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Abstract 

We discuss the estimation of the tail index of a heavy-tailed distribution when 
covariate information is available. The approach followed here is based on the 
technique of local polynomial maximum likelihood estimation. The generalized 
Pareto distribution is fitted locally to exceedances over a high specified threshold. 
The method provides nonparametric estimates of the parameter functions and their 
derivatives up to the degree of the chosen polynomial. Consistency and asymptotic 
normality of the proposed estimators will be proven under suitable regularity con
ditions. 
This approach is motivated by the fact that in some applications the threshold 
should be allowed to change with the covariates due to significant effects on scale 
and location of the conditional distributions. 
The small sample behaviour of the proposed estimator will be examined with a sim
ulation study. Using the asymptotic results we are able to derive an expression for 
the asymptotic mean squared error, which can be used to guide the selection of the 
bandwidth and the threshold. The applicability of the method will be demonstrated 
with a few practical examples. 
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1 Introduction 

In this paper we deal with heavy-tailed or Pareto-type distributions with distribution 
functions F for which there exists a positive constant "( such that 

1 

1- F(z) = z-::;l(z) z> 0, "( > 0 (1) 

with I a slowly varying function at infinity: 

I(Az) 
-- ---+ 1 as z ---+ 00 
l(z) 

\;fA> o. (2) 

The parameter "(, called the extreme-value index, clearly measures the tail heaviness of 
the distribution function F. Note that the model under consideration coincides with the 
domain of attraction of the Frechet distribution for the extremes of a random sample. 
Applications of model (1) are numerous and can be found in e.g. finance, insurance, 
geology and climatology. The estimation of "( based on a random sample of size n has 
received considerable attention in the extreme-value literature. An excellent and up to 
date overview of the literature is given in Csorgo and Viharos (1998). 

The fit of a statistical model to a random sample ZI, ... , Zn can be assessed visually by 
inspection of a quantile-quantile or QQ plot. In such a plot the empirical quantiles are 
compared with the corresponding quantiles of the proposed reference distribution, so in 
case of a good fit the QQ plot should be more or less linear. Model (1) can be stated 
equivalently in terms of the tail quantile function U as 

U(x) = x'YT(x) (3) 

with U(x) = inf{z : F(z) ;::: 1 - n, x > 1, and T again a slowly varying function at 
infinity. For the strict Pareto distribution log U(x) = ,,(log(x), so the coordinates of the 
points on the Pareto quantile plot are given by 

( n+ 1 ) log -]-. -, log Zn-HI,n j = 1, ... ,n 

with ZI,n :::; ... :::; Zn,n denoting the order statistics associated with ZI, ... , Zn. If the 
quantile plot is linear, the extreme-value index can be estimated by the slope of a straight 
line passing through the origin fitted to the quantile plot. Since 10gT(x)/10gx ---+ 0 as 
x ---+ 00 we have that for Pareto-type distributions log U (x) rv "(log x as x ---+ 00. As a 
consequence the QQ plot will be linear only at the extreme values. Again the slope of the 
linear part will approximate T Several authors have recognized the potential of Pareto 
quantile plots for deriving estimators of THill (1975) proposed the following estimator 
for "( based on maximum likelihood considerations: 

1 k 
Hk,n = k L log Zn-HI,n - log Zn-k,n 

j=1 

1 

k = 1, ... , n - 1. (4) 



Clearly the Hill estimator measures the average increase of the Pareto quantile plot to the 
right of the anchor point (logG!~), log Zn-k,n) and hence can be interpreted as a slope 
estimator. Other well known estimators can be found in Dekkers et al. (1989), Csorgo et 
al. (1985), Kratz and Resnick (1996) and Schultze and Steinebach (1996). 

Next to the above introduced estimators for "Y based on Pareto quantile plots, the possibly 
real valued index "Y can also be estimated in a parametric way. These estimators follow 
directly from the limit theorems that form the core of extreme-value theory. A first pos
sibility is based on the following result of Fisher and Tippett (1928). If for a distribution 
function F there exist sequences of constants (an> O)n and (b,,)n such that 

lim P (Zn,n - bn ~ Z) = lim F"(anz + bn) = H(z) 
n-+oo an n-+oo 

(5) 

at all continuity points of H, with H a nondegenerate distribution, then F is said to 
belong to the domain of (maximum) attraction of H. Moreover, it is known that if such 
a nondegenerate limit distribution H exists, it should be of the form 

{ ( 1) ex - 1 + !:::.l!:.-;y 
H(z;p"a,"Y) = p ( "Yz") 

exp(-exp(-~)) 
1 + "Y~ > 0, "Y i' 0 

Z E R, "Y = 0 
(6) 

with p, E R and a > O. This limit distribution is the so-caned generalized extreme-value 
distribution (GEV). In this paper, the domain of attraction of the GEV will be denoted by 
V. According to the sign of"Y three subclasses of V can be distinguished: V _, Vo and V +. 
Based on the above result, "Y can be estimated by fitting H to sample maxima (Gumbel, 
1960). Parameters of the generalized extreme-value distribution can be estimated with 
the maximum likelihood method (Prescott and Walden, 1980, Smith, 1985) or the method 
of (probability-weighted) moments (Hosking et al., 1985). A drawback of this approach 
based on sample maxima is that it makes no use of the other available data. This problem 
can be remedied using all observations that exceed a certain specified high threshold. This 
is the so-called peaks over threshold method (POT) method. According to this approach 
the generalized Pareto distribution (GPD), defined by 

G(y;a,"Y) = { 1- (1 + "Y~r~ 
1-exp(-;) 

(7) 

with a > 0 and with y > 0 if "Y ~ 0, 0 < y < -a h if "Y < 0, is fitted to exceedances 
over a specified threshold. This method can be motivated as follows. Define Zo = sup{z : 
F(z) < I} and take 

F:( )=F(u+y)-F(u) 
u y 1-F(u) ' u < zo, 0 < y < Zo - u, 

the conditional distribution of Z - u given Z > u. Pickands (1975) showed that 

lim sup lFu(Y) - G(y; a(u), "Y)I = 0 
U-+ZO O<y<zo-u 
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(8) 

(9) 



if and only if F belongs to the domain of attraction of the generalized extreme-value dis
tribution. Parameters of the GPD can be estimated with the maximum likelihood method 
(Smith, 1985, 1987), the method of (probability-weighted) moments (Hosking and Wallis, 
1987), the elemental percentile method (Castillo and Hadi, 1997) or modern Bayesian 
estimation methods (Coles and Powell, 1996). 

