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Abstract

In the present paper we discuss various results related to moments and cumu-
lants of probability distributions and approximations to probability distributions.
As the approximations are not necessarily probability distributions themselves, we
shall apply the concept of moments and cumulants to more general functions.
Recursions are deduced for the moments and cumulants of functions in the form
R,[a,b] as defined by Dhaene & Sundt (1994). We deduce a simple relation be-
tween the De Pril transform and the cumulants of a function. This relation is app-
lied to some classes of approximations to probability distributions, in particular the

approximations of Hipp and De Pril.
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1. Introduction

1A. In the present paper we discuss various results related to moments and
cumulants of probability distributions and approximations to probability distribu-
tions.

In Section 2 we give some introductory remarks on moments and cumulants.
As we are going to discuss approximations to probability distributions by functions
which are not necessarily probability distributions themselves, we extend the defi-
nition of moments and cumulants to more general functions.

In Section 3 we discuss recursions for moments of functions f on the non-

negative integers that satisfy a recursion in the form

b
yil [ay + zy]f(z—y) (z=1,2,...) (1.1)

f(z) =%
with f(0)>0 and f(z)=0 for z<0; we allow k=w. Probability distributions that
satisfy a recursion in the form (1.1) were studied by Sundt (1992), and the analysis
was extended to more general functions by Dhaene & Sundt (1994).

It is easily seen that every function f on the non-negative integers with f(0)>
0 satisfies a recursion in the form (1.1) with k=w and ay=0 for all y. The by’s are
uniquely determined by f We call the function ¢ f defined by <pf(0)=0 and
7 f(z):bz (z=1,2,...) the De Pril transform of f. The De Pril transform was defined
for probability distributions by Sundt (1995), motivated by De Pril (1989) and
Dhaene & De Pril (1994), and the definition was extended to more general functi-
ons by Dhaene & Sundt (1994). In Section 4 we shall deduce a relation between
the cumulants and the De Pril transform of £ As an application we deduce a recur-

sion for the cumulants of a function f that satisfies the recursion (1.1).



In Section 5 we apply the results of Section 4 to some classes of approximati-
ons to probability distributions. In particular we discuss the approximations of

Hipp (1986) and De Pril (1989).

1B. In the present paper we shall identify a probability distribution on the
integers by its discrete density. For convenience we shall therefore usually mean
the discrete density when referring to a distribution.

We denote by I the indicator function defined by I(A)=1 if the condition A is

true and I(A)=0 if it is false. Furthermore, we shall interpret Ez’ia v, = 0 if a>b.

2. Moments and cumulants

2A. Let ? denote the class of probability distributions on the non-negative
integers. We shall denote the jth order moment of fe? by uj( /), the jth order cumu-

lant by /zj( f), the moment generating function by 7., and the cumulant generating

function by ., that is,

b =B,2 Jf(a) (5=0,1,-.) (2.1)
7(s) =3,2, ¢*%f (z) (2.2)
Hf(s) = In Tf(S) (2.3)
/szj(f) = :—Zj f(s) 0 (=0,1,...) : (2.4)

In particular we have y(f)=1 and x4(/)=0.

The moments can be obtained from the moment generating function by



) .
u](f) = Tf(s) 0 (7=0,1,...) (2.5)

and from the cumulants by the recursion

MOED RN DY) (7=12,...) (2.6)
J J-

which is obtained by (2.4), (2.5), and

7‘}-(3) = 0}( (s)'rf(s). (2.7)

By solving (2.6) with respect to nj( f) we obtain
=5ty (100 =123 (153 mioms_ 0], (=12,... (2.8)

for fe? we have py(f)=1. From (2.6) and (2.8) we see that for any positive integer
r, there is a one-to-one relation between the moments of orders 1,2,...,r and the

corresponding cumulants.

2B. As we are going to discuss approximations to probability distributions
by functions which are not necessarily probability distributions themselves, we
shall now extend the definition of moments and cumulants to more general functi-
ons.

Let F denote the class of functions on the non-negative integers. The definiti-
on (2.1) of moments is easily extended to functions fe¥ when the summations exist.
As a function in 7 does not necessarily sum to one like a probability distribution,

the zeroth order moment becomes more interesting.



