problems 

considered only a single resource type (the resource availability of the other resource 

types was assumed to be infinite), 789 problems involved two resource types, while 

only 168 problems needed to be solved where all three resource types were 

considered. 

The average solution time for optimally solving the second problem set amounted to 

2.02 seconds. In this set there are 74 problems for which the optimal resource 

investment cost is lower than the resource investment cost for the original resource 

availabilities, while the relative cost for this problem set amounts to 94.53 %. In order 

to solve these 110 resource investment problems, 2435 resource-constrained project 

scheduling problems had to be solved. Again 1391 single resource problems and 789 

problems with two resource types were solved (these numbers are unchanged as they 

do not depend on the unit cost for each resource type). However, 255 resource

constrained project scheduling problems had to be solved where three resource types 

were considered. The results that have been presented in Table III confirm the remark 

that was made in Section 5.1 on the relative insensitivity of the solution procedure to 

the cost constellation. 

5.3 Generalized RIP 

In this section computational experience will be reported on the RIP when the 

assumptions of the GRCPSP are introduced : no preemption, but the possible 

introduction of precedence diagramming, ready times and/or due dates. It should be 

clear to the reader that due to the problem statement of the RIP it is impossible to 

introduce variable resource availabilities into the RIP as the resource availabilities are 

the decision variables in this problem statement. The computational experience in this 

section will be restricted to a problem set of 8 variations on Patterson's problem 72. 

The standard problem of this set is constructed. as follows : problem 72 of the 

Patterson problem set is copied into the correct format for the GRCPSP. No ready 

times or due dates were introduced, but 10 resource intervals were specified, one 

occurring every 5 time units. The resource availability for each of the three resource 

types during one of these resource intervals was randomly chosen from the interval 

[6, 9]. Additionally, precedence diagramming was introduced : every precedence 
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relation of the original problem (having a finish-start lag of 0 because it was an 

instance of the RCPSP) was changed into a finish-start constraint with a time lag FSij 

that was randomly chosen from the uniformly distributed interval between minus the 

duration of activity i (the predecessor of the corresponding precedence relation) and 

plus the duration of activity i. For all eight problems in the problem set a maximal 

project length of 43 time units was defined as this was the optimal project length for 

the standard problem when the procedure for the GRCPSP (Demeulemeester and 

Herroelen [5]) was run on the standard problem. As in the first problem set of 

Section 5.2, we chose a unit resource investment cost of 3 for the first resource type, a 

unit cost of 2 for the second type and a unit cost of 1 for the last resource type. The 

computational results for this problem set are presented in Table IV. 

Insert Table IV 

The standard problem in row 1 of Table IV can be solved optimally in 56.29 seconds 

with a resource investment cost of 47. The optimal resource availabilities for this 

problem with a project length of 43 are indicated in the last column : 7 units are 

required of the first resource type, 9 of the second type and 8 units of the last resource 

type. Introducing due dates for two activities in the project (row 2), the solution space 

of every resource-constrained project scheduling problem that must be solved is 

restricted and thus the total solution time decreases drastically. The introduction of 

two ready times (row 3) also restricts the solution space of every GRCPSP and thus 

the computation time is reduced even further. Allowing more overlapping between 

different activities (three of the FSwvalues with a positive sign became negative), a 

sharp increase in the computation time is observed. These three consecutive 

adaptations to the standard problem are then repeated for different activities or 

precedence relationships and the effects of these changes are indicated in rows 5 to 7 : 

the computation times vary in a predictable way. In the last row one due date that was 

set in row 2 is removed, thus increasing the solution space of every GRCPSP and 

hence the computation time increases again. The last column also indicates that every 

restriction on the solution space of the corresponding GRCPSP (introduction of a due 

date or ready time) results in an increased or equal resource investment cost, while 

every enlargement of the solution space of the corresponding GRCPSP (allowing 

more overlapping or removal of a due date or ready time) corresponds with a lower or 

equal resource investment cost. 
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5.4 Preemptive RIP 

In this section we will present computational results on the RIP when the basic 

assumptions of the PRCPSP apply : preemption is allowed, but no precedence 

diagramming, ready times or due dates. In order to test our solution algorithm on this 

problem statement, use will be made of the two problem sets that were described in 

Section 5.2. The computational results for these problems are presented in Table V. 

Insert Table V 

For the first problem set the optimal solution to the RIP can be found in an average 

computation time of 71.79 seconds, which is a factor of 37.64 times the average 

solution time for the same problem set when no preemption is allowed. However, the 

question can be asked whether this considerable increase in the computation times is 

compensated by a reasonable improvement in t~e optimal solution. This question is 

answered in the remaining rows of the table : in 33 out of the 110 problems, the 

optimal resource investment cost for the preemptive RIP is better (smaller) than the 

optimal cost for the classical RIP. The relative cost of preemptive RIP over classical 

RIP (the sum of the optimal resource investment costs for the preemptive RIP over all 

110 problems as a percentage of the sum of the optimal resource investment costs for 

the classical RIP) for this problem set amounts to 98.96 % : only 1.04 % of the 

resource investment cost could be saved on average by allowing preemption into the 

RIP. 