In this paper we will deal with the estimation of the extreme-value index of Pareto-type 
distributions when covariate information is available. In this case "( is considered to be 
a function of these covariates and hence measures the tail heaviness of the conditional 
distribution of the dependent variable. Although the statistical literature on the estima
tion of"( in case of a random sample is extensive, the regression case has received much 
less attention. According to the parametric approach, the GEV or GPD are extended 
to regression models by assuming a certain functional form for each of their parameters. 
For the GPD the basic reference is Davison and Smith (1990). Beirlant and Goegebeur 
(1999) proposed a semiparametric method based on an exponential regression model for 
log-spacings of generalized residuals. Recently, modern smoothing techniques were com
bined with models for extreme values and result in flexible exploratory techniques. In 
Davison and Ramesh (1999) the extreme-value index is estimated by local polynomial 
fitting of the GEV. Hall and Tajvidi (1999) discussed the estimation of the parameters 
of the Pareto, generalized Pareto, extreme-value and normal distributions by local linear 
or local constant maximum likelihood estimation. In the same paper Hall and Tajvidi 
also give asymptotic results for stationary time series in case the distribution of the data 
is known exactly and for the normal approximation. Finally, in Chavez-Demoulin and 
Davison (2000) smooth point process models based on exceedances over fixed thresholds 
have been considered. 

In section 2 we introduce the technique of local polynomial maximum likelihood estima
tion of the GPD to exceedances over a (local) threshold. Asymptotic properties such as 
consistency and asymptotic normality are discussed in section 3. The expressions for the 
asymptotic bias and variance are compared with their empirical counterparts obtained 
from a simulation study in section 4. Given the expressions for the asymptotic bias and 
variance, an AMSE measure can be constructed which can be used in the selection of 
the bandwidth and the threshold. This is discussed in section 5. In a final section the 
applicability of the method is illustrated on a few practical examples. 

2 Local polynomial maximum likelihood estimation 
for the GPD 

Consider a response variable Z having a Pareto-type distribution, i.e. 

z > 0, ,,((x) > 0, (10) 
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with ,(x) being an unknown positive function of the covariate vector x = (Xl, . .. ,Xd). 
In this paper we will not assume a specific functional form that describes how the tail 
heaviness of the distribution of the dependent variable varies with x. The approach fol
lowed here is nonparametric in the sense that we only impose some weak smoothness 
conditions on ,. Parameter estimates are obtained from local polynomial fits of the GPD 
to exceedances over local thresholds. A general discussion of local polynomial estimation 
can be found in Fan and Gijbels (1996). The procedure proposed here is based on Fan 
et al. (1995) and Aerts and Claeskens (1997). For the ease of exposition we will take d = 1. 

Let (Zl' Xl)'" . ,(Zn, xn) be a sample of independent observations from (10). Concerning 
the design points Xl,.' . ,Xn, we assume a fixed design, generated from design density ix, 
with supp(fx) = [b l , b2 ]. To be more specific: 

Xi = F-Xl (i - 1) and Fx(x) = r ix(u)d'u 
n - 1 Jb l 

i = 1, ... ,n. 

Suppose we are interested in the estimation of the extreme value index at x. Fix a high 
threshold U x and let N = Nx denote the number of exceedances over ux . Note that the 
threshold depends on the position where we want to estimate ,. Define Yi = Zj - U x ) 

i = 1, ... ,N, with j the original index of the i-th exceedance. Conditional on N, the 
exceedances are independent with distribution functions given by 

Yi > 0 i = 1, ... ,N. (11) 

Now rearrange the indices of the explanatory variable such that Xi denotes the x-value 
associated with the i-th exceedance Yi. From (9) we know that Fy;,ux can be well approx
imated by the GPD g(Yi;O"(Xi),,(Xi)). The parameters ,(x) and O"(x) will be estimated 
by locally fitting the GPD to exceedances over U x using the maximum likelihood method. 
This involves centering of the explanatory variables around X and the introduction of a 
weight function that gives more importance to the log-likelihood contributions of obser
vations close to x. The weighting of the log-likelihood contributions is governed by a 
kernel function K. Given K and a bandwidth parameter h, denote Kh(x) = K(x/h)/h, 
being a rescaling of K. Let D"'(x) = (O"o(x), . .. 'O"PI (x)) and 'Y'(x) = (ro(x), ... '''/P2(X)) 

'th .() - (j)()/" . - 0 d .() - (j)()/" . - 0 Th 1 1 WI O"J X - 0" X J., J - , ... ,PI, an 'J X - "/ X J., J - , ... ,P2. e oca 
~ I '" , A "A A. 

polynomial maximum likelihood estimator ({3l' (32) = (1310,' .. ,13lPI ' 1320, ... ,132P2) is the 
maximizer of the kernel weighted log-likelihood function 

1 N PI . P2 . 
LN({3l, (32) = N L log g(Yi; L 13lj(Xi - x)J, L 132j(Xi - X)J)Kh(Xi - x) (12) 

i=l j=O j=O 

1 ( ,,/y)-l.-l 
g(y; 0", ,) = -;; 1 + -;;:- 0 
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is the GPD density. Note that local polynomial fitting provides estimates of ')'(x) and 
O'(x) and their derivatives up to respectively order PI and P2. Without loss of generality 
we will assume that PI = P2 = p. In Figure 1 we illustrate the estimation of')' at x = 0.22 
with U x = 3 and h = 0.02. The threshold is exceeded by 11 observations but only the 
exceedances for which x E [0.20,0.24] receive weight in estimating ')'. Further, the kernel 
function (here the truncated normal kernel) weights the contributions of the exceedances 
to the log-likelihood. 
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Figure 1: Graphical illustration of the estimation technique. 