If we analogously extend the definition of cumulants by (2.2)—(2.4) to functi-
ons feF, then existence become more problematic. We see that if /LO( /<0, then 6 fi
does not exist in a neighbourhood around zero. This implies that even when the
moments of orders 1,2,...,r exist, the corresponding cumulants do not necessarily
exist. This problem could be avoided by e.g. defining the cumulants by (2.8).
However, when we discuss cumulants in later sections, we will have ,uO( >0 so that
we can stick to the definition by (2.2)—(2.4). The relations (2.5)—(2.8) still hold
under this generalisation.

Let feF and c be a positive constant. Then

ch(s) = crf(s) Bcf(s) =lnc+ 0f(s)
ﬂ'](cf) = C}U'J(f) (7=0,1,...)
K,](cj) = I(7=0)1n ¢ + /e](f) . (7=0,1,...) (2.10)

From (2.10) we see that all cumulants except the one of order zero are invariant
against scale transforms of the function. We notice that the zeroth order cumulant
does not appear in the recursion (2.6). However, the correct scaling of the

moments is ensured by the initial value p(f).

3. Functions in the form R,[a,b]

3A. Let ¥, denote the class of all functions on the non—negative; integers with
a positive mass in zero and ’PO the class of probability distributions in TO. Sundt
(1992) denoted by RJa,b] the distribution fe?, defined by the recursion (1.1) with
a=(g,,...,a;) and b=(b;,...,b,). More generally, Dhaene & Sundt (1994) defined a
function fe7, to be in the form Rk[a,b] if it satisfies the recursion (1.1). In the



following we shall allow & to be finite or infinite unless stated otherwise.
When analysing functions in the form Rk[a,b] we shall sometimes for conveni-

ence silently apply ay:by:O for y>k and <0.
3B. Let 7 n denote the class of functions on the positive integers and 7 n the

class of distributions in F e We shall now consider compound functions in the

form pVh defined by
T n*
(VR)(@) = 5, %o ()™ (2) (2=0,1,2,..) (3.1)
with heF n and pe¥ in the form Rk[a,b].
The following theorem was proved by Sundt (1992) in the special case when

pG?’O and h€7’+.

Theorem 3.1. If heF n and peFq is in the form Rk[a.,b], then

o

o)e) = 2, (o) B (a4 7Y (2 (32)
(pV)(O) = 5(0). (33)

Proof. Formula (3.3) follows immediately from the definition (3.1).

Now let z be a positive integer. Then

* b, *
(pvh)(z) = Enil p(n)h™ (z) = Enil Zz’Zl [ai + ﬁz] p(n—i)h"™ (z) =

. . b x
Ez'il Eniz' [ai + _ﬁ_z] p(n—i)hn (z) :Eiil EniO [az- + n_'—l—:] p(n)h(""l‘z) (2).

From Lemma 6.1 in Dhaene & Sundt (1994) we obtain



A% 1 : * *
) () = L0y T b ()" (o)

Thus

b, K *
(vh)(z) =22 8, 28 %) [ + vﬂ] p(n)h* (y)h" (2—y) =
; ok *
2,21 551 g+ YR (W) 2,20 p(mh™ (a-y) =
b.
k e 3
2,20 500 |4+ T YA (0)(vh)(a-),
which proves (3.2).

This completes the proof of Theorem 3.1. Q.E.D.
We immediately obtain the following corollary to Theorem 3.1.

Corollary 3.1. If heF n and pe¥ is in the form Rk[a,b], then pVh is in the
form R_[c,d] with

m = ksup {y: h(y)>0}
¢, = Eyil ayhy*(z) (z=1,...,m) (3.4)

k ﬁ_/ v
d,=2%, 7 7 h? (z). (z=1,...,m) (3.5)

Yy
3C. Before continuing with the general case, we shall in this subsection
consider the special case k=1. For a function in the form Rl[a,b], the recursion

(3.2)—(83.3) reduces to

% [a + b},ﬂ h(y)(pVh)(z—y) (z=1,2,...) (3.6)
(pVh)(0) = p(0). (3.7)



This recursion was deduced by Panjer (1981) for the case when pE?’O and he? e
Sundt & Jewell (1981) showed that for the distribution R,[a,b] we always

have a<1, and that this distribution is binomial if a<0, Poisson if a=0, and nega-

tive binomial if 0<a<1. As we shall need the binomial and negative binomial dis-

tributions later, we shall display the recursion (3.6)—3.7) for each of these two

cases.

i) Binomial.

p(z) = [i] *(1-1)"% (2=0,1....t; t=1,2,...; 0<7<1) (3.8)
Then
o=—1= b= (++1) =, (3.9)

and we obtain

(W) = 52,5 [(t—l—l)}é ~1| By (pVh) (o) (e=1,2,...
(pVh)(0) = (1-m)".

ii) Negative binomial.

p(z) = [a+;£;—1] (1-m T (z=0,1,...; a>0; 0<7<1) (3.10)

a= b= (a=1)m,



and we obtain

(svh)(z) = 75, % [1 + (aq)g] h(y)(pVh)(a—y) (=12,.)  (3.11)
(pvh)(0) = (1-m)“.

