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A STRATEGIC RANGE SPLIT PROBLEM 

Abstract 

Zeger Degraeve 
Raf Jans 

Luc Schepens 

This paper describes a real life case of a joint production-marketing decision problem 
at a large international manufacturer. The range of products considered in this study is 
split up into product families. All the models within each product family make use of 
some common basic components. The company wants to redesign the products. The 
goal of the redesign is to increase quality and reliability and boost benefits for the 
customers in addition to lowering production costs. The cost reduction enables the firm 
to lower the price. Consequently, the redesign is of strategic importance. This redesign 
implies a proposal of a new range split, i.e. determine which range of end products will 
make use of the same common components. The range split has a direct impact on the 
development costs of the common components, the production costs of the end 
products and hence also on the sales price and the number of units sold. The problem 
is to find the most economical split. In order to solve the problem, we will need to 
integrate information from different functional areas such as production, marketing 
and accounting. The range split problem is essentially an assortment problem at 
subassembly level, which leads to component commonality. We propose a mixed 
integer nonlinear optimization model that is gradually extended with additional 
industrial considerations, price optimization and demand uncertainty. The management 
of the company was satisfied with our solution and they decided to implement the 
proposal. 

Keywords: Component Commonality; Range Split; Product Family Design; 
Mathematical Programming; Assortment Problem; Joint Production
Marketing Decision Making; Uncertainty. 

1. Introduction 

In this paper we describe a real life case study for a large international industrial 
manufacturer. The company wants to remain anonymous and we were also not allowed 
to disclose the specific type of products. This reflects the strategic importance of this 
project. The type of product is not essential for this report. The methodology used is 
general and the accent lies on the insights that can be gained from the case. 
The products range from small units for domestic use to very large models for 
industrial applications. The kilowatt (kW) size of the product is the main indicator of 
the power and size of the machine. The machines also distinguish themselves with 
respect to the technology used within the unit, which can be either technology 1 or 
technology i. Technology 1 is older, much simpler and cheaper than the second 
technology. However, technology 2, being more sophisticated, gives a higher output 
quality. The products with technology 1 - also referred to as type 1 products - can 
however be retrofitted with additional appliances so that they provide approximately 
the same level of output quality as the type 2 machines. The problem is that the 
extended type 1 machines are currently still cheaper than the type 2 products of 

1 Specifying the type of technologies would also disclose the specific products discussed in the study. 



identical power. The company launched a project to make a completely new and 
cheaper design for the type 2 machines. The goal of the project is to boost sales 
volumes and profits of these products while at the same time increasing the quality and 
benefits for the customer. This can be achieved by lowering market prices which 
requires a decrease of production costs to maintain profit margin. The redesign will 
lead to a reduction in number of parts and subassemblies and hence will result in the 
required reduction in total manufacturing costs. 
The product range is split up into families with similar product characteristics and 
common components. The redesign project includes a review of the actual range split 
and a proposal for a new split. The goal of our study was to determine the economic 
optimal range split. It was explicitly stated that our analysis should not take into 
account the effect of the increasing sales for the type 2 products on the sales and profit 
of the type 1 machines, i.e. no cannibalization should be considered between the two 
types of products. 

This research is an extension of previous work done by the consultancy firm OM 
Partners (Belgium) at other subdivisions of the company in 1990 and 1994. These two 
studies also concerned range split problems and OMP Optimization (1996) was used to 
tackle them. The fact that this is the third time that such a project is done, illustrates 
the relevance and value added of the study and indicates that this is a generic problem 
for the manufacturer. The critical extensions with respect to the two previous studies 
are (1) the integration of information and techniques from different functional areas 
such as production, marketing and investment analysis, (2) the formulation of the 
mathematical model, (3) the introduction of price optimization and (4) the 
incorporation of demand uncertainty. During the last decade, joint marketing
production decision making has received a lot of attention. Eliashberg and Steinberg 
(1993) give a good overview of different applications. The production decision is 
mostly concerned with production quantities and marketing must determine the price 
and/or level of promotion. In this case, the production decision concerns the redesign 
and range split, while marketing must determine the price level. This study is an 
example of how cooperation between the marketing and production departments, 
together with a solid quantitative approach can lead to better decisions. 
To ensure complete confidentiality, all cost and profit data have been adapted. Graphs 
containing confidential data have also been adapted and presented without numbers on 
the axes. The optimal solution presented here in this paper is not necessarily the same 
as we have proposed to the management. 

2. The range split problem 

The type 2 products are subdivided into two categories, depending on the cooling 
technology used, i.e. water or air cooling. We will denote these two categories by A 
for air cooled and W for water cooled. Currently, the A range contains 8 models: 
labeled A18, A22, A30, A37, A45, A55, A75 and A90 and is subdivided into three 
product families. The models are ordered by increasing power of the machines, 
expressed in kW. The letter in the label refers thus to the cooling technology and the 
number refers to a specific kW size. The W range contains currently only 4 models: 
labeled W45, W55, W75 and W90, and is subdivided into two product families. All the 
members of one family make use of some common basic components. Although there 
are several different characteristics among families, they differ essentially with respect 
to two elements, denoted as the frame and the stage. A frame is the housing of all 
mechanical and electrical appliances that form a machine. The stage is an essential 
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component for the product. Within a family, each member uses the same frame and 
stage which are always dimensioned to fit the largest member in the family. In Figure 
1, which depicts the current split, we visualize the information given above by drawing 
2 bars. The first bar represents the frame split and the second bar the stage split. 
Observe the split into three families for the A range and into two families for the W 
range, as discussed previously. In some cases the frame and stage split can be 
different, but they must always be compatible, as will be explained later. 

Frame: 
Stage: 

Figure 1. The current range split. 