Note that for the positive parameters,), and 0' other parameterisations are feasible, for 
instance using a positive link function such as the exponential. The kernel weighted 
log-likelihood function is then given by 

1 N PI . P2 . 

LN(f31, (32) = N ~)og g(Yi; eXP(L ,Blj(Xi - x)1), eXP(L ,B2j(Xi - X)J))Kh(Xi - x). 
i=1 j=O j=O 

This avoids to put constraints on the ,B parameters in the optimisation, but this brings in 
some parametric assumption which is in contrast to the nonparametric approach pursued 
in this paper. For the sake of brevity this possibility is not studied in more detail. 

Next to estimates of the extreme-value index ,)" interest is often in other characteristics 
of FZlx such as extreme quantiles or small exceedance probabilities. Estimates of extreme 
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quantiles of FZlx can be obtained from 

A o-(x) [(n(l_ p))-'Y(X) ] 
Q(p;x)=u+ i(x) N -1 (13) 

with i(x) and o-(x) denoting the local polynomial maximum likelihood estimate for re
spectively 1'(x) and o-(x). 

The procedure discussed in this paper generalizes the work of Hall and Tajvidi (1999) 
and Chavez-Demoulin and Davison (2000) in following ways: (i) asymptotic results are 
given in case the true distribution of exceedances is approximated by the GPD and (ii) 
the important issue of local threshold selection is adressed. 

3 Consistency and asymptotic normality 

In this section consistency and asymptotic normality of the local polynomial maximum 
likelihood estimator for the GPD will be established. To obtain the asymptotic properties 
we need to impose the following conditions 

C.l. There exists an open subset e of the parameter space containing the true parameters 
(o-(x),1'(x)), 

G2. Ix is differentiable in [bl, b2] and infxE[bl,b2] Ix (x) > 0, 

G3. K is a Lipschitz continuous symmetric density on [-1,1], 

C.4. h -+ 0, Nh3 -+ 00 and UN -+ 00 as N -+ 00, 

C.5. o-(x) and 1'(x) have (p + 2)-th derivative, 

G6. l(tz; x)jl(z; x) = 1 + ¢(z; x)c(x) J: up(x)-ldu + o(¢(z; x)) as z -> 00 for each t > 0, 
with ¢(z; x) > 0 and ¢(z; x) -> 0 as z -+ 00 and p(x) :::; 0 (this is the so-called slow 
variation with remainder condition, see Goldie and Smith, 1987), 

C.7. O(¢(Z;Xi)) = O(¢(z;x)) and o(¢(Z;Xi)) = o(¢(z;x)) as h -+ 0, 

C.8 . ...;Nh¢(UN; x) -+ 8(x) ERas N -> 00, 

C.9. ¢(UN; x) and c(x) are bounded and Lipschitz continuous in x and p(x) is continuous 
in x. 

Note that the Hall (1982) class of Pareto-type distributions 

z > 0; 1', a, e > 0, b E R 

6 



satisfies C.6 with c = -8b, p = -8 and cj;(z) = z-e (for simplicity we supressed the 
conditioning on x). 

The asymptotic properties of the proposed estimators are different for x lying in the 
interior of supp(Jx) than for x lying near the boundary. For h < (b2 - b1)/2, the region 
of interior points is given by the set [b 1 + h, b2 - h]. The sets [bl, b1 + h) and (b 2 - h, b2 ] 

contain the left, respectively right boundary points. Define the set Rx as 

Rx = [-1,1] { 
[-0;,1] if x = b1 + O;h for some 0 :::; 0; < 1, 

if x E [b1 + h, b2 - h], 
[-1,0;] if x = b2 - O;h for some 0 :::; 0; < 1, 

and vl(Rx) = JRx K(z)zldz. 

Before stating the main theorems we will introduce some further notation. It partly 
resembles the notation used in Fan et al. (1995) and Aerts and Claeskens (1997). Define 

Hp = diag(l, h, ... , hPj, 

I(cr(x),,(x)) = ( a2 (X)(lt2'1'(X)) 
a(x)(1+'1'(x))(1+2'1'(x)) 

:Ex fx(x)M(x) Q9 Npp(x), 

r x fx(x)M(x) Q9 Tpp(x), 

A - (cr2(X)~~[(I(cr(X),,(x))hdx(x)] cr(x)fx[(I(cr(X),,(X))h2ix(x)]) Q9Q (x) 
x - cr(x)t,;[(I(cr(x),,(x))hdx(x)] fx[(I(cr(x),,(x))h2ix(x)] pp' 

where Npp(x), Tpp(x) and Qpp(x) are (p+ 1) x (p+ 1) dimensional matrices of which the 
(k + 1, I + 1) entries are given by respectively Vk+l(Rx ), JRx K 2(z)zk+1dz and Vk+l+1(Rx ). 

In the above matrix expressions, Q9 denotes the Kronecker product. 