3D. In this subsection we shall consider moments of functions in the form
R;[a,b].

For a vector v= ('vl,..,'um) we introduce

vl = (19l )
'v'; = max(v,,0) (z=1,2,...,m)

+_ (.t +
v = (v ,...,'vm)
and analogous to our notation for moments of a function
m _J )
p,](v) =27 1‘7'uz. (7=-1,0,1,...)

The following lemma, gives sufficient conditions for the moments of a function

in the form R,[a,b] to exist.

Lemma 3.1. Let fETO be in the form Rk[a,b] and n be a non-negative integer.

If
o(lal) <1 (3.12)
pollal) <w (3.13)

by (1B1) <o, (3.14)



then /l,n(lfl)<m.

Proof. If a=b=0, the lemma trivially holds. We therefore consider the com-

plementary case.

For some
,u,_1(|b|)
let
1
r= s al) + i e (Ib) (3.16)
bl
1 |

Then he? , and from (3.12) and (3.15) we see that 0<w<1.

Let g be a compound negative binomial distribution with severity distribution
h and counting distribution given by (3.10) with « and 7 given by (3.15) and
(3.16). From (3.17), (3.13), and (3.14) we obtain

1 1
) = % [ (131) + gy 4 (18] < o,
and thus

p,n(g) < . (3'18)

We shall now prove by induction that



—10 —

| ()] < é%} 9(z). (z=0,1,...) (3.19)

It is immediately seen that (3.19) holds for z=0. Let us now assume that it holds

for z=0,1,...,2. By using in turn (1.1), (3.19), (3.16), (3.17), and (3.11) we obtain

701 = |25 o+ 2| <3.b (1ot + 2] e

8 Eyi1 [I ayl + |—ZL|]9(z—y) < ﬁ%}zyﬁl [|ay|+ ﬂlé_y—'n] [1+(a—1)%] 9(zy) =
§% T Eyil [1+(a—1)%] h(y)g(#y) = g% «2).

Thus (3.19) holds for z=0,1,...
From (3.18) and (3.19) we finally obtain

(1) < R (9) < QED.

From the following lemma we see that if fE?’O, then we can relax the assump-

tions (3.12)—(3.14).

Lemma 3.2. Let f be the distribution R [a,b] and n be a non-negative integer.

If the inequalities

uo(a)<1, (3.20)

(3.13), and (3.14) are satisfied, then p, (f)<o.

Proof. Let geF be in the form Rk[a+,b+] with ¢(0)=f(0). Then Lemma 3.1

gives that ,un( g)<&. Utilising that f is non-negative, it is easily proved by inducti-



on that f(z)<¢(z) for z=1,2,... Thus py (NS (9)<w. Q.E.D.

If feF is in the form R [a,b] with £ finite, then (3.13) and (3.14) are satisfied
for all non-negative integers n, so that in this case the condition (3.12), or (3.20) if

fE?o, is a sufficient condition for the existence of moments of f of all orders.

Theorem 3.2. Let feF, be in the form Rk[a,b] and n a positive integer. If
(3.12) (or (3.20) if fePy), (3.13), and (3.14) are satisfied, then the moments of f of

order 7=1,2,...,n ezist, are finite, and satisfy the recursion
1 = ey Bidn () (L) + g 0]y (321)

Proof. For j=1,.2,...,n we have

p(h =32, Jf()) =52, I8 2 [ay+ —?l]f(z— ) =
DS zx_y of (o-y) + zy 15, T0sy, 7L (o) =
Ey 1 y :1:—0 (.’L‘—i—y) f(z) + Ey 1 by Em_o (‘H‘C‘/)J— f(z) =

Ey_la, E:z:—O [] sz_z (z)—i—Ey 1by2z—0 E]—l[ ] 1= Zf(x)
zd [j/ﬂ(a) 0+ 212 [ b (0 -

mo@e(h+ 24 (] [~Z i) + iy ()] (D,

from which we obtain (3.21). : Q.E.D.