The split has a direct effect on the costs. To understand the basic trade-off between 
small and large families, we could consider two extremes. In one extreme, each 
machine defines a family on its own and consequently there is no component 
commonality. This implies that each model can be made at minimum cost because all 
technology used could be specifically dimensioned for each model. The company, 
however, would incur enormous development and production complexity costs. On the 
other hand, we could have only one family for the whole range. In this case the 
development cost is incurred only once. The frame and stages fit the largest kW model, 
but are also used for the lower kW models in the family. This would imply that the 
production cost for the lower kW models would be too high. The costs in tum will 
determine the sales price and hence affect directly the number of units sold and the 
total sales volume. Consequently we want to develop a decision model where the 
trade-off among the three main elements - development cost, unit cost and number of 
units sold - is properly optimized. The most accurate way for evaluating this project is 
the net present value (NPV) method. The project costs are then weighted against the 
extra profits over several years, taking the time value of money into account. We 
develop a mathematical model in which the NPV is maximized. 

Essentially, the problem as described above is an assortment problem. In such a 
problem we have a set of sizes of a product with associated demands. Due to particular 
restrictions, we cannot make all the different sizes and we have to choose a subset of 
sizes which will be produced. Demand for a size which is not produced can be met by 
a larger size of the chosen subset. Such a substitution involves a substitution cost. 
Pentico (1976) describes a segmented substitution policy as one where the original set 
is grouped in consecutive blocks and the largest element of each block is the substitute 
for the smaller elements in that group. In our case we have such an assortment problem 
at two levels, namely the frame and stage level. Not all the possible sizes for the stage 
and frame will be developed, but only a subset of them and the other sizes will be 
substituted by a larger size. It is important to note that in our case the assortment 
problem is situated at the level of subassemblies and parts and not at the level of end 
products. This leads to component commonality. Whereas in previous studies (see e.g. 
Collier 1982, Baker 1985, Baker et al. 1986, Gerchak et al. 1988 and Eynan and 
Rosenblatt 1996) the benefits of component commonality were almost solely 
associated with a decrease in inventory, safety stock and order costs, this study points 
out, with a real life case, the benefits of component commonality at the level of the 
development costs. Dogramaci (1979) mentions that the development cost of common 
components should be part of the cost-benefit analysis. Recently, Fisher et al. (1999) 
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identified the development costs as one of the key drivers of component commonality. 
In section 5, we will investigate the validity of some basic insights derived by Fisher et 
al. for our problem. Krishnan et al. (1999) developed a model where the development 
costs are also a major element of the total cost function. Perera et al. (1999) associate 
the benefits of common parts at the level of development cost with avoiding duplicate 
R&D costs. We will not consider here the effects of component commonality on 
inventory costs because people at the firm claim that the inventory cost is only a minor 
part of the total production costs and that these effects are difficult to estimate. We 
focus instead on the two major cost elements: (1) the purchase cost of the components, 
which will be lowered by the introduction of the new design and (2) the development 
and engineering costs, which can be lowered by making use of component 
commonality. The disadvantage of using common components within a family is the 
larger cost for the components if they are used for a lower kW size than for which they 
were originally designed. Fisher et al. refer to this problem as excess capability, Perera 
et al. call it excess functionality. In terms of the assortment problem, this is the 
substitution cost. 
The design of families and common components is not a stand-alone decision. It 
affects the whole value chain of the company. Eynan and Rosenblatt (1996) remark: 

"The decision on whether to employ component commonality is usually made 
at the design stage. In general, the component commonality decision affects, 
and is part of, other major functions of the business such as purchasing, 
production and marketing. " 

In order to make a good decision, information from different departments is needed. 
Krishnan et al. (1999) admit that getting reliable information constitutes a major 
problem. However, they recognize that both cost information and demand information 
is needed. This paper illustrates the interdependencies between the functional 
departments concerning the commonality decision with a real life case. 

The remainder of this paper is organized as follows. In section three we discuss a basic 
optimization model, which is extended with industrial considerations in section four. 
Section five contains the discussion of the model and the results. We further extend the 
model to incorporate the price decision in section six and uncertainty with respect to 
the price sensitivity of demand in section seven. Finally, we give some conclusions. 

3. The basic optimization model 

For expository purposes, we first propose a basic model for the range split problem 
without considering too much case specific considerations. Later on, the specific 
industrial constraints which we have encountered in this study, will be incorporated. 
The basic model will only consider one category, namely the machines from the A 
range and will consider only one common component, namely the frame. 

3.1. Calculation of the costs and street prices 

Project costs include the development and engineering costs of the new frames and the 
extra marketing budget. The development and engineering of the new frames takes 
considerable time. These costs include the study for the new design, production of a 
prototype and testing. An estimate of the development costs of the frames for all the 
new A models was given by the engineering department and depends on the kW size. 
Per family we only have to develop the frame for the highest kW size in that family 
and all the other members also use this frame. The total development cost is than the 
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sum of the development costs of the frames for each family. The extra marketing 
budget is a fixed amount to be spent for promotional activities over five years. It 
constitutes only a minor fraction of the total project costs. 

The unit cost calculated by the company consists of the purchase cost of the 
components (approximately 85 %) and the costs of wages, logistics and overhead 
(approximately 15 %). After the new design, this unit cost must be considerably lower 
than today. In this study, the unit cost is split up into two different components: the 
cost of the stages and all the other costs. The reason for this distinction will become 
apparent in Section 4. Both costs are assumed to be proportional with the kW size and 
the engineering department has estimated them for each model with the new design. 
For each family, the new unit cost of the highest power model is calculated as the sum 
of the two cost components. The unit cost for the other models in the family is derived 
from this cost figure by subtracting a given amount proportional to the kW difference 
with the highest model in its family. This reflects the fact that within a family each 
model uses the same frame and stage but the engine is specific for each model and 
therefore reduces the cost somewhat. There are no extra volume discounts for 
purchasing a large quantity of a specific electrical motor. Therefore, the engines are 
not a part of the range split problem. The simplified BOM for the current range is 
given in Figure 2. The frame (F) and stage (S) are common components for each 
family. The engine (E) is specific for each model. 

~ : End Product \J : Stage D : Frame o : Engine 

Figure 2. Simplified BOM for the current split. 