Theorem 6.1. Assume conditions C.l-C.7 above hold. Then with probability tending to 
1 as N -t CXJ there exists solutions (/31' /32) of the likelihood equations 

8 
8fJrj L N({31' (32) = 0 j=O, ... ,p, r=1,2 

such that ~lj/cr(X) and ~2j, j = 0, ... ,p, are consistent for estimating respectively crj(x)/ 
cr(x) and 'j(x). 
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The derivatives and the expected values of the derivatives of the log-GPD density needed 
for the proofs of Theorems 6.1 and 6.2 are given in Appendix 1. The proof of Theorem 
6.1 is given in Appendix 2. The following theorem states the asymptotic normality of 
the local polynomial maximum likelihood estimator for the GPD. The proof is given in 
Appendix 3. The proof is mainly based on a Taylor series expansion of the gradient vector 
of the log-likelihood function (12), the consistency of the estimators and the asymptotic 
normality of WN(x) = (Wf(X)T, W~(xff, where 

vVN(x) lk 

Theorem 6.2. Assume conditions C.l-C.9 above hold. Then for N --> 00 

(~~lrx~~ltl/2 {.JFih [Hp(j\ - a-(x))/a(x), Hp(j:J2 -l'(x))] -

(~~l _ h~~l Ax~~l )E(WN (x))} !:.. N2p+2(O, I 2p+2). 

(14) 

(15) 

We will now further investigate the asymptotic covariance matrix ~~l r x~~l and the 
bias expression (~~l - h~~l Ax~~l)E(WN (x)). Using the basic properties of Kronecker 
products, the following expression is obtained for the asymptotic covariance matrix 

(16) 

Concerning the bias expression, the expected value of W N (x) is crucial. The expected 
values of Wr'k(x), k = 0, ... ,p, r = 1,2, are given by 

8 



and 

N r;:;-, C(X)¢(UN'X) 
E[W2k(X)] = V Nh ( ) ( ) fx (X)Vk (Rx)+ 

')'(x) "(~l - p(x) 1 + "((xl - p(x) 

where 

VNhfx(x)(M(x)b {hP+lVk+P+l(Rx) (;::;l!~(X) + hP+2Vk+P+2(Rx)Ji:21(X)} + 

VNhfx(x)(M(x)h2 { hP+lVk+p+l(Rx) ~::l~~? + hP+2Vk+p+2 (Rx) Ji:22 (x) } + 

o( VNh¢(UN' x)) + o(VNhhmin(p+2,2pl) (18) 

~n(x) 
0"(P+1l(x) ~{[I(O"(x),')'(x))]nfx(x)} + 0"(p+2l(X) 

(p + 1)!O"(x) [I(O"(x), ')'(x))]nfx(x) (p + 2)!0"(x) ' 
,),(p+ll(x) ~{[I(0"(x),')'(x))h2fx(x)} + ,),(p+2l(X) 
(p+l)! [I(0"(x),')'(x))h2fx(x) (p+2)!' 

0" (P+ll (x) ~{[I(O"(x),')'(x))hdx(x)} 0"(P+2l(x) 
(p + 1)!O"(x) [I(O"(x),')'(x))hdx(x) + (p + 2)!0"(x) ' 
,),(p+ll(x) ~{[I(0"(x),')'(x))h2fx(x)} + ,),(P+2l(x) 
(p+l)! [I(O"(x),')'(x))h2ix(x) (p+2)!' 

From the above expressions, it is clear that the bias can be assigned to 2 causes. First, 
the estimators are biased because of the approximation of the true parameter functions 
O"(x) and ,),(x) by polynomials of degree p. This contribution to the bias is given by the 
2nd and 3th term of (17) and (18). Note that these terms are nearly identical to the bias 
expressions given in Aerts and Claeskens (1997). Secondly, bias appears because of the 
approximation of the true distribution of exceedances (ll) by the GPD. The expression 
for this source of bias is given by the first term of (17) and (18). 

4 Simulation results 

In this section the small sample properties of the proposed local polynomial maximum 
likelihood estimator for the GPD will be illustrated with some simulated data sets. 

To illustrate the flexibility of the proposed method 500 samples of size 2000 were generated 
from the Burr(17, T,).) distribution for which the distribution function is given by 

Fz(z) = 1 _ (_17_) >. 
17 + ZT 

z > 0, 17, T, ). > O. (19) 

In this simulation study we set A = 17 = 1 and 

T(X) = [0.30 + 0.25 * x + f(x; -0.5,0.01) + f(x; 0.5, 0.05)tl 
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where f(x; U, (]"2) denotes the density function of the normal distribution with mean J1, and 
variance (]"2. The Burr('I], 7, A) distribution for which the survival function can be written 
as 

Z -t DO 

clearly belongs to the Hall class of Pareto-type distributions with 'Y = 1/(A7), a = '1]\ 
b = -A'I], B = 7 and hence also satisfies C.6 with c = 'l]A7, P = -7 and ¢(z) = Z-T. 

Values for the explanatory variable were taken equally spaced on the interval [-1,1] 
(uniform[-I,I] design density). In Figure 2 we show the quartiles of the 'Y(x) estimates 
(full lines) obtained from the above described procedure with a standard normal kernel 
together with the extreme-value index 'Y(x) for some combinations of parameter settings. 
The parameter k denotes the number of extremes used within each window to estimate 
,(x) and u(x). By taking the threshold equal to the (k + 1)-th largest order statistic 
within each window we let the threshold depend on the covariate x. 