Theorem 3.3. Let peF, be in the form Rk[a,b] with k<o, hE’P+, and n a post-
tive integer. Ifuo( |a])<1 (or ;Lo(a+)<1 z'ffE’PO) and un(h)<m, then the moments of

pVh of order 7=1,2,...,n ezxist, are finite, and satisfy the recursion
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. .
mfVh) = iy By (1) (Fe) + g @)y o) (3.22)
with

k y* . k Eﬂ y* )
,u,z-((:) = Ey:l a.y“.l(h ) (d) y=17y 'ui+1(h )- (:=0,1,...,n)

Proof. By insertion of ¢ and d defined by (3.4) and (3.5) in (3.21) we obtain
the recursion (3.22) with

(c) 1T Eykl ayhy*(z) = Ey 1 G (hy*\
. b b
_ m +1 k :‘fk — k y
p(d) =22, 870 n 5 A (@) =2, 5 o ().

so that the theorem is proved if we can show that yy(|c|)<1 (or ,uO(c+)<1 if fe?,
and po(at)<1), (I ¢|)<w, and p_;(]d])<o. We have

k * k
ﬂo('cl) = 2;1 |c$| < Exil Zy:l |a,y|hy (z) = Ey=1 |0,y| <1

if ,uo(a+)<1, we analogously show that uo(c+)<1. Furthermore,

(e =52 a"c|<5." E e iV @ =2% 1o |u (h) <o

H $'1 ’y:]_ Y y:l y'u"n,
(d)=2% g cno on kDl iy o

Mn—l - :L‘——-]_x ! - :1;:1:E y:l Y -

|b,| *
gk () <.

This completes the proof of Theorem 3.3. Q.E.D.



—13—

Theorem 3.3 could have been stated more generally, but then the regularity

conditions would have become more cumbersome.

Let us now return to the special case k=1. From Lemma 3.1 we see that the
moments of all orders of a function in the form Rl[a,b] exist and are finite if
|a| <1, and from Lemma 3.2 that if fe?,, then it is sufficient that a<1. As menti-
oned above, for a distribution R,[a,b] we always have a<1, and thus such distribu-
tions have finite moments of all orders. Now let p be the distribution Rl[a, b] and
he?P n with g (h)<o. Then Theorem 3.3 gives that the moments of pVh of order

7=1,2,...,n exist, are finite, and satisfy the recursion

ufovh) = 25 20y [ [La+ oufbng_ovn).

This recursion was derived by De Pril (1986).

4. Cumulants and the De Pril transform
4A. The De Pril transform ¢ f of a function fETO is defined by the recursion

07(2) = 7oy [of () = 551 0, (0 (=) (z=0,1,... (4.1)

By solving (4.1) with respect to f(z) we obtain

@) =32,%, op(1f (=) (=12,-) (42)

From (4.1) and (4.2) we see that the De Pril transform determines the function up

to a multiplicativé constant, that is, the set of all functions in 70 with De Pril
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transform ¢ fi is the set of functions ¢f where c is a positive constant. A distributi-
on fe?o is uniquely determined by its De Pril transform by the scale condition
,u,O(f)=1.

From (4.2) we see that any function fe?o can be represented in the form

R _[0,b] with bxz(pf(:z:) (=1,2,...)

4B. The following theorem gives a relation between the cumulants and the

De Pril transform of a function fETO.
Theorem 4.1. Let n be a non-negative integer and fETO with
52, Y 0;(3)] <. (4.3)
Then the cumulants of f of order j=0,1,...,n ezist and are finite and given by
£ {f) = 1=0) In £(0) + £,2, mf"lgof(z). (4.4)

Proof. From Lemma 1 in Dhaene & De Pril (1994) we obtain

v e(z)
.U'O(f) = f(0) exp [E.’l:il _'zL] . (4.5)
We see that ;LO( H>0, and thus our definition of cumulants can be applied. As
ko(f) = In (1), we see that (4.4) holds for j=0.

From Theorem 3.2 follows that the moments of f of orders 1,2,..,r exist, are

finite, and satisfy the recursion
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p(h =22y [13]m (o pus b (3=1,2,-,m) (46)

As the moments are finite, the cumulants are also finite, and comparison of (4.6)
with (2.6) gives that (4.4) is also satisfied for =1,2,...,n.