The price at which the product is sold to the customer is called the street price. 
Whereas the cost within a family does not vary much, it is desirable for marketing 
reasons that the street price is proportional to the kW size. Therefore, we make an 
ordinary least square (OLS) regression on the new unit cost with the kW size as the 
dependent variable. This results into the linearized new unit cost. The new street prices 
are calculated by adding a given markup to the linearized unit cost. This percentage 
increases with the kW size, indicating a larger percent gross profit for larger models. 
The new gross margin is the new street price minus the new unit cost. Figure 3 depicts 
all this information. The curves are drawn with fictional costs, but they give a good 
idea about the general structure. We consider here a split where the first family 
contains the A18 and A22 models, the second family contains the A30, A37 and A45 
types and the last family includes the three largest models. In Figure 3, the first curve, 
labeled nc, gives the new cost of the models. Observe that the biggest gaps are 
between the families whereas within a family the cost does not vary much. The second 
curve, labeled ncl, is the OLS regression and the third curve, labeled nsp, is the new 
street price. 
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Figure 3. Cost structure of a new possible range. 

3.2. Estimation of the price sensitivity 

An important consideration for this study is the price elasticity of demand. What will 
be the effect on the number of units sold if the street price is lowered? A price 
reduction is believed to have two positive effects. First, people who buy a type 2 
machine from a competitor will switch to our company. Second, some customers who 
buy an extended type 1 product will switch to a type 2 model. In the extreme case 
where the price of the type 2 model would drop to the level of the extended type 1 
model, all the customers would prefer a type 2 model for output quality reasons. This 
would give access to a high volume market. 

The marketing department of the company has estimated the price sensitivity. For 13 
different kW sizes the following two elements were derived: relevant market share 
(MS) of the type 2 products and the ratio street price of type 2 to street price of the 
extended type 1 model, called the SP ratio. These two figures are plotted in Figure 4. 

MS 

o 
SP ratio 

Figure 4. Trendline for the price sensitivity 
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A non linear trendline was estimated with the appropriate parameters sand t as 
follows: 

MS = s * (SP ratio/ (1) 
From (1) we can calculate the percentage increase in market share (~S) if the 
company decides to drop the street price of the type 2 products relative to the extended 
type 1 machines with a fraction b.SP. The percentage change in market share equals 
the ratio of the estimated new market share to the estimated old market share minus 
one: 

A '''S __( . _ S_P_,_a_ti_o _*-'..(_1_-b._S_P....:)..:....) '_ I 
LllYl. - -1 = (l - ,1SP) - 1 

SP ratio' 
(2) 

This function gives us an estimate for the price elasticity of demand. 

3.3. Calculation of the revenue 

When evaluating a project, we must look at incremental cash flows. The total yearly 
extra cash inflow equals the total new contribution minus the total old contribution. 
The old contribution for each product is calculated as the old number of units sold 
multiplied with the old gross margin. The new contribution is calculated likewise. We 
use the cost of capital r of the firm as discount rate. The development and engineering 
cost is spent equally over the first q years. In year q+ 1 the new products are introduced 
in the market and revenue is taken into account for five years from then on. Half the 
extra marketing budget is spent in the first year when revenue will be generated and 
the remainder is invested equally in the following 4 years. An overview of the timing 
of the cash flows is given in Figure 5. 

Year 0 1 1 q+1 q+2 q+3 q+4 q+5 
I I I I I I I 

Project cost ./ ./ 
Marketing ./ ./ ./ ./ ./ 
Revenue ./ ./ ./ ./ ./ 
Figure 5. Timing of the cash flows. 

3.4. Mathematical model 

In this section we describe a mathematical model for the optimization of the range 
split. We first introduce some notation: 

Sets: 
T : set of all A models, index i, 

Parameters: 
dc; : development cost of frame i if model i is the highest frame in the 

family, ViE T, 
: cost of the stages developed for model i, ViE T, 
: other costs for model i, ViE T, 
: kW size of model i, Vi E T, Pi E {18,22,30,37,45,55,75,90}, 

: percentage markup for model i to calculate the street price, ViE T, 
: old street price for model i, ViE T, 
: old number of units sold of model i, ViE T, 
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d : difference in unit cost per kW size difference within a family, 

~>il 
: average kW size, = iEA IITI ' ap 

toc 
mark 

: the estimated exponent of the price sensitivity function, 
: total yearly old contribution, 
: NPV of the total extra marketing budget. 

Variables: 
Zik = 1 if model k is the highest model of the family to which model i 

belongs, 0 otherwise, \t i, k E T, k ~ i, 
nCi : new unit cost for model i, \t i E T, 
ncli : linearized new unit cost for model i, If i E T, 
nSPi : new street price for model i, If i E T, 
dSPi : relative difference between old and new street price of model i, 

\ti E T, 
nxi : new number of units sold for model i, If i E T, 
tdc : total development costs for the frames, 
sl : slope of the OLS regression formula, 
in : intercept of the OLS regression formula, 
tex : total yearly extra cash inflow, 
NPV : NPV of the project. 

Model: 

1. maximize NPV; 
MAX NPV 

subject to: 
2. determine the highest model of a family; 

£Zik = 1 
k=j 

\tiE T 

(3) 

(4) 

Zik~Zi+l.k \ti, k E T, k> i (5) 
3. calculate the total development costs for the frames; 

~=~~~ ~ 
ieT 

4. calculate the new unit cost; 

nCi = ~(CSk+COk)zik -d [~ZikPk - Pi) Ifi E T (7) 

5. calculate OLS regression; 

[ 
Lnci I] t; nCi - iET IITI (Pi -ap) 

~(Pi _ap)2 
sl = (8) 

leT 

~nCi 
in = iEITI - (sl) ap (9) 
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ncli = in + (sl) Pi Vi E T (10) 
6. calculate new street prices; 

nSPi = (1 + mi) ncli Vi E T (11) 
7. calculate relative difference in street price; 

dSPi = 
asp; -nsp; 

Vi E T (12) 
asp; 

8. calculate new number of units sold; 
nXi = OXi ( 1 - dsp;/ tli E T (13) 

tex = L. nx; (nsp; - nc;) - toc (14) 
JET 

10. calculate NPV; 

NPV= t( - tdc J q+5 tex 
- mark + L. --- (15) 

1=1 (q)(I+r)' l=q+1 (1 + r)' 

11. integrality constraints; 
Zik E {O,]} tI i, k E T, k"2 i (16) 