The expressions for the asymptotic bias and variance of -y(x) are compared with their 
respective empirical counterparts on basis of 500 data sets of size n = 2000 from Burr 
(l,exp(0.5 + x), 1) distributions. The values for x were taken equally spaced on the 
interval [-2,2]. The local polynomial maximum likelihood estimator was implemented 
with a uniform[-I,I] kernel. In Figure 3 we show the normal probability plots of the 500 
'Y(x), (]"(x) , /311 and /321 estimates at x = -1 and with U x = 1.5, h = 0.5, p = 1. The 
values for U x and h are approximately set to the averages of the AMSE-optimal values of 
U x and h (cf. section 5, Figure 7). In Figure 4 (a) the bias of -y(x) is given as a function 
of U x . The full line represents the asymptotic bias, the empirical bias is given by the 
broken line. The line labelled 'Theory, Claeskens' gives the bias in case only the second 
and third terms of (17) and (18) are used in the computations. In this case the bias which 
arises because of the approximation of the true distribution of exceedances by the GPD 
is ignored. As a consequence the resulting asymptotic bias does not depend on U X ' In 
Figure 4 (b) we compare the asymptotic (full line) and the empirical variance (broken 
line) for different values of U x ' In Figures 4 (a) and (b) the bandwidth parameter h was 
fixed at 0.5. Figures 5 (a) and (b) are similar to Figures 4 (a) and (b) but now bias and 
variance are given as a function of h with U x = 1.5. The large difference between the 
theoretical asymptotic variance and the sample variance in Figure 4 (b) can be explained 
by the fact that terms of order ¢( UN, x) were not made explicit in the derivation of the 
asymptotic covariance matrix of WN(x) given by (A3.5). 

5 Bandwidth and threshold selection 

In nonparametric regression, the choice of the bandwidth parameter h is an important 
issue. A large value of h will produce smooth fits but will also result in a considerable 
amount of bias. On the other hand, if h is chosen too small the estimators will be less 
biased but will be affected by a large variance. Hence, a good h-value should represent a 
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Figure 2: Simulated Burr(l, [0.30 + 0.25 * x + f(x; -0.5,0.01) + f(x; 0.5, 0.05)]-1,1) data: 
quartiles of the extreme-value index estimates obtained from local polynomial fits of the 
GPD (full line) together with 'Y(x) (broken line) for different parameter settings. 
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Figure 3: Simulated Burr(l, exp(O.5 + x), 1) data: normal quantile plots of the local 
polynomial maximum likelihood estimates obtained at x = -1 with u'" = 1.5 and h = 0.5. 
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and asymptotic bias ignoring the approximation of the distribution of exceedances by the 
GPD as a function of U x , (b) asymptotic and empirical variance as a function of ux . 
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Figure 5: Simulated Burr(l, exp(O.5 + x), 1) data: (a) asymptotic bias, empirical bias 
and asymptotic bias ignoring the approximation of the distribution of exceedances by the 
GPD as a function of h, (b) asymptotic and empirical variance as a function of h. 
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good balance between variance and bias. 

When working with the GPD as an approximation to the true distribution of exceedances, 
we are also faced - next to the selection of h - with the selection of the threshold U X • Con
cerning U x the same remarks can be made as for h. A small U x will result in estimators 
with small variance since more observations can be used in the estimation. On the other 
hand, the estimators will in general suffer from a large amount of bias due to the poor ap
proximation of the distribution of exceedances by the GPD. When U x is chosen too large 
the estimators will show a higher variance but will perform quite well with respect to bias. 

Here, the optimal values of hand U x will be defined as the minimizers of the asymptotic 
mean squared error (AMSE) of i(x) given by 

AMSE(i(x)) = (1:;;;lrx~~)p+2'P+2 + {[(1:;;;1 - h1:;;;lAx~~l)E(WN (x))]p+2F .(20) 

The use of (20) as optimality criterion is illustrated in Figures 6 and 7 for the Burr 
(1, exp(0.5 + x), 1) data. In Figure 6 contours of the AMSE(i(x)) measure are given as 
function of hand U x for x = -1 and p = 1. The AMSE reaches its minimum at h = 0.38 
and U x = 1.1. Figure 7 gives the AMSE-optimal (h, u x ) combinations for 500 datasets of 
size 2000. 

0.0 0.2 0.4 0.6 0.8 1.0 

MSE ------ 0.12 ---- 0.16 --- 0.20 -- 0.24 - 0.28 - 0.]2 
---- 0.]6 -~- 0.40 -~ 0.44 -~ 0.48 -- 0.52 

Figure 6: Burr(l, exp(0.5 + x), 1) data: contour plot of AMSE(i(x)) as a function of h 
and U x at x = -1 with p = 1. 
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0.36 0.38 0.40 0.42 0.44 0.46 0.48 0.10 0.12 0.14 0.56 0.18 

Figure 7: Burr(l,exp(0.5+x), 1) data: (hopt,uopt) at x = -1 withp = 1 for 500 data sets. 

Next to (20), other criteria can be considered to select h and U x optimally, for instance 

lim EII(i(x), a-(x)) - ('Y(x) , u(x))112. 
N->oo 

(21) 

Note that the bandwidths and thresholds obtained through minimization of (20) are local 
bandwidths and thresholds. Taking a global loss measure such as the asymptotic mean 
integrated squared error, we get an optimal global fixed bandwidth and threshold. 