This completes the proof of Theorem 4.1. Q.E.D.

Dhaene & Sundt (1994) showed that the De Pril transform of a function f in

the form R [a,b] satisfies the recursion
_ k
(pf(a:) =za,+ b + Ey:l aytpf(w—y). (z=1,2,...) (4.7)

We shall now apply this recursion to obtain a sufficient condition for the condition

(4.3) in Theorem 4.1 in the case when f is in the form R [a,b] with f<w.

Theorem 4.2. If feF ) is in the form R [a,b] with k<w and py(|a|)<1, then
ﬂj(ltpf-l)<u) for all 5.

Proof. For ¢(0) sufficiently large, we can choose a function 9eF in the form
Rk[|a|,0] such that |<pf(z)|<g(z) for =1,2,....,k. Then it is easily shown by
induction that this inequality is also satisfied for z=k+1,k+2,... This implies that

uj(| © J.l )gp]( g) for all positive integers j. By Lemma 3.1 u]( g)<o for all j, and thus
the theorem is proved. Q.E.D.

We saw that the condition py(|a|)<1 in Lemma 3.1 could be relaxed to
uo(a+)<1 if fE?O. Such a modification of Theorem 4.2 is not possible. Let f be
the distribution R,[a,b]. From (4.7) we easily obtain
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tpf(z) = (a+b)a$_1. (z=1,2,..) (4.8)

We see that for this distribution and any j ,u](l 7 f{ )< if and only if |a|<1. For
a<—1 ,uJ(| 7] f{ )=o for all j although the moments of all orders of this distribution
exist. From (3.9) we see that in this case f is the binomial distribution (3.8) with

i
™ 5

4C. In Theorem 3.2 we deduced a recursion for the moments of a function in
the form Rk[a.,b]. Let us now apply Theorems 4.1-2 and the recursion (4.7) to de-
duce a similar recursion for the cumulants. For simplicity we restrict to the case

k<w.

Theorem 4.3. Let feF ; be in the form Rkla,b] with k<o and ,uO( |a|)<1. Then

the cumulants of f of all orders ezist, are finite, and satisfy the recursion
K0 = Ty |4 + a0 + 200 @ _(0]. GFL2.) (49)
J IETREVR i) 1 "

Proof. From Theorem 4.2 follows that the cumulants exist and are finite.

For 7=1,2,..., we have

n](f)zi);l zj—lgof(z)zE ® zj_l[za$+ b?;+ Eykl ygof(z y)]

pfa) +u g (0)+ 2 5 0 2", wf(z)(z+y>f“1 =
pia) + b 1(b)+2yk1 0, 3,2, (pf(:z:)E [ 1] 1l

1 (41 k —1
/L(a)‘*' (b)+E]—0 '7; Ey lyay $:1-777_Z (pf(z)

uJ<a)+u-H(b>+zr3 o m@r,_ (),
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from which we obtain (4.9). Q.E.D.

From (4.9) we obtain that if a=0, then ﬂ](f)zuj_l(b) (7=1,2,..). This result
is obvious as in this case bxchf(z) (z=1,2,...).

In particular we obtain from Theorem 4.3

iy (2)+a(b) bo(@)-+111 ()11, (8) 5y ()
1 i =y Y Ko = =, (a)

For the case fe?, these expressions were given by Sundt (1992).

Analogous to the deduction of Theorem 3.3 we can deduce from Theorem 4.3
and Corollary 3.1 a recursion for the cumulants of a compound function with
counting function in the form R,[a,b] with k<o and severity function in ¥ 4 with a

finite support.

5. Approximations to distributions

5A. The De Pril transform can be a practical tool for evaluation of distributi-
ons in 7’0. We have already discussed some of its properties for distributions in the
form Rk{a,b]. More generally, the following two theorems were proved within the

context of distributions by Sundt (1995) and extended to more general functions by

Dhaene & Sundt (1994).

Theorem 5.1. The convolution of a finite number of functions in 7-'0 18 a functi-
on in TO, and its De Pril transform is the sum of the De Pril transforms of these

functions.
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Theorem 5.2. prETO and h€T+, then

o = 22,5 22 (o)
Theorem 5.2 can also be obtained from Corollary 3.1 with a=0 and k=o.
Unfortunately, although results like Theorems 5.1 and 5.2 may seem conveni-
ent, numerical evaluations may sometimes be rather time-consuming, and it is
therefore of interest to study more computationally convenient approximations to
De Pril transforms. Dhaene & Sundt (1994) discussed error bounds related to such
approximations. Theorem 4.1 gives us another way to assess the quality of the

approximation; we can compare the cumulants of the approximation with the

cumulants of the exact distribution.