The objective function (3) maximizes the NPV of the project. Constraints (4) and (5) 
define the range split. For every model there is exactly one model which is the highest 
in its family (4). If k is the highest model of the family of model i than all the models 
from i up to k must have k as largest model (5). Constraints (4) and (5) impose thus the 
segmented substitution policy. The calculation of the development costs is done in 
constraint (6). We only develop the frames for the largest model of a family. If the 
variable Zii equals one, indicating a split at model i, than i is the highest model of the 
family. The new unit cost of model i is calculated in constraint (7) as the sum of the 
costs of stages and other costs for the highest model in the family minus a factor d 
multiplied with the kW difference between the highest model in the family and model 
i. The slope and intercept of the OLS regression are calculated in constraints (8) and 
(9). The linearization of the new unit cost is done in constraint (10). The new street 
price is determined as the linearized new unit cost plus a percent gross profit (11). To 
determine the new number of units sold (13), we must first know by how much the 
price has dropped (12). Constraint (14) calculates the total yearly extra cash inflow. 
With these elements and taking into account the correct timing of the cash flows, we 
can calculate the NPV of the project (15). In constraint (13) we use a nonlinear 
function to determine the increase in units sold. Moreover, in constraint (14) there is a 
multiplication of two decision variables. Consequently we have a mixed integer 
nonlinear model. 

4. The optimization model with industrial considerations 

During the study many specific industrial considerations came up and we had to 
extend our basic model to include all real life issues. A good choice of the variables in 
the basic model made it possible to easily implement new constraints. Step by step we 
will introduce these industrial considerations. 

4.1. including a new size and two different common components 

Management wanted to include a new kW size in the A range. Consequently the total 
A range would then contain 9 models and A15 is the new model. In addition, an 
important feature of this study was the definition of the split at two levels: a frame split 
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and a stage split. To model this, we introduce two new decision variables which 
replace the original Zik variables: 
zJik = 1 if model k is the highest model of the family to which model i belongs 

according to the frame split, 0 otherwise, Vi, k E T, k ~ i, 
ZSik = 1 if k is the highest model of the family to which model i belongs 

according to the stage split, 0 otherwise, Vi, k E T, k ~ i. 
The objective function (17) of the model remains the same as before (3). We now have 
to impose the segmented substitution policy for both the frame and stage split. This is 
done in the constraints (18) to (21). 

1. maximize NPV; 
MAX NPV 

subject to: 
2. determine the highest model of a family; 

~ 
~zfik = 1 
k=i 

k= i 

zJik ~ zJi+I,k 

ZSik ~ ZSi+I,k 

4.2. Engineering and design requirements 

ViE T 

ViE T 

Vi, k E T, k> 
Vi, k E T, k> 

(17) 

(18) 

(19) 

(20) 
(21) 

The engineering department imposed additional design specifications. Each family 
should contain at least two members and at most four. Consequently, two neighboring 
models cannot both have a range split. This is modeled in constraints (22) and (23). As 
each family contains at most four members, we know that the index k in the variables 
zJik and ZSik ranges only from i to min{i+3, ITI}. The number of variables is thus 
reduced and as a result, we do not need additional constraints to enforce the maximum 
number of members in a family. Consequently in constraints (18) and (19) we only 
have to sum to min{i+3,ITI} instead of 111 and for the constraints (20) and (21) the 
index k must be smaller than or equal to min{ i + 3, I TI}. 

3. at least two members per family; 

zJii + zJi-I,i-I ~ 1 
ZSii + ZSi-I,;-I ~ 1 

ViET,i~2 

ViET,i~2 

(22) 
(23) 

Further, the number of stage splits should not exceed the number of frame splits and 
both splits must be compatible. Compatibility implies that for every stage split, there is 
a frame split, but there can be more frame splits than stage splits. Constraint (24) 
enforces a frame split if there is a stage split for a specific model. In Figures 6 and 7 
we depict a compatible range split where the frame and stage splits are not the same. 

4. number of stages must be at least equal to the number of frames; 
zJii ~ ZSii ViE T (24) 
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Frame: 
Stage: 

Figure 6. An example with different frame and stage split. 

L7 : End Product \J : Stage D : Frame o : Engine 

Figure 7. Simplified BOM for the split of Figure 6. 

There are some technical constraints limiting the ratio highest power to lowest power 
within a family. This ratio should not be more than I. This constraint concerns only the 
stage split. For each item we have a constraint (25) which imposes this restriction. 

5. limiting the ratio highest power to lowest power; 
minv+3·ITI} 

L.ZSikPk 
_.o..:k-::'-.i __ sl 

4.3. Introduction of the W range 

'r/iE T (25) 

As mentioned before, the complete range of type 2 products does not only contain A 
models, the air cooled machines, but also the W models, the water cooled machines. 
Whereas the current split contains only 4 water-cooled models, as shown in Figure 1, 
we will now consider 7 possible models in the water-cooled range. W22, W30, W37 
are the possible new types. Contrary to the models of the A range, not all the new 
models of the W range will necessarily be produced. To model this situation, we 
introduce a new set and variable: 
R : set of all water cooled (W) models, index j, 
Xj = 1 if model j of the W range is produced, 0 otherwise, 'r/ j E R. 

To determine the split for the models in the W range, some important technological 
requirements must be taken into account. The split of the W range should be equal to 
the split of the A range for the matching kW types and we only have to decide which 
W models will be introduced. If we decide to include a specific W model, than all the 
higher kW models must also be included as enforced by constraint (26). Furthermore, 
the three smallest W models, W22, W30 and W37, will not be introduced if the highest 
member of their family is a model smaller than W45. This is enforced in constraint 
(27). The RHS of (27) will be less than one and thus forcing Xj to zero if the highest 
member of the family of model j is less than W45. Observe that there is a 
correspondence between the variables of the A and W range: the power of model j of 
the W range is the same as the power of model j+2 of the A range. This 
correspondence will be used if possible, in order not to define too many variables. 