For the second problem set the computational results are similar : the optimal solution 

for the RIP can be found in an average computation time of 70.90 seconds, which is a 

factor of 35.07 times the average solution time for the nonpreemptive version of the 

same problem set. For this set there are 34 out of the 110 problems that have a lower 

optimal resource investment cost when preemption is allowed, signifying an average 

decrease in the optimal resource investment cost of 1.23 %. This small improvement 

in the optimal resource investment cost when preemption is allowed is a consequence 

of the small effect of the introduction of preemption into the resource-constrained 

project scheduling problem with constant resource availabilities. This observation was 

already made in Demeulemeester and Herroelen [6] and in Demeulemeester [3]. 
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6. Conclusions 

In this paper we have defined the resource investment problem (RIP) as some kind of 

dual version of the resource-constrained models. Whereas those problems fixed the 

resource availabilities and tried to minimize the project length, a maximal project 

length is specified in the RIP and the objective is to minimize the resource 

availabilities (or more correctly a non-decreasing function of those availabilities). 

In previous research [3, 4, 5, 6] it has been shown how three versions of the resource

constrained optimisation problems (namely the RCPSP, the GRCPSP and the 

PRCPSP) could be solved efficiently, using depth-first branch-and-bound algorithms. 

As the corresponding recognition or decision problems for these resource-constrained 

models can be solved by a search in a search space, which is a subset of the search 

space for the optimisation problems, an adapted version of the depth-first branch-and

bound algorithm can also efficiently solve these decision problems. This observation 

formed the basis of an efficient solution approach to the resource investment problem. 

The solution approach that we propose for the RIP iteratively solves decision 

problems with different resource availabilities. However, in order to find an optimal 

solution the order in which the various decision problems are considered is very 

important. The search strategy that we propagate is thoroughly explained in Section 4. 

The computational experience with the proposed solution procedure indicates that our 

procedure is more efficient than Mohring's, which, to the best of our knowledge, is 

the only solution procedure capable of optimally solving the resource investment 

problem. Moreover, our procedure proved to be less sensitive to changes in the cost 

constellation for the resource availabilities. Computational experience on the 

Patterson problem set indicated that in order to schedule the 110 projects within the 

project length that was obtained as the optimal solution to the resource-constrained 

project scheduling problem about 5 per cent of the resource investment cost could be 

saved on average by applying the solution procedure for the RIP (this optimal 

solution could be obtained in an average computation time of about two seconds). 

Allowing the preemption of activities in the RIP, an additional decrease in the 

resource investment cost of one per cent could be obtained, but now at the price of a 

35-fold increase in the average computation time. 
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Figure captions 

Figure 1 :Two-dimensional example of the solution strategy 
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Figure 1 : Two-dimensional example of the solution strategy 
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Table captions 

Table I : Computational experience of Mohring on the bridge construction project 

Table II : Comparison between Mohring's and our solution method 

Table III : Computational results for the classical RIP 

Table IV : Computational results for the generalized RIP 

Table V: Computational results for the preemptive RIP 
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(n) k1 k?. k~ k4 Average CPU time 

1 1 1 1 1 8.41 

2 3 r i 1 12.37 

3 1 3 1 1 10.19 

4 1 1 3 1 7.62 

5 1 1 1 3 8.96 

6 3 3 1 1 14.71 

7 3 1 3 1 12.31 

8 3 1 1 3 15.14 

9 1 3 3 1 18.45 

10 1 3 1 3 21.19 

11 1 1 3 3 11.72 

12 3 3 3 1 25.14 

13 3 3 1 3 19.85 

14 3 1 3 3 15.17 

15 1 3 3 3 13.81 

Table I : Computational experience of Mohring on the bridge construction project 
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(n) kl k2 k3 k4 Average CPU time Average CPU time 

Mohring RIP-procedure 

1 1 1 1 1 8.41 0.27 

2 3 1 1 1 12.37 0.26 

3 1 3 1 1 10.19 0.30 

4 1 1 3 1 7.62 0.26 

5 1 1 1 3 8.96 0.27 

6 3 3 1 1 14.71 0.27 

7 3 1 3 1 12.31 0.26 

8 3 1 1 3 15.14 0.26 

9 1 3 3 1 18.45. 0.30 

10 1 3 1 3 21.19 ·o.29 

11 1 1 3 3 11.72 0.26 

12 3 3 3 1 25.14 0.28 

13 3 3 1 3 19.85 0.29 

14 3 1 3 3 15.17 0.26 

15 1 3 3 3 13.81 0.27 

Table II : Comparison between Mohring's and our solution method 



26 

Problem set 3/2/1 Random 

Average computation time (seconds) 1.9071 2.0218 

Standard deviation (seconds) 4.8180 5.6522 

Improved cost over RCPSP 70/110 74/110 

Relative cost 95.3170% 94.5252% 

Table III : Computational results for the classical RIP 
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Problem specification Computation time Cost (Res. avail.) 

Standard problem 56.29 47 (7/9/8) 

h18 = 27; h22 = 35 10.00 48 (9/6/9) 

g4 = 3; g7 = 10 8.19 48 (9/6/9) 

Allow more overlapping 128.15 46 C8n/8) 

hlQ = 24; h13 = 23 5.27 48 (9/6/9) 

g10 = 22; g13 = 19 0.60 49 C9n;s) 

Allow more overlapping 1.21 49 C9n/8) 

h22 =infinity 4.88 47 (9/6/8) 

Table IV : Computational results for the generalized RIP 
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Problem set 3/2/1 Random 

Average computation time (seconds) 71.7916 70.9026 

Standard deviation (seconds) 201.8569 180.6224 

Improved cost over classical RIP 33/110 34/110 

Relative cost over classical RIP 98.9639% 98.7690% 

Relative computation time 37.6444 35.0690 

Table V : Computational results for the preemptive RIP 