5B. We want to approximate fe?’o by a function f' ETO. We see that one way
to reduce the time-consumption related to application of De Pril transforms, is to
let ¢ f (2)=0 for z greater than some positive integer .

For all positive integers r, let T(()r) denote the class of all functions gEiFO for
which (pg(z)=0 for z>r. A function gET(()T) is uniquely determined by the r+1
quantities ¢(0) and (pg(l),...,(pg(r).

The condition (4.3) of Theorem 4.1 is obviously satisfied for gET(()T). Thus the

cumulants and moments of g of all orders exist, and we have
. r i1 .
5(9) = 1(=0) In 4(0) + B, o o0 (F=01,...) (5.1)

Dhaene & Sundt (1994) discuss some classes of approximations f’ ET(()T) to f.

A simple and natural choice is to let f=f (r) defined by
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700 = £0)
gof(r)(z) = (pf(z)I(zgr). (z=1,2,...)

By considering (4.1) and (4.2) we see that the approximation f(r) can be interpret-

ed as if we determine f (T)(O) and ¢ (ﬂ(z) for z=1,...,r so that the approximation
FT

is exact for f(z) for z=0,1,...,n.

Considering Theorem 4.1, it seems natural to introduce another approximati-
on ?(T)ET(()T) where we instead of matching the probabilities up to r match the
moments (or, equivalently, the cumulants) of orders 0,1,...,r, that is, nj(j):

nj( bi (T)) (=0,1,...,r). Thus ¢ (7) is determined by the r linear equations
r 1 _ :
. 4 2 w?(r)(z) = "‘J(f)a (7=L,..7) (5.2)

and as we should have ,LLO(}‘(T))=1, we obtain from (4.5)

0 (0 |
#1(0) = exp|-2, " —&] (5.3)

5C. In this subsection we shall look at the special case when f is the Bernoul-

li distribution defined by

£(0) = 11 f=m [0<7r<%—] : (5.4)

From (3.9) and (4.8) we obtain

05(z) = —[%71—1] ° (=1,2,...) (5.5)



—90 —
Insertion of u](j)=7r (#=1,2,...) in (2.8) gives
—1 (1 .
k(0 = r{1-27 (] =0} (=12,.)

from which we easily see by induction that fs]( f) can be expressed as a polynomial

in 7 of order j. The following theorem gives a closed form expression for nj( h-

Theorem 5.3. For any positive integer r, the cumulants of order 5=1,2,...,7 of
the Bernoulli distribution f given by (5.4) are given by

. r i1, . +1 1 . R
s =277 (1) zyiw wy[?;_l]. (5.6)

Proof. From (4.4) and (5.5) we obtain for 7=1,2,...,r

5() =22 71y £(@)=2,% RETRICEIE SR

i1 1 1 i1 1 1
5% 7 ()" s 0 [‘”Jrz‘ ]H: IR C VA ['y_ ]7ry,

Y y=c |z-1

which gives

—1 +1(y-1
JOEDRE R A ) [g:l] (5.7)
We have earlier pointed out that /s]( f) can be expressed as a polynomial in 7 of
order j. Thus, in (5.7) the coefficient of =¥ must be equal to zero for all y>r, that
is,

v T Ywy Fl \r+l{y-l
(=3, Y ) [z_l],
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from which we obtain (5.6) by interchanging the order of summation. Q.E.D.
By letting =7 in (5.6) we obtain

s =20, s 1 wy[gjﬂ. (=1,2,..)

We shall now consider the approximations f (r) and F () of f For the former

approximation, insertion of (5.5) in (5.1) gives

n](f(r)) ~x " zH[—”I] ' (=1,2,...,7)

m—

By comparing (5.2) and (5.6) we easily see that

go?(r)(z)=(—1)$+1 zy;“ﬂ[gj]=(—1)$+1zzy£$§_y[g], (e=1,2,..,7) (5.8)

This gives

5 A0 T)(m)=2$£1 ()tlg T ”y[i‘/] _5 " ”—yzxil (—1)’”+1[i‘/] _

=Ty |2 =17y T

and by insertion in (5.3) we obtain

3 (N(0) = eXP[ %l ;ry] (5.9)

5D. We shall now consider approximations to compound distributions by
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approximating the counting distribution and keeping the severity distribution un-

changed.