11 



6. detennine which W models are included; 
Xj ~Xj+l 

[nUn~·~X+2.kPky 
< k=j+2 

Xj - P6 

'r/jEl?\{7} 

'r/j E {l,2,3} 

4.4. Development costs, unit cost and street price calculation 

(26) 

(27) 

The development and engineering costs for the frames must be paid not only for the A 
range, but also for the W range. It is estimated that the development costs for the W 
families will only be a specific fraction f of the cost for the A families because the 
frames for the W models can be derived from the frames for the A models. The 
development cost for the frame of model j of the W range must only be paid if both 
model j will be produced, i.e. Xj = 1, and there is a frame split at the matching model in 
the A range, i.e. Z.h+2J+2 = 1. We first linearize the product of these two binary 
variables as follows: 
Vj = Xj :z;h+2J+2 

The linearization is done in the constraints (28.1) to (28.3). The total development 
costs are then calculated as the sum of the development costs for the A and W models 
in equation (29). 

7. linearization; 
Vj~Xj 

Vj ~ :z;h+2J+2 

Vj;? -1 + Xj + :z;h+2J+2 

8. calculate the development costs for the frames; 

tdc = Ldci:if;; + Lf dC j +2 Vj 

ieT jeR 

'r/jE R 
'r/jER 
'r/jER 

(28.1) 
(28.2) 
(28.3) 

(29) 

We proceed with the calculation of the new unit cost. This calculation is done only for 
the A range. For the cost of a W model we look at the matching model in the A range. 
This equivalence between the A and W range also holds for the calculation of the 
linearized cost, the new street price and the price sensitivity. The new stages will be 
developed by an external engineering firm, according to the new specifications. Thus 
our company does not incur development costs for the stages. However, the formula 
estimated for the cost of the stages reflects the fact that the unit price will be higher if 
more different stages will have to be developed. The higher unit cost compensates then 
for the higher development costs incurred by the producer of the stages. For the 
complete A range, the minimum number of stages is three and the maximum number is 
four. The stages for the A range will be used for the matching models in the W range. 
Consequently for the example in Figure 6, we need only three different stages. We 
were given an estimation of the cost of the stages for the different kW sizes: 
cs3 i : cost of the stages for model i if 3 stages have to be developed and if model i 

is the largest member of the family, 'r/ i E T, 
cs4i : cost of the stages for model i if 4 stages have to be developed and if model i 

is the largest member of the family, 'r/ i E T. 

The cost depends on the kW size and the number of stages to be developed. To 
detennine the number of different stages, we define a new binary variable: 
w = 1, if there are 4 different stages needed in the A range, 0 if only 3 are needed. 
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Constraint (30) forces w to 1 if 4 different stages are used. If only 3 stages are used, w 
can be either 0 or 1, but will be equal to 0 because of the lower costs. With this 
variable we can then calculate the actual cost of the stages. In constraints (31.1) to 
(31.4) we have linearized the product in the expression 
min{i+3·ITll 

L ZSjk (cs3 k (1- w) + cs4 k w) , which is the true cost of the stages for model i, i.e. 
k=j 

the cost of the stages for the highest member in its family. Remark that this definition 
is different from the definition of the cs3i and cs4i parameters. To do so, we define two 
new variables and upper bounds as follows: 
s3 i = cost for the stages for model i if 3 stages have to be developed, 0 otherwise, 

If i E T, 
s4i = cost for the stages for model i if 4 stages have to be developed, 0 otherwise, 

Ifi E T, 
bl i = cs3/v If i E T, k = min {ITI, i+3}, 
b2i = cs4k, If i E T, k = min {In i+3}. 

In equation (32), the new unit cost for a model is defined as the cost for the stages and 
the other costs for the highest model in the family - according to the frame split - and 
subtracting a given amount per kW difference. 

9. calculate the unit cost; 
w~ Lzsjj-3 

leT 

s3i~bl;( I-w) 
min {i+J.lTIl 

S3i~ LZSjkCs3j -bIiw 
k=i 

s4i ~b2i W 

min {i+J.lTll 
S4i~ LZSjkCs4j -b2;(I-w) 

k=i 

Ifi E T 

Ifi E T 

Ifi E T 

Ifi E T 

(30) 

(31.1) 

(31.2) 

(31.3) 

(31.4) 

(32) 

In the model we calculate again the regression function for the A range, the new street 
prices and the relative difference between the old and the new street price. 

10. calculate regression; 

( 
Lncj I] 

~ nC j - JET IfTI (Pj - ap) 

L(Pj _ap)2 
sl = 

leT 

Lncj 

in = jEITI - sl ap 

ncli = in + sl Pi Ifi E T 

(33.1) 

(33.2) 

(34) 
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11. calculate new street prices; 
nSPi = (1 + mil ncli 

12. calculate the relative difference in street price; 

d _ asp; - nsp; 
SPi -

asp; 

ViET (35) 

ViE T, OSPi ;t: 0 (36) 

The next step is the calculation of the new number of units sold. First we introduce a 
new variable: 
dsoldi : multiplier to determine the new number of units sold for model i, 

ViET 
We first calculate the multiplier dsoldi in (37), but only for the A models which were 
already present in the current product range. By doing so we exclude the A models 
where the old number of units sold, i.e. oxti, equals zero. 

13. calculate the multiplier for the new number of units sold for the A range; 
dsoldi = ( 1 - dSPif ViE T, oxti ;t: 0 (37) 

4.5. A new variant: a marketing issue limited by technical constraints 

Marketing wanted to investigate the potential profit of developing a variant for the 
A55 and W55 model. The variant will produce a higher output qUality. This can only 
be achieved if the A55 model uses the same stage as the A90 model. Consequently, if 
the A55 model lies in the highest family, the variant is possible and can be included 
without significant extra costs. If however the A55 model lies in a lower family, then 
the variant cannot be developed. The availability of a better variant for the A55 and 
W55 type will increase demand for this kW size by an additional estimated factor u. 
To model the assumption that this variant can only be introduced if the A55 model is . 
part of the highest family, we define two new variables: 
ys = the number of units sold if the A55 model is part of the highest family, 

o otherwise, 
yt = the number of units sold if the A55 model is not part of the highest 

family, 0 otherwise. 

The constraints (38.1) to (38.5) define the multiplier for the A55 model and are based 
on the observation that the A55 model is part of the highest family if the highest model 
of its family is the A90 model, i.e. ZS7,9 = 1. We use an upper bound of MJ on the value 
of the multiplier. 