AMSE expression (20) is not very useful for practical purposes since it depends on the 
unknown parameters 'Y(x), O'(x), p(x), c(x) and cjJ(ux , x). The parameter functions 'Y(x) 
and u(x) and their derivatives can be estimated with the above described procedure using 
polynomials one degree higher than the desired degree. On the other hand, the parameters 
c(x), p(x) and the function cjJ( ux , x) are difficult to estimate and hence plug-in procedures, 
implemented to obtain a data-driven bandwidth and threshold are complicated. In prac
tice a cross-validation procedure could be used to obtain a data-driven global value for 
the bandwidth parameter h and the number of extremes k used to estimate the unknown 
parameters. The optimal values for hand k are then obtained by maximizing 

n 

cv = I)ogg(Y';;a-[i](Xi),i[i](Xi)) (22) 
i=l 

with a-[i] (Xi) and i[i] (Xi) denoting the estimators for respectively U(Xi) and 'Y(Xi) based on 
the sample without the i-th observation (Y';, Xi), over a grid of (h, k)-values. 
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6 Practical examples 

Norwegian fire claim data 

We applied the local estimation procedure described above to claim data from a Norwegian 
fire insurance portfolio between 1972 and 1992. The data are taken from Beirlant et al. 
(1996). In Figure 8 we plot the claim value (x1000 Krone) versus the year of occurrence. 
A priority of 500 units was in force. Local linear curve estimates are given in Figure 9 
for h = 1, k = 25 (solid line) and for h = 2, k = 200 (broken line). The contributions 
to the log-likelihood function function are weighted by a normal kernel. The I estimates 
obtained with h = 1, k = 25 agree with what could be expected from a visual inspection 
of the data (see Figure 8) but show large variability. By taking a larger bandwidth and 
number of extremes k (the broken line in Figure 9) we obtain a smoother picture. In 
Figure 9 we also show the nonparametric estimate of the 0.9995 quantile of the claim size 
distribution (dotted line). This estimate is based on the (J" and I estimates obtained with 
h = 2 and k = 200. 

500000 

400000 

300000 

200000 

100000 

o I I I I 
72 74 76 78 80 82 84 86 88 90 92 

year 

Figure 8: Norwegian fire claim data. 

Diamond data 

Our second example comes from the geostatistical context and concerns the valuation of 
a precious stone deposit. The dataset contains measurements on the variables size (in 
carat) and value (in USD) for 1914 diamonds obtained from a kimberlite deposit. The 
aim of the analysis is to examine how the tail of the conditional distribution of the value 
variable depends on size. The scatterplot of value vs size is given in Figure 10. In Figure 
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Figure 9: Norwegian fire claim data: local linear estimate of "( for h = I, k = 25 (solid 
line), h = 2, k = 200 (broken line) and Q(0.9995; year) based on () and ry estimates for 
h = 2, k = 200 (dotted line). 

11 we show the tail index estimates of the variable value as a function of the variable 
size obtained from local linear fits of the GPD with h = 0.15, k = 30 (solid line) and 
h = 0.20, k = 50 (broken line). The local estimation procedure was implemented using a 
normal weight function. The conditional ry estimates for values of the variable size up to 
0.75 coincide with the lower limit which was set in the computer program at ry = 10-5 . 

So, for the smaller stones, the conditional distribution of the variable value appears to 
belong to 1)_ or 1)0' For diamonds with size> 0.75 the tail index estimates increase 
fast with 1(0.9) ~ 3. In Figure 11 we also show a parametric estimate obtained from 
fitting the GPD globally with ,,((size) = exp(,8o + ,81size) to exceedances over a global 
threshold (dotted line). In this parametric analysis the threshold was set to the (k + 1)-th 
largest observation of the dependent variable and the model was fitted for k = 4, ... ,500. 
Let /30,k and /31,k denote the estimates for respectively ,80 and ,81 based on the k largest 
observations on the dependent variable. The curve labelled 'GPD, global fit' is constructed 
by using the medians of the /30 k and /31 k, k = 4, ... ,500, as estimates for respectively ,80 , , 
and ,81. From this example it is clear that in a regression setting an analysis with a fixed 
threshold may be inappropriate. 

7 Conclusion 

We proposed a nonparametric technique to estimate "( based on local polynomial max
imum likelihood fits of the GPD to exceedances over a local threshold. Under suitable 
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Figure 10: Diamond data: scatterplot of value vs size. 
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Figure 11: Diamond data: local linear estimate of i as a function of size for h = 0.15, 
k = 30 (solid line) and for h = 0.30, k = 50 (broken line); the dotted line represents the 
i estimate obtained from a global fit of the GPD with i(size) = exp(!3o + !31size). 
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regularity conditions we were able te prove consistency and asymptotic normality of the 
parameter estimates. Further, the expressions for the asymptotic variance and bias can 
be used to obtain an AMSE-optimallocal bandwidth and threshold. However, for prac
tical purposes these expressions are not very useful since they depend on the parameters 
describing the slowly varying nuisance part of the Pareto-type model. Clearly, for prac
tical application of the method, the development of a procedure to obtain a data driven 
global bandwidth and threshold is desirable. Another possibility for future research con
cerns the generalization of the proposed procedure towards the other maximal domains 
of attraction V_ and Vo. 
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Appendix 1: derivatives of the log GPD density 
For the GPO density 

1 ( 7y)-1.-1 
g(y;U,7) = -;; 1 + -:; , 

we have 

Blog g(y; u, 7) 
Bu 

B log g(y; u, 7) 

B7 

B2Iogg(y; u, 7) 

Bu2 

B2 log g(y; u, 7) 
B72 

B2 log g(y; u, 7) 
BuB7 

B3 log g(y; u, 7) 
Bu3 

B3 log g(y; u, 7) 
B73 

B3 log g(y; u, 7) 
BU2B7 

B3 log g(y; u, 7) 
BuB72 

y> 0; u,7 > 0 

In the subsequent proofs, following notation will be used for the derivatives of the log GPO density 

For a random variable Y with distribution function F,.. (see (11)), assuming u = u7 and condition C.6 
on I, we obtain, using partial integration, that for r > 0 

E [(1+~rr] 

E [log (1+~)] 

_1__ cr¢(u) +o(¢(u)), 

1+ r-y (r + *)(r + * -p) 
7 + 71C¢(U) + o(¢(u)). 