Let pE?’O and he? e We want to approximate pVh by ¢Vh with qEIF(()T). From

Theorem 5.2 we obtain

@ (y)

quh(m) =z Eyzl —4 hy*(z) (z=1,2,...) (5.10)

This gives

[19] n—l

r |9 0] ok
/‘n_l(lfp pfl)=Z_;¢ |(pq‘,h(:c)| < E:z:—1 y:l Jﬁyy_[hy (z) =
5T |90(y)| (yk),

y=1

which is finite if the moments of A up to order n are finite. In that case we obtain

from (5.10) and Theorem 4.1

wfon) =z, Mﬂ( . (7=12,...,n) (5.11)

Furthermore, we have

ko(@Vh) = k(g) = In g(0) + =, T o)

4 5.12

The moments and cumulants of ¢gvh can also be found from the moments and

cumulants of g and h.
As the moments of orders 0,1,...,7 of the approximation 5(r) to p are exact,

we obtain that also the moments of orders 0,1,...,r of the approximation }“)(T)vh to
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pVh are exact. Analogously we have that the probabilities up to r of the approxi-

mation p(r)vh to pVh are exact.

5E. It is often convenient to interpret a distribution in 7’0 as a compound
Bernoulli distribution with severity distribution in ? " that is, we represent the

distribution fE?’O by pvh with

W) =1-r=(0)  p(l)=7
h(z) = -ﬁwﬂ (z=1,2,...)

We can approximate f by approximating p with a distribution in Tgr) and
keeping h unchanged.
Let us first consider the approximation p(r)' Insertion of (5.5) in

(5.10)—(5.12) gives

r 1
gop(r)Vh(z) =-—zX =17 [ ] A (z) (z=1,2,...)
ki = -3, 7 1[I ] ¥ (=1,2,...,n)
ko(Ph) = ko(p7) = In (1-m) 2T . [W—fl] g

The approximation p(r)vh of f is the rth order De Pril approximation.introduced
by De Pril (1989).

We now turn to the approximation %(r) Insertion of (5.8) in (5.10) gives

+1 r 1z
QDEB(T)Vh(z)z.'I:Ey_ NENAETAE) z_yz—[y], (=12,...)
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and by rewriting this expression as

and comparing this formula and (5.9) with formula (54) in Dhaene & De Pril
(1994), we see that the approximation r5(7‘)Vh of f is the rth order Hipp approxima~
tion introduced by Hipp (1986).

From our deductions follows in particular that the rth order Hipp approxima-
tion gives exact match of cumulants (and hence moments) of orders 0,1,...,r, when
these cumulants exist. This property has also been shown by Dhaene, Sundt, & De
Pril (1995). However, with our present deduction we have given a more extensive
characterisation of the Hipp approximation. Like Hipp (1986) we represented the
original distribution f as a compound distribution with Bernoulli counting distri-
bution p and severity distribution A. Then, in our approximation we kept the seve-
rity distribution A unchanged, but approximated the counting distribution p with
%(r), that is, the only approximation in }-(()r) that gives exact match for the
moments of orders 0,1,...,7.

We can give an analogous characterisation of the rth order De Pril approxi-
mation. The difference is that there we approximate the counting distribution p
with p(r) , that is, the only approximation in 7((]1") that gives exact match for the
probabilities up to .

These characterisations show that the Hipp approximation :is related to
matching of moments whereas the De Pril approximation is related to matching of
probabilities. This may indicate that the approximations may be appropriate in
different situations; the De Pril transform when we are primarily interested in the

approximated probabilities, the Hipp approximation when the approximated
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moments are more important.
As indicated in subsection 5D, we can apply the same principles when appro-

ximating compound distributions with other counting distributions.

5F. In the previous subsection we deduced the approximations of Hipp and
De Pril as approximations of one distribution in 'PO. These approximations are
usually presented in the more general framework of approximating a convolution of
distributions in 7’0. The convolution is appproximated by approximating each of
the distributions by the rth order Hipp resp. De Pril approximation. For further
discussions and comparisons between these two classes of approximations we refer

to De Pril (1989) and Dhaene & De Pril (1994).
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