14. Define the multiplier for the A55 model; 
ys ~ ( 1 + u)( 1 - dSP7 f 

ys ~MJ ZS7,9 
yt ~( 1- dSP7f 
yt ~ MJ ( 1 - ZS7,9) 
dsold7 = ys + yt 

4.6. The market reaction 

(38.1) 
(38.2) 
(38.3) 
(38.4) 
(38.5) 

Next, to calculate the new number of units sold we introduce some more variables and 
parameters: 
nxti : new number of units sold for model i in the A range, 
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OXtl : old number of units sold for model i in the A range, 
nxr) : new number of units sold for model j in the W range, 
oxr) : old number of units sold for modelj in the W range. 

The new number of units sold for the A models is calculated in (39.1). For the new 
model A15, the new number of units sold is estimated as a given percentage Pi of the 
A18 model (39.2). 

15. Calculate the new number of units sold for the A models; 
nxt; = oxt; dsold; 

nxti = Pi nxt2 

If i E T, oxt; ;r 0 and i ;r 6 (39.1) 
(39.2) 

Another issue here is the production of the W45 model, which is currently in the 
product range. If this model will not be offered anymore, i.e. X4 = 0, a fraction P2 of the 
potential buyers will switch to an A45 model. The remainder are lost sales. The model 
switching parameter P2 was estimated by the marketing department. To model this 
requirement, two new variables are needed: 
nxta = new number of units sold of the A6 model if a W6 model is produced, 

o otherwise, 
nxtb = new number of units sold of the A6 model if a W6 model is not produced, 

o otherwise. 
This assumption is modeled in the constraints (40.1) to (40.5), where M2 and M3 are 
appropriate upper bounds. 

16. Calculate the new number of units sold for the A55 model; 
nxta 5M2x4 
nxta 5 oxt6 dsold6 
nxtb 5M3 ( ]-X4) 

nxtb 5 (oxt6 + P2 oxr4) dsold6 
nxt6 = nxta + nxtb 

(40.1) 
(40.2) 
(40.3) 
(40.4) 
(40.5) 

Constraints (41.1) and (41.2) set the number of units sold for the W range equal to zero 
if model j is not produced, i.e. Xj = 0, otherwise they impose an upper bound, using an 
appropriate factor M4. For the models which were already included in the actual split, 
nxrj has as upper bound the old number of units sold multiplied with the associated 
multiplication factor (42.1). The number of units sold for the new W models equals a 
fraction P3 - estimated by the marketing department - of the new number of units sold 
of the matching A model (42.2). 

17. Calculate new number of units sold for the W models; 
nxrj 5 M4 oxr)x) 

nxr) 5P3 M4 OXt)+2X) 

nxrj 5 oxr) dsold)+2 

nxr) 5 P3 nxt)+2 

If j E R, oxr) ;r 0 
If j E R, oxr) = 0 
If j E R, oxr) ;r 0 
If j E R, oxr) = 0 

(41.1) 
(41.2) 
(42.1) 
(42.2) 

For the calculation of the extra profit (43) we have to take into account also the new W 
range. Models in the W range have the same unit cost and street price as their 
matching model in the A range. Therefore the NPV calculation remains the same (44). 
We only adapt the definition of the total old contribution to include the W range: 
toe : total old contribution of A and W range. 
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18. calculate extra profit; 

tex = I, nxti (nsPi - nci ) + I, nxr} (nsp }+2 - nc }+2) - toc (43) 
~T ~R 

19. calculate NPV; 

NPV= f _ tdc 
t=1 (q)(I+r)t 

20. integrality constraints; 
z/ik" ZSik E { 0, 1 } 

Xj, Vj E { 0, l} 
WE{O,lj 

5. Results 

q+5 tex 
mark+ I,--

t=q+l (1 + r)t 
(44) 

\;I i, k E T, k:2 i and 
k ~min{i+3,ITI} (45.1) 
\;Ij E R (45.2) 

(45.3) 

We have programmed and solved the problem using LINGO (Schrage 1998). This 
specialized software is capable of optimizing mixed integer nonlinear problems. As 
such, a solution will only be a local optimum. However, by giving different initial 
values we can check the stability of the solution. The model can be used both for 
finding the optimal range split and for evaluating alternative splits. The optimization 
problem as described in section 4 was solved within 170 seconds on a Dell Pentium 
233 Mhz PC. However, the optimal solution can also be found by complete 
enumeration of all possible splits and calculating the NPV for each of them. Due to the 
realistic design and engineering constraints on the problem, the number of feasible 
combinations is relatively small. Nevertheless we think that the mathematical model 
has its value for several reasons: 1) a mathematical model gives an exact definition of 
the problem; 2) the basic model of section 3 gives a clear definition of the variables, 
which can be used for other assortment and range split problems; 3) we need a 
mathematical model if we want to extend the problem with price optimization and 
uncertainty (see Section 6 and 7); 4) the mathematical model makes all sorts of 
sensitivity analysis possible. 

The optimal split is given in Figure 8. The models are equally spread over all the 
families and each family contains three models. In the W range two new models are 
introduced: W30 and W37. The project yields a positive NPV. 

A15 A18 A22 A30 A37 A45 A55 A75 A90 W22 W30 W37 W45 W55 W75 W90 
Frame: 
Stage: 

Figure 8. Optimal range split. 

By fixing the decision variables, the model can also be used to evaluate alternative 
solutions. Some other alternatives were generated. It is then interesting to know by 
how much these solutions deviate from the optimal solution. In Figure 9 we set the 
NPV of the optimal solution to 100% and compare this with the NPV of other 
alternatives. We observe that the best proposals all have only 3 stages, indicating the 
significance of the development costs. 
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A A A A A A A A A W 
15 18 22 30 37 45 55 75 90 22 

Frame: 
Stage: 

Frame: 
Stage: 

Frame: 
Stage: 

Frame: 
Stage: 

Figure 9. Comparison of different alternative splits. 