;y-p 

In (ALl) and (A1.2) we made use of following result of Goldie and Smith (1987): 
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Proposition A.I. Let I satisfy condition C.6 and let v be a Teal· valued function on (1,00). If eitheT (a) 
P = ° and ft" Iv(t)ltEdt < 00 faT som.e E > 0, or (b) p < ° and v 'integrable, then 

/00 v(t) I ((tx)) dt = /00 v(t)dt + ¢(.T) /00 v(t)k(t)dt + o(¢(x)) 
./1 lX)1 /1 

From (Al.l) and (A1.2) we obtain 

c¢('U.) ("-( )) 1 +0'1' '11. , 
l+:y-p 

c¢(u) 

(
1 ) ( 1 ) + o(¢(u)), 

, :y-P l+:y-p 

1 
1 + 2, + O(¢(u)), 

2 
(1 + ,)(1 + 2,) + O(¢(u)), 

1 
(1 + ,)(1 + 2,) + O(¢(u)). 

Further, it can also be shown that, for UN ..., 00 

-E (a2ql1(Y;a,,)) 

-E (q22(Y; a, I)) 

-E (CTqdY; CT,,)) 

E(a2q~(Y;a,,)), 

E(q~(Y; CT, I)), 

E(CTql(Y; a, ,)Q2(Y; a, ,)). 
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Appendix 2: Consistency 
In the proofs of consistency and asymptotic normality, following lemma of Aerts and Claeskens (1997) 
will be often used 

Lemma A.2. Let L(.) and S(.) be bounded and Lipschitz continuous functions. Then f01" the fixed design 
points, 

~ tL (Xi - X) S(Xi) = j.l L (C-1(y) -X) S(C-l(y))dy+O(~). 
n i=1 h 0 h nh 

Proof of Theorem 6.1. 

Consistency of the local polynomial maximum likelihood estimator (13~, 13;)' will be proven using an 
argument similar to the one used to prove Theorem 6.4.1 in Lehmann (1983). To prove consistency 
we shall consider the behaviour of the kernel weighted log-likelihood function LN (f31, f32) on the sphere 
Q, with center at (u'(x), ,'ex))' and radius e. We have to show that for any sufficiently small c: the 
probability tends to 1 that 

at all points (f3~,f3;)' on the surface of Q,. Expanding L N(f3 1,f32) about the true parameter vector 
(u(x),,(x)) results in 

L N(f31,f32) - LN(U(X),,(x)) = 

1 {-f-- N J31k - Uk(X) ~ N } N 6 Alk(X) U(X) + 6 A2k (x)(J32k -l'k(X)) 

+~{-f---f--BN ()(J31k- Uk(X))(J3ll- UI(X)) 
2N LL 11kl x u2(x) 

k=O 1=0 
P P 

+ L L B~kl(X) (J32k -l'k(X)) (J321 -1'/(X)) 
k=O 1=0 

~ -f-- N ( )J3lk - O"k(X) ( ( ))} 
+26t:;;BI2kIX U(X) 132/-1'1 X 

+ 6~ {t t t (J3lk - O"k (X)) (J31l ;3 0"~(X))(J31m - Um(X)) f. Kh(Xi - X)(Xi - x)k+l+m~lll(Yi)J(Yi) 
k=O 1=0 m=O ( ) i=l 

P P P N 

+ L L L (J32k -l'k(X))(J321 -1'/(X))(J32m -I'm (X)) L Kh(Xi - X)(Xi - x)k+I+m622(Yi)J(Yi) 
k=O 1=0 m=O i=l 

+3 "ta ~ to (J3lk - ud:~{~ll - 0"1 (X)) (132m -l'm(X)) t Kh(Xi - X)(Xi - x)k+l+m~l12(Yi)J(Yi) 
p p p () N } 

+3 {; 8 ~O J31k ;(:i X (J321 -1'1(X))(J32m -I'm (x)) ~ Kh(Xi - x)(x, - x)k+l+m~122(Yi)J(Yi) 

= SIN + S2N + S3N 
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with 

N 

At;, (x) La(x)ql(Y';;a(x,xi),i(x,Xi))Kh(Xi - X)(Xi - x)k, 
i=l 

N 

A~(x) L q2(Y';; a(x, Xi), i(x, xi))Kh(Xi - X)(Xi - X)k, 
i=l 

N 

L a2(:z:)q11 (Yi; a(x,:Z:i),i(x,Xi))Kh(Xi - X)(Xi - X)k+l, 
i=l 

N 

LqdY';;a(X,Xi),i(x,Xi))Kh(Xi - :Z:)(Xi - X)k+l, 
i=l 

N 

L a(X)q12(Y';; a(x, Xi), i(x, xi))Kh(Xi - X)(Xi --: X)k+l, 
i=l 

and 
p 

a(X,Xi) L aj(X)(Xi - X)j, 
j=O 

P 

i(x, Xi) = L 'Yj(X) (Xi - X)j. 
j=O 

Concerning the third order derivatives qrst(Y; a, 'Y), it can be shown that there exists a positive function 
J(Y) such that Iqrst(Y; a, ')')1 ::; J(y) for all (a, 'Y) E () and E(<7,'YlJ2(Y) is uniformly bounded on (). Hence, 
the functions ~rst satisfy l~rst(Y)1 ::; 1, T, s, t = 1,2. 