NPV 

100% Optimal 
Solution 

96.6% Alternative I 

95.6% Alternative 2 

85.5 % Alternative 3 

Fisher et al. (1999) recently proposed a cost minimizing analytical model to determine 
the optimal number of common components for brake systems in the car industry. 
They expect the basic insights, derived from their analytical model, to be valid for 
other products as well if they satisfy certain properties. The products in this study 
satisfy these product properties, except that we did not include economies of scale. 
Design engineers at the company felt that the major cost reduction would result from 
the new design and range split and possible economies of scale would be relatively 
small. In addition, contrary to the Fisher et al. approach, sales volumes are not fixed 
but are a variable of the model. The other four properties of Fisher et al. are directly 
satisfied as follows: 
1. all the products have some common components, namely the frame and stages; 
2. the products can be ranked by the performance requirement of the common 

component, i.e. they are ranked by kW size; 
3. the common components are downward compatible and have no substantial effect 

on the overall product quality. 
4. the cost of the common component is increasing in the kW size. 

It is then interesting to investigate whether the basic insights obtained by Fisher et al. 
are also valid for our problem. For our tests we have dropped the design requirements 
on the minimum and maximum number of splits. This leads to an optimal split as 
shown in figure 10. As the development costs are only specified for the frames, our 
conclusions will only apply for this common component. 

W22 
Frame: 
Stage: 

Figure 10. Optimal range split without design requirements. 

We first investigate the relationship between development costs (dc) and the optimal 

number of common components (N*). The proposed relationship is: N* - /1. We Vdc 
solve our model for different development costs given as a percentage of the originally 
specified development cost which we set at 100%. The results of this analysis are 
depicted in Figure 11. We observe a pattern that is consistent with the proposed 
relationship. 
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50 100 150 

Development costs (%) 

200 250 

Figure 11. The influence of development costs on the number of splits. 

300 

We also find that, when the solution has more than three splits, the model puts the 
extra split first at the higher kW level products. This is quite intuitive, because there 
exists a larger kW difference between the highest machines and it is exactly this 
difference that determines the cost of excess functionality. 

A second basic insight is that the optimal number of common parts is proportional to 

the square root of the total sales (V): N* - rv. As the new number of units sold is a 
variable in our model, we work here with the old number of units sold, which are the 
basis to calculate the new sales, as can be seen from equation 13. We solve our model 
for different sales volumes. We set the original sales equal to 100%. From Figure 12, 
we remark again that our model is consistent with the proposed relation. 

200 400 600 

Sales(%) 

800 

Figure 12. The influence of total sales on the number of splits. 

1000 1200 
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Fisher et al. suggest that, in addition to sales volume, sales variability among the 
different products is also an important factor. They measure the variability by the 
coefficient of variance. In our test on the impact of sales volume, the coefficient of 
variation remained the same and we thus excluded this influence. Fisher et al. suggest 
that the models with the above-average sales are more likely to get a split. In figure 13 
we first give the optimal solution with regular sales. Next we introduce more 
variability by assigning substantial higher sales to some models which do not have a 
split yet: the AlS, A30 and A75 and W75 models. In the column "Sales" we indicate 
by how much we have multiplied the sales for the AlS, A30 and A75 and W75 
models. The coefficient of variation increases as the sales for these models increase. 
We observe that the models with increasing sales will get a split if the sales are high 
enough. The 75 kW models get a split if their sales equal two times the regular 
volume. The AlS and A37 models get a split if their sales equal four times their 
regular volume. 

Sales Cv A15 A18 A22 A30 A37 A45 AS5 A75 A90 W22 W30 W37 W45 W55 W75 W90 
100% 0.268 Frame: 

Stage: 

200% 0.440 Frame: 
Stage: 

300% 0.625 Frame: 
Stage: 

400% 0.757 Frame: 
Stage: 

500% 0.853 Frame: 
Stage: 

Figure 13. The influence of variability in sales on the number of splits. 

We have some remarks on the implicit assumption of our model. We did not model 
any interaction with competitors. Competition is considered to be quite static. The 
other companies are much smaller and cannot react very fast on a substantial price 
reduction because it also takes years of development and substantial investments for 
them to lower costs. 

6. The price decision model 

From microeconomic theory, we know that there exists one price which maximizes 
total sales. If the current price lies in the elastic part of the demand curve, than we can 
increase our turnover by lowering the price. If however we are in the inelastic part of 
the demand curve, we should increase our price. In the previous model, the markups to 
calculate the street price were fixed by the company. The street price is consequently 
completely determined by the costs. It is interesting to investigate whether we could 
increase total turnover by choosing an optimal street price. In a subsequent new model, 
the a priori fixed relation between costs and price is removed and the objective is still 
to maximize the NPV of the project. 
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To include the price decision in a new model, we have to remove the constraints (33.1) 
to (35) in which the new street price is calculated and add three other constraints. First, 
we want a minimum gross profit of 20 % on each model (46). Second, we impose a 
minimum price reduction of 10 % (47). Finally, in constraint (48) we impose a 
minimum relative price difference between two subsequent models. This minimum 
difference ki depends on the kW difference between the models. 

nSPi;? 1.2 nCi 

nSPi :::;0.9 OSPi 

nSPi :::; (1 - ki) nspi+l 

'v'iET 
'v'i E T, OSPi :F 0 
'v'iET,i:::;S 

(46) 
(47) 
(48) 

The new solution, shown in Figure 14, gives a different optimal range split than 
before. There is no W22 and W30 model in the W family and a 10 bar variant for the 
A55 and W55 is not possible. 

Frame: 
Stage: 

Figure 14. Optimal range split for the price decision model. 

The street prices have dropped again, compared with the previous solution. Figure 15 
compares the old street price (OSP), the new street price in the optimal split without 
price optimization (NSP1) and the new street price in the optimal split with price 
optimization (NSP2). The price decrease results in an enormous increase in the number 
of units sold and in total sales volume. In Figure 16 we find a comparison between the 
old number of units sold (OXT), the new number of units sold for the optimal solution 
without price optimization (NXT1) and the new number of units sold for the optimal 
solution with price optimization (NXT2). This graph clearly shows the shift from a 
low-volume market to a high-volume market. The total NPV of the project increased 
by 70 %, compared to the model without price optimization. If we fix the previous 
optimal solution from Figure 8 in this model and then optimize over the new street 
prices, the NPV deviates less than 1 % from the thisnew optimal solution. This 
indicates that the solution from Figure 8 was quite stable. 
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Street 
Price 

A15 A18 A22 A30 A37 

Product type 

A45 ASS A75 

Figure 15. Comparison of the street prices for the different models 

sold 

A15 AlB A22 A30 A37 

Product type 

A45 A55 

Figure 16. Comparison of the sales for the different models 

A90 

A75 ABO 

In Figure 16 we observe a tremendous increase in sales. This is in fact due to the use 
of the specific functional relationship for the price sensitivity as given by equation (1). 
This prompted us to have a discussion about the two issues below with the 
management: 
1) Is the functional form of the price sensitivity also valid for such large price 

increases or is it only appropriate within a small region around the current price? 
2) It is clear that the cannibalization effect on the extended type 1 machines will 

become more and more important as the price is reduced. Should this not be 
included in the analysis? 

The management believed in the functional form of the price sensitivity, mainly 
because of the enormous potential of the cannibalization effect and they stuck to their 
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original assumption that they should be regarded as a profit center. However, it was 
finally decided to apply NSP1 and therefore not yet to use the results of the price 
optimization. However, as said before, we found that the solution of NSP1 is quite 
stable anyhow. 

7. Incorporating demand uncertainty 

A final interesting issue we considered is demand uncertainty. In this study, the 
demand uncertainty results from uncertainty about the price elasticity. Marketing 
considers two possible scenarios which have an equal chance of happening: one with a 
high price elasticity, denoted scenario 1, and the other with a low price elasticity, 
labeled scenario 2. The difference in price elasticity is modeled by varying the 
exponent t in formulas (1) and (2). 

Assuming each scenario occurs with probability one, the two scenarios have a different 
optimal split. These two solutions are shown in Figure 17. Split one is optimal in the 
scenario with the high price elasticity whereas split 2 is optimal with the low price 
elasticity. Which split is than optimal in the case of uncertainty? 

W22 W30 W37 W 45 W55 W75 W90 
Split 1 Frame 

Stage 

Split 2 Frame: 
Stage: 

Figure 17. Optimal range splits for the separate scenarios. 

A first approach could be to choose from the two optimal solutions the one with the 
highest expected NPY. Table 1 contains scaled NPV's and it is clear that split 1 has a 
marginally higher expected NPV. 

T bl 1 NPV f h a e ort r e optIma Spl It un d ereac h scenano separate y 
NPV in scenario 1 NPV in scenario 2 Expected NPV I 

Split 1 186.88 100 143.44 
I Split 2 183.69 102.85 143.27 

This however might be not optimal for the overall problem. It is possible that there 
exists a split, which is not optimal for either scenario, but which gives a higher 
expected NPY. We will explain how we can extend the model to incorporate such 
issues. 

We develop a two-stage stochastic model using a scenario approach. Eppen, Martin 
and Schrage (1989) apply such a methodology for capacity planning under demand 
uncertainty at General Motors. The methodology however is more generic. In a two
stage stochastic model, two different but related decisions must be made in separate 
time periods. The first is an irreversible investment decision. In the model of Eppen et 
al. this is the capacity investment. At the moment of this first decision there is 
uncertainty about the future demand. Next the investment is done and before the 
second decision is taken, the uncertainty is resolved. In the second stage one must take 
a recourse decision which is clearly dependent on the scenario which occurs and the 
earlier investment. In the capacity model, the recourse decision is the production plan. 
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This recourse action optimizes the second decision under the constraints of the earlier 
taken investment decision and the current demand revelation. Our case fits such a 
chronology. First, there is the investment decision, namely the choice of the range 
split. At the moment of this decision there is considerable uncertainty about the price 
elasticity and thus future demand. After some time the products will be introduced in 
the market. Marketing claims that at that moment more precise information about the 
price elasticity will be known. The recourse action is then the price decision. The new 
street price is then an optimal decision in view of the known price elasticity and the 
new range split. 
To incorporate such a two-stage methodology, the model must be adapted. Once the 
changes in the basic model are introduced, modifications for the extended model are 
trivial. Constraints (3) to (6), which define the range split and calculate the costs, 
remain the same. We define a new set S with index s for the possible scenarios. Then, 
the variables nSPi, dSPi, dsoldi, nxi, tex and NPV and the parameter t get an extra index S 

for the scenarios. The objective function (2) is now to maximize the expected NPV. 
Therefore, we introduce another parameter rs which gives the probability of each 
scenario. The constraints (10) to (14) and (45) to (47) are repeated for every possible 
scenario s. As a result of this model we obtain the optimal range split and the optimal 
recourse decision over all scenarios. 

We have adapted the extended price decision model of section 6 to incorporate the 
scenario approach. The optimal split, as shown in Figure 18, differs from the two splits 
which we obtained from the separate price decision models. Although this split is not 
optimal in either scenario, it gives a higher expected NPV, as shown in Table 2. 
Moreover, it is risk robust, meaning that this solution deviates only marginally from 
the optimal solution in each separate scenario. 

A15 A18 A22 A30 A37 A45 A55 A75 A90 W22 W30 W37 W45 W55 W75 W90 
Frame: 
Stage: 

Figure 18. Optimal range split for the model under uncertainty. 

8. Conclusions 

In this paper we have described an industrial range split problem at a large 
manufacturer. The range split problem is essentially an assortment problem and is 
strongly related to the component commonality problem. In order to solve this problem 
we have build several mixed integer nonlinear optimization models. We started with a 
basic model and have extended it with industrial considerations. An important feature 
of the analysis was the incorporation of the benefits of component commonality at the 
level of R&D and the integration of information and data from different functional 
departments such as production, marketing and accounting. Next, the range split and 
the street prices were optimized simultaneously and finally, demand uncertainty was 
incorporated in a two-stage stochastic model. Our final recommendation was based on 
the model in section four. The models of section six and seven were used to gain some 
additional insights in the problem. After serious sensitivity analysis we found that the 

23 



solution was quite risk robust. The management was satisfied with our solution and 
they decided to implement the proposal. 
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