Note that for IXi - xl ::; h 

a(p+ll(x) a(p+2l(x) 
a(xi) a(x x·) + (x· - x)P+1 + (x· - x)p+2 + o(hP+2) 

" (p + I)! ' (p + 2)! ' , 
(A2.1) 

'V(x x·) + ,),(p+1l(x) (x. _ x)p+l + 'Y(p+2l (x) (x. _ x)p+2 + o(hP+2). 
'Y(Xi) '" (p + I)! ' (p + 2)! ' (A2.2) 

By expanding ql(Y';, a(x, Xi), i(x, Xi)) about (a(xi), 'Y(xi)),we obtain that 

E (A~x)) = ~ tKh(X; - X)(Xi - x)ka(x)E[ql(Y';;a(xi),')'(Xi)) + 
i=l 

q11(Y';;iT(X,Xi),"Y(X,xi))(a(x,xi) - a(xi)) + 
q12(Y';; iT(x, Xi), "Y(x, xi))(i(x, Xi) - 'Y(Xi))], (A2.3) 

with (iT(x, Xi), "Y(x, Xi)) a point on the line segment connecting (a(x, Xi), i(x, Xi)) and (a(xi), ')'(Xi)). 
Using (Al.3) , (A1.5), (A1.7), (A2.1), (A2.2) and I:;:"1 Kh(Xi - x)/N = 0(1), it can be shown that, as 
N ...... oo 

(A2.4) 

From 

(A2.5) 

25 



and (Al.8), (A2.1) and (A2.2) we have that, for N -> 00 

var(A{';JX)) =O(h2
"). 

N Nh 

So, as N -> 00 

Using similar arguments as for A{';Jx), it can be shown that, as N -> 00 

and hence 

A~,(x) !'..,O 
N . 

Using Lemma A.2, we have, for N -> 00 

and 

h2(k+l) 

O(/ih) 

so 

where 0,,0 denotes Kronecker's delta. 

As a consequence of (A2.7), (A2.10) and (A2.13), SlN !'.., 0 and 

S2N!'.., -~fx(x)vo(R.x) ( f3lO/U(X) -1 )T M(x) ( f3lO/U(X) -1 ) . 
2 ~-~ ~-~ 

(A2.6) 

(A2.7) 

(A2.8) 

(A2.9) 

(A2.1O) 

(A2.11) 

(A2.12) 

(A2.13) 

(A2.14) 

Because M is positive definite, (A2.14) is strictly negative. Concerning S3N, we have that, for (f31, (32) 
in a sphere with center (o-(x),I'(x)) and radius E, IS3NI < CE3 for some C > 0 with probability tending 
to 1 as N -> 00. To complete the proof, proceed as in the proof of Theorem 6.4.1 in Lehmann (1983). 
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Appendix 3: Asymptotic normality 

Proof of Theorem 6.2. 

A Taylor series expansion of the elements of the gradient vector of LN ((31' (32) in (i31' i32) about (a(x), ,(x)) 
results in following set of 2(p + 1) equations 

where 

2 p 

-W/!'(x) = L L C:'skl(x)V/i (x), T = 1,2 k = 0, ... ,p, (AU) 

w{k(x) 

V/;'(x) 

v21( (x) 

s=1 l=O 

B12kl :z: ~ "" hm 1m - crm xl,"", K ( . _ ) Xi - X r (Y,)J(Y,) N ( ) P (3' () N () k+l+m 
Nhk+l + 2:S'o ' cr(x) Nt;{ h X, X h ,112" + 

1 PIN () k+l+m 
'2 L hm(S2m -,m(X))}j L Kh(Xi - X) Xi ~ X (122 (1';)J(1';). 

m=O i=l 

Since IqTst(y;cr,!')I::; J(y) for all (cr,!,) E () we have that 0::; l(rst(y)l::; 1, T,S,t = 1,2. The consistency 
of i31 and i32 together with the fact that E(a,oy)J2(Y) is uniformly bounded on () imply that, for N ---> 00 

CN () B:'skl(X) P 
Tskl X - Nhk+1 ---> 0. (A3.2) 

Using arguments similar to those that led to (A2.11) and (A2.12), we can show that 

N 2 d P 
Cllkl(X) + fx(x)(M(x))nVk+I(Rx) + hcr (X) d)(I(cr(x),!'(x)))nfx(x)]Vk+I+1(Rx) ---> 0, 

Ct;,kl(X) + fx (x) (M(x)bvk+I(Rx) + h d~[(I(cr(x),!'(x))h2!x(x)lvk+I+1(Rx)!'... 0, 

N d p 
Cl2kI (x) + fx(x)(M(x))12lJk+I(Rx) + hcr(x) dx[(I(cr(x),!'(X)))12!X(X)]Vk+I+1(Rx) ---> 0, 
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or, using matrix notation 

eN (x) + (:Ex + hAx) !.. 0, (A3.3) 

with 

(A3.4) 

and (e~(X))!'+l,l+l = C~kl(X), r, S = 1,2, k, 1= 0, ... ,po 

The asymptotic normality of VN (x) = (Vl~' (x), ... ,vt; (x), vto (x), ... , vii, (x))T basically depends on 
the asymptotic normality of W N (x) = (wi" (x)T, W~ (x)T)T, where W~ (x), s = 1,2, are vectors with 
components W,;)'(x) , s = 1,2, 1= 0, ... ,po Using (Al.8), (Al.9) , (ALlO), (A2.1), (A2.2) and Lemma 
A.2, it follows that, for N .-.. 00 

Cov(W;k(X), W,;)'(x)) = fx(x)(M(X))rs 1 K 2(z)zk+1dz, 
'R. 

(A3.5) 

or, using matrix notation: COV(WN (x)) .-.. r X' From Liapunov's Central Limit Theorem we obtain that, 
for N .-.. 00, 

(A3.6) 

To obtain the asymptotic normality of V N (x), we apply Lemma 6.4.1 of Lehmann (1983) together with 
the Quadratic Approximation Lemma of Fan et al. (1995), so that for N .-.. 00 

(A3.7) 
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